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Some contributions are made to the refining of the lattice model theory of Flory of chain polymer solu- 
tions by introducing the idea used in the recent theory of regular assembly that combinatory factor con- 
structed in terms of multiple site clusters can be properly used to take long-range correlations between a 


given site and its far distant neighbors into account. 


In Part I, the combinatory factors of Flory and others in current use are reconstructed to exemplify the 
pseudo-assembly method which has been presented by Kikuchi and the present authors for an easy con- 
struction of combinatory factors of higher-order approximation for regular assembly, and to give a thorough 


understanding of the succeeding uses in Part II. 


In Part II, a refined theory of chain polymer solutions is developed. The final expressions for the entropy 
of dilution and the osmotic pressure depend on the flexibility and the degree of branching of the polymer 
chain, and give a better agreement with observed data even at high dilution. 





PART I. PSEUDO-ASSEMBLY METHOD FOR 
CHAIN POLYMER SOLUTION 


A. Introduction 


LTHOUGH the pioneering work of Flory! to ex- 
tend the theory of strictly regular solutions to 
polymer solutions has been succeeded and improved by 
various authors,?~* the essential features of the original 
theory of Flory remains almost unchanged, and its 
inconformity with observed thermodynamic data at 
high dilutions remains unsolved in the successive lattice 
model theories. The underlying assumptions of these 
- theories are: (a) the type of the lattice can be specified 
only by its coordination number, and (b) long-range 
correlations between far distant segments of a given 
polymer, or long-range deviations from a random dis- 


‘Pp. J. Flory, J. Chem. Phys. 10, 51 (1942); 12, 425 (1944). 

*M. L. Huggins, J. Phys. Chem. 46, 151 (1942). 

*R. Fujishiro, J. Chem. Soc. Japan 65, 519 (1944) (in Japanese). 

‘A. R. Miller, Proc. Cambridge Phil. Soc. 39, 54, 131 (1943); 
see also A. R. Miller, The Theory of Solutions of High Polymers 
(Oxford University Press, London, 1948). 

°E. A. Guggenheim, Proc. Roy. Soc. (London) A183, 203, 213 
(1944) ; Trans. Faraday Soc. 41, 107 (1945). 

*E. A. Guggenheim, Mixtures (Oxford University Press, 
London, 1952). 

™W. J. Orr, Trans. Faraday Soc. 40, 320 (1944). 

8 J. Alfrey and P. Doty, J. Chem. Phys. 18, 77 (1945). 


tribution of segments, can be ignored in the process of 
constructing the combinatory factor which gives the 
configurational entropy of the system. Both of these 
assumptions are mere successions of the Bragg and 
Williams or the Bethe assumption for regular assem- 
blies such as the Ising ferromagnet, alloys, and strictly 
regular solutions. 

In this decade, theories of regular assembly have been 
refined with respect to the assumptions mentioned 
above by several authors*-“ who have used the prob- 
abilities of appearance of various configurations of 
larger clusters, such as triangles or squares, to obtain a 
more exact expression for the combinatory factor. The 
refinement is chiefly due to the possibility of taking 
account of long-range correlations between a given 
molecule and its far distant neighbors which are entirely 
ignored in the Bragg-Williams and the Bethe theories. 


Such correlations become certainly more important in 


°C. N. Yang, J. Chem. Phys. 13, 66 (1945); Y. Y. Li, J. Chem. 
Phys. 17, 447 (1949) and Phys. Rev. 76, 972 (1949). 

10 T. L. Hill, J. Chem. Phys. 18, 988 (1950). 

FE. A. Guggenheim and M. L. McGlashan, Trans. Faraday 
Soc. 47, 929 (1951). 

12 J. A. Barker, Proc. Roy. Soc. (London) A216, 45 (1953). 

13 R. Kikuchi, Phys. Rev. 81, 988 (1951). 

14 Kurata, Kikuchi, and Watari, J. Chem. Phys. 21, 434 (1953). 
This paper will be cited as TCP III. 
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the case of polymer solutions where, even at high dilu- 
tions, each of the polymer molecules occupies a long 
sequence of lattice sites. Hence, the introduction of the 
improved theory of regular assembly to polymer sta- 
tistics seems to be effective in refining the lattice model 
theories of Flory and others. 

In this series, the authors make some contributions 
to the refining of the lattice model theory of polymer 
solutions by introducing the idea of the recent theories 
of regular assembly reviewed in the foregoing. For- 
tunately, the pseudo-assembly method," which has 
been presented by Kikuchi and the authors for an easy 
construction of combinatory factors of higher-order 
approximation, proves very convenient to this purpose. 
In Part I of this article, a short sketch of the method is 
given in an appropriate form for the present purpose, 
and some of the combinatory factors of polymer solu- 
tions already given by various authors are reconstructed 
to exemplify the method, on the one hand, and to in- 
vestigate the nature of these combinatory factors from 
a unified standpoint, on the other. In Part IT, a refined 
theory of chain polymer solution is given and the 
entropy of dilution is calculated to make comparison 
with experimental data. The effects of the flexibility 
and branching of the polymer chain on thermodynamic 
properties are also considered somewhat in detail. 

It seems to be worth while to re-examine the lattice 
model theory at the present stage when the theories of 
gaslike model,!*—!® though elegant, are confronted with 
mathematical difficulties in the case of chain polymer 
solutions, or are forced to involve more or less phe- 
nomenological treatments.* 


B. Combinatory Factors of Regular Solution 


We begin with the illustration of the combinatory 
factors of regular solution in an appropriate form for 
immediate use in the case of polymer solutions. 

Consider a regular solution with (+1) components 
of N single-site molecules, the number of molecules of 


(a) OOO --- 4 O—--- 


b) O92 *O> 4D 


Fic. 1. Chain polymer molecule and its labeled free segments. 
An arrow represents a chemical bond or a chemical-bond-residue. 
(a) Chain polymer molecule; (b) labeled free segments. 


15 B. M. Zimm, J. Chem. Phys. 14, 164 (1946). 

16 A. Isihara, J. Chem. Phys. 18, 1446 (1950) ; 19, 397 (1951). 

17P, J. Flory, J. Chem. Phys. 13, 453 (1945); P. J. Flory and 
W. R. Krigbaum, J. Chem. Phys. 18, 1086, (1950). 

18 T, B. Grimley, Proc. Roy. Soc. (London) A212, 339 (1952). 

* Note added February 15, 1954.—In a paper just received 


[Disc. Faraday Soc. 15, 57 (1953)], Rushbrooke, Scoins, and 
Wakefield present conclusions similar to ours by direct counting 
of 8x, which is the analog of Mayer’s irreducible integral. However, 
the overlap between their theory and ours is only slight. 
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species 7 (j=0,1,---,p), being N;. Hence, 
Pp 


> N;=N. 


7=0 


(B.1) 


If we denote the probability of appearance of a 7 mole- 
cule on a lattice point by x;, and that of a j-k pair of 
molecules on a pair of neighboring lattice points by y,,, 
we. have 


Pp 
4;=N;/N=>. Vike (B.2) 
k=0 
Now, introducing the abbreviated notations,!® 
Pp 
[point]L=L!/II (x;L)! (B.3) 
7=0 
and 
‘ Pp Pp 
[ bond ];= L !/T] II (yin) a (B.4) 
7=0 k=0 


we can write the well-known combinatory factors of the 
zeroth (Bragg-Williams) and the first (Bethe) approxi- 
mations, G,“ and G,,, as follows”: 


Gi) =[point Jy, (B.5) 
G, =[point ]y-((bond]./[point]z.v) (B.6a) 
= ([point ]y)'**- ((bond ]y)°, (B.6b)" 


where 2w is the coordination number of the lattice. 
Although the detail of the derivation of G,,° by the 
pseudo-assembly method" is not reproduced here, it 
will be noted that Eq. (B.6a) has obtained from 


G2 =G,™- ([bond].x/Xy[bond Jw), 


> y bond ]..v=[point Jou. 


Here the summation extends over all of possible sets of 
yx for a given set of x;. 

As was pointed out in Sec. G of TCP III, the second 
approximation is attained by constructing the com- 
binatory factor in terms of a cluster closed with respect 
to bonds; such clusters are ériangular in the case of the 
face-centered cubic lattice, and square in the case of 
the simple cubic lattice. As a preparation for Part II, 
we will list here the combinatory factors of the second 
(Kikuchi) approximation without reproducing their 


(B.7) 
and 
(B.8) 


19 Throughout the subsequent analysis, the abbreviated nota- 
tions such as [point]z, [bond]z, ---, are used to represent “the 
number of ways of distributing on L sites the cluster indicated in 
the brackets.”’ They are connected with the notations Xz, Vz, °°"; 
or {point}z, {bond}z, --- used in TCP III by [point],=L!/Xz 
=L!/{point}z, [bond],=L!/Y,=L!/{bond}z, and so on. 

2” The indices written on G represent that, for example, Ga 
constructed in terms of a “2’-molecular (bond) cluster whose 
total number is ‘‘w”V. 

21 As we are interested in assemblies with sufficiently large Y, 
we can safely use the Stirling formula and obtain 


[point ]e.n=([point]y)**, [bond]... =([bond]w)*, ---- 
Relations of this kind will be frequently used without remarks. 
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derivations. 
(1) Lattice with wN Bonds and vN Triangular Cells 


[bond ]..v 
[point Jou 

[ triangle ],v 
[point ]3,~(Lbond ]3,~/[point ].,) 


== ([ point ]y)!-**+**(( bond ]y)*-**([ triangle ]y)’. 
(B.9b) 


G,®= Cpoint}y| 








(B.9a) 


(2) Lattice with wN Bonds and wN Square Cells 


f [bond Juv 
G,@ = [point Jv} ieth o | 
POINT Joon 





| [square ],,~ 
[point ]s,v(Lbond ]4,7/[point ]s,.) 


= ([ point ]y)'-***4«([bond ]y)*—*#([square ]y)é. 
(B.10b) 


(B.10a) 














Fic. 2. G,“) configuration of hypothetical solution of free segments, 
when w=2 and p=4. 


The face-centered cubic and the simple cubic lattices 
are specified by w=6, v=8, and by w=yu=3, respec- 
tively. 


C. First Approximation of Chain Polymer Solution 


Consider a polymer solution composed of Np solvent 
molecules and of NV, chain polymers; the latter consists 
of p-segments which are connected by p—1 chemical 
bonds and are labeled by j=1,2,---,p, from the head 
to the tail as shown in Fig. 1(a). A segment occupies one 
lattice point as well as a solvent molecule does. As the 
first step in investigating the chain polymer solution, 
we consider a hypothetical system composed of solvent 
molecules and of labeled free segments which are shown 
in Fig. 1(b). For the sake of convenience, we call the 
j-segment-side-residue of the j-(j-+1) chemical bond 
the “forward bond,” and that of the (j—1)-j chemical 
bond the “backward bond” of the j-segment; these are 
indicated, in Fig. 1, by arrows away from and toward the 
j-segment, respectively. 


TABLE I. Types and probabilities of appearance of pair clusters 
in hypothetical solution of free segments. An arrow represents a 
chemical-bond-residue. 














Pair Prob.| Pair Prob. 
O—®O i-k Yjk |OP-® P-k? Yiok> 
O—O 5 -k> Yin» |OPA® P-<k Y jek 
O——® 5 -<k  ¥jck [On —® <j-<k Yj ek 








Figure 2 shows a configuration of this hypothetical 
system in which six types of pair clusters are in exist- 
ence. The probabilities of appearance of these pair 
clusters are given in Table I, where 7> or <j repre- 
sents a particle with a forward or backward bond, and 7 
represents a particle without bond residue. If the prob- 
ability that a particle of the indicated type will appear 
on one end of bond is denoted by &, we have 


aj=Estiptte;, (C.1) 
and 
E5= DO (Vie ty jn>tyick)s 
k=0 
Es=di Vaityantyp<s), (C.2) 


be =D (Vein tvecjnr>tveicr); 


with the convention that ¢ and y with the subscripts, 
0>, <0, <1, and p> are identically zero. 

In the case of the chain polymer solution, however, 
the pair clusters of such types as j7-k> or j>-k> can 
never exist, and the number of the chemical bonds con- 
necting the 7-segment with the (j+1)-segment is ob- 
viously equal to the number of polymers V ,. Therefore, 
if the volume fraction of polymer molecule is denoted 
by vp, we obtain 


x= N,/N= 1-— Upy 


ae 
xj=N,/N=2,/p, (j= 1,2,° . sD), ( ) 
and 
Vir<i ON = yejz1, po~N=N,/2 
=(v,/2p)N, if jx¥0, p; 
Vi><e=D, if k~j+1; (C.4) 
Y<jk>=0, if k#j—1; 


V jk>=Vick=Vj>k>= Vej-xr=O, for all pairs of 7 and k. 


Equation (C.4) with Eq. (C.2) gives 


E> = £j41=0, if j=9,p; 
(C.5) 
=v,p/lwp, if j0,p; 
=Lyn=1-v, if j=0; 
k=0 
={1—(1/2w)}(v,/p), if j=1,p; (C.6) 


= {1—(1/w)}(,/p), if j=2,3,-+-,(p—1); 








and 
>» j= » ¥jk=1—(a/w) 0p, (C.7) 
7=0 7,k=0 
where 
a=1—(1/). (C.8) 


As the hypothetical system does not differ from the 
regular solution discussed in Sec. B, except that it 
consists of asymmetric particles, or particles with bond 
residue, and as the chain polymer solution can be re- 
garded as a special case of the hypothetical system with 
the restrictions of Eqs. (C.3) to (C.6), we can safely 
apply the method outlined in Sec. B to the present 
system without essential alteration. Then, using the 
abbreviations, 


[point ]v=N VII (x;N) ! 


=NY/{(1—0,)N} { (p/p) 9)”, (C.9) 


[point Joun== (2wNV) VIL {(E;2wN) ! 


X (Ej>2wN) 1(E<j2wN) 3} 
= (2wN) !/{ TT j(€;20N) 3} 


X{(vpV/p) 7, (C.10) 


and 


[bondww=@V)/IL I I 


7,k=0 a=j,7>,<7 b=k,k>,<k 


(varwV) ! 


= (oN) Y/{TL (yn) 3 


7,k=0 


X{(vpV/2p) 1p, (C.11) 


and keeping in mind the relation corresponding to 





Eq. (B.8), 
> yL bond |v =[point’ Joy, (C.17/, 
we can obtain 
Gi” =[point ]vR, (C.13) 
and 
G,, = ([point ]yR) (bond ]./[point’ Jou”)  (C.14a) 
N! 
(Lap) NV} (p/p) 9)? 
i€ (EN) 1} (vpN/29) ROY 
il { (EN) !}°{ (vpN/2p) 3} R, (C.14b) 





TL. e(yjn@V) (@N) ! 


where £,’s are given by Eq. (C.6), and R represents the 
number of distinguishable arrangements of bond 
residue. In the case of flexible chain polymers, R is 


22 The summation extends over all of possible sets of y’s for 
a given set of é’s. 
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given by 
R= (2w)?%P(2w— 1) (P-2) Np 


= (Qe)? (Qy— 1) 1-@/P)} 2, 


(C.15) 


The combinatory factor G,,° thus obtained is identical 
with those of Millert and of Oyama and Matsuo.” 
When athermal solution is concerned, we obtain 


Pp 
yie= bibe/ £5= EsEx/{1—(a/w)vp} (C16) 
po 
by maximizing G,,® with respect to y;,. The substitu- 
tion of Eqs. (C.6) and (C.16) into Eq. (C.14b) gives 
N! 
{(1—v,)N} '{ (opN/p) 1}? 


kk 1— (a/w)v,JoN J (vpN/2p) }2e—-) 
(wNV)! 





G,2= 





R, (C.17) 


which is just the combinatory factor already given by 
Huggins.? 

Although we have derived Eq. (C.17) as a special 
case of Eq. (C.14b), we can obtain the same result 
directly as follows. In athermal solution, the disappear- 
ance of the short-range order due to van der Waals’ 
interaction permits us to construct G,°/G,™ in terms 
of chemical bonds, or of yj><j;1 and &;5, alone, keeping 
unspecified both y,;, and &;. Thus, denoting the number 
of ways of distributing &;,Z and £&;L particles with 
bond residue on L sites by [point*], and those of dis- 
tributing yjs<j410 and yej+41, 52 chemical bonds on L 
sites by [bond*];, and remembering Eqs. (C.4) and 
(C.5), we obtain” 


[point* ],=[bond* ],= L!/[{1— (a/w)v,}L]! 
X{ (0pL/2wp) Po. 
Using [point* ], and [bond* ], instead of [ point’ ], and 


[bond], in Eq. (C.14a), we recover Eq. (C.17) at 
once; that is, we can write it formally as 


G.. =[point ]y- (Tbond* ]..~/[point* Jouw)-R. (C.19) 


(C.18) 


o< 





So 


Fic. 3. Bethe lattice, with 2w=4. 


23 T, Oyama and T. Matsuo, Busseiron-Kenkyu (Researches on 
Chem. Phys.), No. 13, 1 (1949) (in Japanese). 

24 An asterisk corresponds to a chemical bond or a bond residue. 
Therefore “bond*” represents chemical bond clusters and “point” 
represents segment clusters which have a bond residue. 
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As is well known, the osmotic pressure x of athermal 
solution is given by 


aV o/ RT=S8)”/R= (0 InG,,/ONo)vp 
= (1/p)pt+{3— (@/2w)}or+---, 


where Vo is the partial molar volume of the solvent, R 
is the gas constant, T is the absolute temperature and 
S)® is the entropy of dilution of the first approxima- 
tion. It will be noted here that the second coefficient in 
Eq. (C.20) is overestimated for flexible chain polymers 
except for rodlike molecules. 

Strictly speaking, as was pointed out in TCP III, the 
theory of the first approximation is nothing but the 
theory of the Bethe (dendritic) lattice which has no 
cell closed in form with respect to bonds as shown in 
Fig. 3. Since the discrimination whether a polymer chain 
is flexible or not loses its proper meaning utterly on the 
Bethe lattice, we cannot discuss the effect of flexibility 
of chain by the first approximation. This consideration 
naturally leads us to the second approximation, in 
which closed cell clusters are introduced in order to 
construct improved combinatory factors. 


(C.20) 


PART Il. AN IMPROVED THEORY OF CHAIN POLYMER 
SOLUTIONS (SECOND APPROXIMATION OF 
ATHERMAL SOLUTION) 

In the present part, we shall develop, using the 
method outlined in Part I, an improved theory of 
athermal solution of chain polymers, and compare the 
theory with experimental data of the osmotic pressure. 
The effects of flexibility and branching of the polymer 
chain on the entropy of dilution are also discussed in 

some detail. 


D. Face-Centered Cubic Lattice and 
Two-Dimensional Triangular Lattice 


We begin with the lattice composed of WN lattice 
points, wV bonds, and yWN triangular cells, which was 
adopted in Sec. B as an example of the second approxi- 
mation of the regular assembly. The face-centered 
cubic and the two-dimensional triangular lattices are 
specified by w= 6, v= 8, and by w= 3, v= 2, respectively. 

Let us denote the probabilities of appearance of three 
kinds of configurations of triangular cluster by 2’s as 
given in Table II, where 7> or <j in the subscript of z 
represents the particle of species 7 with the forward or 
backward bond, and <j> represents the j particle 
with both of the bonds. In treating a problem of 
athermal system, we can use the clusters given in the 
right half of the table as basic clusters, because the 
probabilities of appearance of particles with no arrow 
(or with no chemical-bond-residue) can be left un- 
specified as was shown in Sec. C [see Eq. (C.19)]. 
Without loss of generality, we can put 


2i><it1><j-2= 2<j-1><j42, > = 2c j42, <j4 I> 


= 2I><j4-2< JH I> = 2<j-1> jo<jp2= 2<jp2<j+1> p>, etC., (D.1) 








TABLE II. Types and probabilities of appearance of triangular 
clusters. An empty circle represents a lattice point occupied by a 
particle of any kind, and an arrow represents a chemical bond. 





Triangle Probability | Triangle Probability 
G+) G+) 
& Z j><j+1><j +2 / 2 i j+1<j42 
G) G+) J G) (2) IS) J 


@ QO , 
a 
(\. Zvi |< \ 
G)—{k) i) 
Ck) p 
Gs by “aK 2 Ziki 


j,k,i=0 
General Solution 





2. Zi><j+l,k 











Athermal Solution 








because of their symmetry. The 2’s are normalized by 

Pp p Pp 

DL sii t6 Do (2p<np<petD tp<iie}=1, (D.2) 
7,k,i=0 j=0 k=0 


and they are related to yjs<j11 [see Eq. (C.4) ] by 


p 
Vir<in= L 2pr<ipebep<syp<petsip<p<H 


k=0 


=p/2wp (j= 1,2,° ao »P— 1), 


(D.3) 


where v, is the volume fraction of the polymer. 

The number of the subchain composed of three con- 
secutive segments, say j-, (j+1)- and (j+2)-segment, 
is obviously equal to the number of polymer molecules 
N,. Hence, if 8 is the probability that the bond angle 
becomes 377, we can write 


62j><j41><5+2VN =BN p= (Bv,/p)N 
=e (7=0, p—1, p), 


in which the numerical factor 6 represents the number 
of ways of orientating a given cluster [see Eq. (D.1) ]. 
Using this relation and Eq. (D.3), we have 


: siscins. r= { (1/20) — (8/30)} (0/P) 


(j=2,3,-- *,—2) 
= { (1/2w) — (6/6r)} (0,/p) (D.5) 
(j=1, >= 1) 


(j=0,9), 
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TABLE III. Types and probabilities of appearance of one-point 
clusters. An empty circle represents a lattice point occupied by a 
particle of any kind, and an arrow represents a chemical-bond- 
residue. 








Point Prob. Point Prob. 
om sad ne 7<i> @- 7 i? 
+ ae en | 
ge or oe "<j aia si 

ge ” j o- v3 

rs z, 7 O- . 3 j 














and, combining Eqs. (D.2), (D.4) with Eq. (D.5), we 
obtain 


Liki Zini=1—{ (3a/w) — (b/r)} 0p, (D.6) 
with the abbreviations, 
a=1—(1/p) and b=6{1—(2/p)}. (D.7) 


For the sake of convenience, let us introduce the 
probability 7 that a particle of the indicated type will 
appear on a corner of a triangular cell as shown in 
Table III. The definition of 7 gives, with Eq. (D.4) to 
(D.6), the following relations: 


N<j>= 2j-1><j><j41= BVp/Ovp (j=2~p-1) 
(D.8a) 
=0 (j=0,1,9), 
N<j= Lk 2j-1><j. kb 2j-2<j-D<j 
={ (1/2w)— (8/6r)}(0p/p) (j= 2~p—1) 
(D.8b) 
=Vp/lwp (j=?) 
=0 (j=0,1), 
Ni>= Dek Zir<jt kt 3pr<Hir<it2 
= { (1/2w)— (8/6r)}(vp/p)  (J=2~p—1) 
(D.8c) 
=0,/2wp (j=1) 
=0 (j=0,9), 
i= Lkt Zjnit2 Qk Sk><k+l, j 
={1—(2/w)+(8/3r)}(vp/p) (J=2~p—1) 
(D.8d) 
= {1—(1/)} (v,/P) (j= 1,9) 
= 1—v, (j7=0), 
Linj=1—22,(nj>+n<j+N<i>) 
=1—{(2a/w)—(b/3v)}vp. (D.8e) 


n’s are related to £’s by 


E=njtnptne;, f>=nptnep, 
and (D.9) 
f<j=n<jtn<j>. 


The combinatory factor of the second approximation 
G,® of the present system can be written in the form 
analogous to Eq. (B.9a), 


[bond* J. | 








G,® = {[point ]wR} | 





[point* Jou 
[triangle* ],w 
" | [point® ]3,~((bond* ]3,~/[point* ]e,~) ; 
(D.10) 


with the abbreviations, 


f = [point J, =L!/T];(«,L) |, 
[point* ]z=L!/(0;&;L)! 
XILt (EL) Ei L) 4}, 
[point# ]1=L!/(Y5 iL) Wik MeL)! 
X (nciL) \(nci>L) l}’, 
eet ek CS cs tuk! 
XI ir<iil) 
(triangle¥ ],=L!/(0i.4,:2jniL) ! 
XID if (Xe Zir<sp12L)! 


X (Zj><j-1><j4-2L) 1}. 


.% 


(D.11) 





. 


Although derivation of Eq. (D.10) will not be given 
here, it is noted that the equation can be derived from 
considerations quite similar to those given in Secs. B 
and C, and that the first two terms in the right-hand 
side of the equation correspond to G,,® already given 
by Eq. (C.19). Substituting Eqs. (C.4) to (C.7) and 
(D.1) to (D.9) into Eq. (D.10), we find the explicit 
expression for G,®, 





6,0 = | oh R| 
{(1—vp)N} KK (vpN/p) !}? 
| {(1—awvp)wNV} 1{ (vpNV/2p) ye 
x 
(wi) ! 





(vN)! 
x| 
[{1— (3aw'— bv)0,} »N'] !Z,n* 
[{1— (2aw— by"), 30] !Hayn* 


} (D.12) 
{(1—aw—'v,)3vN} !Vayn* 
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with 


1 BY», 12 
arallOme)e tt 
2w 6v/ p 
1 ) 6(p—3) 
Gas) 
2n 3v/ p 
BU» 6(p—2) 
Cs) 
6p 
2(p—1) 
anv) | ; ; 
2wp 
' 4 
— anv )1} 
2wp 
1 B02, 4(p—2) 
1-2) 
2m O6v/ p 
Buy 2(p—2) 
xf (20) 
2p 


As will be shown later, the explicit forms of Z,y*, 
Y3,v*, and H3,n*, Eq. (D.13), do not appear in the 
final equation of the entropy of dilution. 


From Eq. (D.12), we can derive at once the following 
expression for the entropy of dilution So®, 


5o/R= (0 InG,/dNo) np 
= —In(1—v,)+w In(1—aw™v,) 
—v[In{1— (3aw— bv) 0p} 
—3 In{1—(2aw!— fby)v,} 
+3 In(1—awv,)]. (D.14) 
Expanding this equation in power series of v,, we have 


S8o®/R=by,+b0,2+---, (D.15) 


Yon*=| (D.13) 


Hsn*= | 


with 
bi=1/p 
and (D.16) 
bo=4— (a2/2w) — b{ (a/w) — (b/3r)}. 


Accordingly, the present approximation does not agree 
with the first approximation because 50, in general 
[see Eq. (D.7)]. When is large enough so that 
1/pK1, we can put a=1 and b=. Since @ increases, 
according to its definition, from zero to unity with 
increasing flexibility of polymer chain, we obtain 
bo=5/12~7/24 when w=6 and v=8 ) 
(the face-centered cubic lattice), 
and + (D.17) 


bo>=4~1 when w=3 and y=2 
(the two-dimensional triangular lattice). | 





Although these values are still overestimated in com- 
Parison with experimental results, b.=0.1~0.2, the 
fact that be of the present theory decreases remarkably 


TaBLeE IV. Types and probabilities of appearance of square 
clusters. An empty circle represents a lattice point occupied by a 
particle of any kind, and an arrow represents a chemical bond. 
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with increasing flexibility, or with increasing 8, encour- 
ages our intention to refine the lattice model theory. 
When the bond angle is fixed to m and, accordingly, 
b=0, i.e., when the solution is composed of rodlike 
polymers, b» of the second approximation reduces to that 
of the first approximation. This result also seems to be 
reasonable, because b» of the lattice solution of rod-like 
polymers is counted rigorously by the first approxima- 
tion, as will be shown in the Appendix. 

Let us reserve more detailed comparison of the theory 
with observed data for Sec. F. 


E. Simple Cubic Lattice and Two-Dimensional 
Square Lattice 


Now we proceed to another interesting example, 
simple cubic lattice. As was pointed out in Sec. B, the 
second approximation of the lattice composed of N 
lattice points, wV bonds, and wN squares is attained 
when we adopt square clusters as the basic cluster. 
Table IV shows the basic clusters and their probabilities 
of appearance. In the case of athermal solution, we can 
develop the second approximation by using the basic 
clusters given in the right half of the table. 

Without loss of generality, we can put 


W jkli = Wklij = Wligk = Wijkt= Wilkj = Wik ji 
(E.1) 


because of the symmetry of the clusters. For simplicity’s 
sake, let us define new variables \ and x by 


= Wk jil= Wilk, 


A jc =Wp><j41, k><k+1/Vp’, K jk > Wj><j+1<k+1, k>/Vp’, 
Pp Pp 
4 \=D An, Kj 2) kik, (E.2) 
k=0 k=0 
A=Lirs, K= D5 Kj. 
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With these notations, the normalization condition of 
w’s and the relation of w’s to y’s can be written as 
follows: 


PD Pp 
DY Wie t4At+n)vP+8 dD {wir<ppr<jpor<it3 


7,k,1,i=0 7=0 


Pp Pp 
+¥ wpespv<igrt © wp<ipiuj=1, (E.3) 


l=0 l,i=0 


and 


] 
Yir<i1 = DS Widckpir<hp2><k43 
k= j—2 


id J 


+2 z Wk><k+1><k+2, 1 


=) bn f—1 
Pp 
+ wyr<its, ut Astk,)o,. (E.4) 
1, i=0 


Before we construct the combinatory factor of the 
second approximation G,, let us derive the relations 
of w’s to vp. 

Consider the subchains composed of three consecu- 
tive segments, say 7-, (j-+1)-, and (j+2)-segment, and 
of four consecutive segments, say j-, (j+1)-, (j+2)-, 
and (j+3)-segment, and call them the “‘three-segment 
subchain” and the “four-segment subchain,” respec- 
tively, both of which are obviously equal to the number 
of the polymer molecules V,. We then obtain 


Wir<jeio<jper<j3tWj_p<p<j-I><j42 
td Wpr<jpp<i-21 


= Bv,/8up (j= 1,2,- -,p—2), 


(E.5) 


and 


(7=0, p—2, p—1, p) 
(E.6) 


Wj><jpI><j+2><j43=0 


= 0,/8up (j=1,2,---+,p—3), 


where 6 and y represent the probabilities that the bond 
angle will become $7, and that the four-segment sub- 
chain coils in the form of square, respectively. Substi- 
tuting Eqs. (E.6) into (E.5), we have 


LD W<j-1>< 5421 

1=0 
=0 . (j=0, p—1, p) 
=(8—y)vp/8up (j=1, p—2) 


= (6— 2y)0p/8up (j= 2,3,°** p—3), 


(E.7) 


and, substituting again Eqs. (E.6) and (E.7) into 
(E.4), we have 


Pp 


DL Wr<ies, u=Fj— Ast+Ky)07’, (E.8) 
1,i=0 
with 
¢;=0 (j=0,p) 
={(1/28)— 8/80) (y/9) G=1P-1) gy 
=[(1/2w) — {(28—y)/8u} ](0p/P) o 
(j= 2,3,° * p>). 
Then, defining c by 
c=y{1—(3/p)}, (E.10) 


and using a and b defined by Eq. (D.7), we obtain 
t=); (j= ((G/2w) — (6/4) + (c/8u)} vp, (E.11) 


and, substituting Eqs. (E.6) to (E.11) into (E.3), we 

find 

Di. 4.1 Wjeui=1—{ (4a/w)— (b/u)} rp 
+4(A-+x)0,2. (E.12) 


For the sake of convenience, let us again denote by 
the probability that a particle of the indicated type will 
appear on a corner of square cell. This definition of 4 
gives, in the present case, the following relations: 


N<i>= 1 Wj-><><iH41 
+Wj-ir<j><jpir<H2TWj_><j-1D><j><jt1 
=0 (j=0,1,p) 
=v,/8up (j=2,3,-+-,p—1), 


Ni>= D1, Wyr<igt, ut (Aj +Ks)09" 


(E.13a) 


+h Wp<pir<igItWp<ipp<ipor<it3 


=0 (j=0,?) (E.13b) 

= 0p/2wp (j=1) 

={(1/2w)— (B/8u)}(%»/p) (J=2,3,---,p—-1), 
n<j=0 (j=0,1) 

= 0p/2wp (j=?) (E.13c) 


= { (1/2w) — (8/8u)} (vp /p) (7=2,3,- . “p= 1), 
i 05= 1-205 (netncitn<i) 


=1—{(2a/c)—(b/4y)}0y,  (E.13¢) 


and 


E=njtnptic;, '>=nrtnen, 
and (E.14) 
f<j=N<jtn<p>- 
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Using the notations given in the foregoing and de- 
fining the abbreviations, 


[point$ z= L1/(L5 nL) Wik iL)! 
X (ni>L) (nc i>L) bj’, 
[squares* ]2=L!/(D0i.4,41 Wen) ! 
XILk @ir<itr<itr<isl) ! 
X (Lie Wir<ipir<i+2, nL) ! 


XK Dok, i Wi 541, eiL) !}8 





we can write the combinatory factor of the second ap- 
proximation G,“ of the present lattice as 


[bond* Jw | 








G, = {[point ]vR} | 





[point* Joon 
. | [squaret* J. | 
[point# ]a,.0 (Lbond* ],,~/[point* ]sun) 
(E.16) 


which is the analog of Eq. (B.10a), and gives, with 











KIL. cf A jxvp2Z) (i 5n0,2L) 14, (E.15) Eqs. (E.1) to (E.13), the more explicit expression, 
N! {(1—aw—vp)wN} !{ (0p /2p) 1y2-P 
on 7 
{(1—v,)N} !{ (v,N/p) !}? (wNV)! 
| (uN) ![{1— (2aw!— fou) vp} 4 J! aw (E.17) 
” [{1— (4aa-!— bu) 0, +4 (A+K) 0,7} uN ]!Wan{ (1— aw vp) 4uN} SV uv ) 
with 


Wuw={ (yop /8p) 138 { (B—y)vpN/8p} ! }L{ (8B— 27) 0p /8p} | RO 


XIL (¢j;—Ajw 


Here, H4,v and Y4,n are again given by the similar 
equations to Eq. (D.13). 

The variables, \;, and xj, which remain unde- 
termined in G,“, can be determined by the equations 
of equilibrium condition, 


0 InG, 
(a) 
OD jx vp B,Y 


and (E.19) 


d InG, 
( ) =0. 
OK jx vpB,Y 


Remembering the definition of \’s, Eq. (E.2), and using 
the condition of symmetry, Aj,=Ax;, we obtain from 
Eqs. (E.19) and (E.17) 


{1— (4a — bu) 0p F4 (A+) 023A 52092 





= {5j5— Aj+xs)op?}{Se— Antee)vz7}. (E.20) 
Similarly, we find for x 
{1— (daw! — bu) 0p +4 (A+) Op? } Kindy” 

={5j— Astes)op?}{fa— Aetee)op}. (E.21) 
From these two equations, we obtain at first 

Aje=kjx and, then, A;=xj, A=K. (E.22) 


Substituting these relations into Eq. (E.21), and mak- 
ing the summations over k and 7, we obtain 


{1— (4aw— bu) 0, + 80,7} 0,7 


= (¢—2d0,7) (¢j— 2A 505) 
and (E.23) 


{1— (4aa—— bu) 0, + 80,7} 0,2 = ({— 2d0,?)?, 








p— Kp MN} VS TTs cf Ajevpu) '(kjxvpuV) 14. (E.18) 
the latter of which gives 
dv,?= 2¢?/[1— (2aw!— du) v, 
+{(1—2aw 0,4 buv,)?+ 1667} 4]. (E.24) 


At high dilutions, we can write A in the power series of v», 
8r= 2(aw — Sb + Feu)? 


X {14+ (2aw— feu) vp +--+}. (E.25) 
From Eq. (E.23), we can easily obtain 
Aj=A(E;/H). (E.26a) 


The substitution of this relation into the quotient of 
Eq. (E.20) by (E.23) gives 

dje=A(F5hu/F). (E.26b) 

Let us now compute the mixing entropy S“ and the 

entropy of dilution So“ by using G,“ given in the 


foregoing. Assuming that is independent of v,, we find 
from Eqs. (E.17) and (E.26) 


S®/R=—{(1—2,) In(i—v,)+2, Inv} 
+ {w(1—aw0,) In(1—awv,)+ a0, Invy} 
—p{1— (4ae-— by), +- 80,2} 
XIn{1— (4a — bu) 0+ 80,7} 
— 8u(¢—2dv,”) In(¢—2Av,”) — 8uAv,? In(Av,”) 
—2(8—1) (v»/p) Inf (B—7)»»/8up} 
— (B—2y){1— (4/p)} vp In{ (8—2y)vp/8up} 
— C0p In(y0p/8up)+4u{1— (2ae 
— $y) 0} In{1— (2as-"—}oyu)0,) 
—4y(1—aw0,) In(1— aw.) 


+ (4ayw1—b)v, Invy. (E.27) 
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TABLE V. Comparison of 52 of the second approximation with its rigorous values. The 
symbols bp and cp represent the numbers of the subchains with the figures, L and [), 
per molecule, respectively; r and q are defined by Eq. (H.3) in appendix. 






































Two-dimensional Square Lattice,w-2,4<1 Simple Cubic Lattice, w=xK=3 
p|Molecule r q bz bpcp bz |piMolecule r gq b, bp cp ob, 
o-0-0 2 14 0389 0 0 0389] looo 3 230426 0 0 0.426 
3 : 
ra 4 270385 1 0 0385|°|°3 12 910421 1 0 0421 
o-0-0-90 -2-—«23:0.359-«0 «0 0.359 
344 
JZ, 4 42.0328 2 0 0328 ate: 12 132 0344 2 1 0351 
3 ‘i + «nil | 8 98 0383 3 O 0.383 
0-0-0-0-0 2 34 0340 0 0 0340 
oe 8.132 0330 1 0 0335/7 oxfo 1 250255 12 0 0255 
oe 8 126 0315 2 0 0320 
em 8 106 0265 3 1 0.270 
6 3 0.277 
“Tt 8 106 0.265 3 1 0270\° fee 12 324 0.211 (6) (5)¢9.228) 
10 5 0.254 
ofc 1 130210 4 0 0.210 12195869 se secauss (© 2 See 
rigorous valve 2nd Approx. rigorous value 2nd Approx. 








The quantity So“ is derived from S$“), after simple re- 
writings with Eqs. (E.20) and (E.21), as 


So/R=—In(1—2,)+w In(1—aa-v,) 
—p In{1— (4aw!— bu") 0,4 8d0,7} 
+4y In{1— (2aw — Zou) 7} 


—4yu In(1—awv,). (E.28) 


Expanding this equation in the form of Eq. (D.15), 
we have 


(E.29) 


Accordingly, 6; and 2 of the second approximation 
reduce to those of the first approximation only when 
the solution is composed of rod-like polymers or b= c=0. 

















0 0.5 10 
Y (Flexibility) 


Fic. 4. Relation of the second virial coefficient of the entropy of 
dilution 52 to flexibility of polymer chain +. 


F. Nature of the Second Approximation and 
Comparison with Experimental Data 


We shall now investigate the nature of the second 
approximation in detail in two ways: (1) by making 
comparison with the rigorous values of 2, its value of 
the second approximation is examined to reveal the 
nature of the approximation, and (2) the entropy of 
dilution is compared with the observed data. 

We shall adopt the lattice discussed in Sec. E as an 
example. Equations (D.7) and (E.10) can be rewritten 
in the forms 


bp=B(p—2) and cp=y(p—3). (F.1) 


Remembering the definitions of 8 and y, and taking 
into consideration that (p—2) and (p—3) represent the 
number of the three- and the four-segment subchain 
in each of the polymer molecules, we can interpret 5p 
and cp as the numbers of the subchains with the figures, 
L. and CO, per molecule, respectively. Therefore, when 
p is not so large that one can easily compute bp and 
cp from the shape of molecule, we can obtain, using 
Eq. (E.29), 6b: of the solution of the polymer of the 
given shape. As will be explained in Sec. G, this method 
of computing b. can be applied without any essential 
alteration to the solutions of branched chain polymers, 
in which } and ¢ are again given by 


bp=number of the subchains, L, per molecule, 


cp=number of the subchains, 0, per molecule. 


In Table V, 42 thus obtained are shown with the shape 
of molecules and with the rigorous values of b2 which 
are determined by the method given in the Appendix. 
From this table, we find that 52 of the second approxi- 
mation agrees well with its rigorous values for all of 
the examples except the last two, and that the effects 
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of flexibility and branching of the chain on b», accord- 
ingly on the entropy of dilution, are taken into account 
with sufficient accuracy by this approximation, at 
least when # is not so large. As was pointed out in 
TCP III," the correlations having figures open with 
respect to square can be taken into account rigorously 
by the second approximation, but the correlations of 
closed figures are only approximately taken into ac- 
count. This nature of the second approximation gives 
us an explanation of the aforementioned result, that 
Eq. (E.29) gives somewhat disagreeing values of }» 
in the last two examples in Table V, where the polymer 
chain coils into closed shape with respect to square. 
Such a defect of the second approximation may be 
improved by proceeding to the third approximation in 
which the cubic cell is adopted as the basic cluster. 
However, we continue our study within the limit of the 
second approximation in order to avoid mathematical 
difficulties of higher approximations. Assuming that + 
is a parameter adjustable between zero and one, and 
that it increases to one when polymer chains coil up 
tightly as in the last two examples, we obtain the values 
given in parentheses for 62, which agree tolerably with 
the rigorous values. Therefore, taking an optimistic 
view, we may conclude that the second approximation 
is available to quantitative discussions of the solutions 
of highly flexible chain molecules when we shift the 
effect of flexibility on the parameter y. 

When ? is sufficiently large and 1>>1/p, we can put 
a=1, b=8, and c=y. If we consider that the bond angle 
is 37, hence B=1, and ii we adopt the simple cubic 
lattice (w= w= 3), Eqs. (E.28) and (E.29) can be written 
in the following forms: 


8o@/R=—In(1—2,)—9 In(1—40,) 
+12 In(1—7/120,)—3 In(1—v,+8d2,”), 


80 ?=16¢4/L1— Fey (Ido Hoy, 9) 
4¢= é (2+), 
and 
bo=3— (1/24) {67+ (1—y)}. (F.4) 


This relation of b2 to y are shown in Fig. 4, from which 
we find that the theoretical value of b2 decreases from 
0.292 to 0.083 with increasing flexibility y of the chain, 
and that the values of 2 cover the range, from 0.08 to 
0.18, which has been expected from various experi- 
mental data of the osmotic pressure. 

Next, let us calculate from Eqs. (F.3) the reduced 
partial molal entropy (RPME) which is defined by 


RPME = (8)/2,)—lim (8o/2,). (F.5) 


Vp—0 


In Fig. 5, we plot by white circles the theoretical values 
of RPME against v,, which are obtained by Eqs. (F.5) 
with (F.3) and with y=}. These values show satis- 
factory agreement with the experimental values over 
whole range of concentration, vp; the smoothed experi- 
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Fic. 5. Reduced partial molal entropy (RPME) {for benzene 
solution of rubber at 25°C and its theoretical values. 


mental curve is adopted from the data obtained for 
benzene solution of rubber by Gee and Treloar.** In the 
figure, RPME of the Flory approximation is also plotted 
by the dotted line. The theoretical values of b2 are 0.5 
in the Flory approximation, 0.20 in the second approxi- 
mation, and its experimental value is 0.18. We show 
in Fig. 6 two kinds of ratios, (So)riory/(So)exp and 
(So) riory/So, by the solid and the dotted lines, re- 
spectively. According to Flory, (So) Piory/(So)exp repre- 
sents the ratio of dimension of the segment to that of 
solvent molecule, and decreases to one with increasing 
Vp. This tendency is also expressed satisfactorily on the 
whole by (So) riory/So or by the second approxima- 
tion as shown in Fig. 6. The aforementioned results 
show that the second approximation can be reasonably 
adapted for quantitative discussion of the solutions of 
chain polymer. 

However, strictly speaking, we must determine 
from the equilibrium condition that (0S“/dy)»,=0. In 
this case, we find, from Eq. (E.27), 


(8—2y)?= (8u/vp)y(¢—2d0,”). (F.6) 


With another equilibrium condition, Eq. (E.23), we 





T T T I | T T T T 
(So)Ftory / (So dexperi. “a 





ee ae (Sotory ff 5” 





So)rtory AS experi. or 3{%) 











0 0.5 1.0 
Vp 


Fic. 6. Ratio of the entropy of dilution of Flory’s approximation 
(So) riory to its experimental data (So)exp. 


25 G. Gee and L. R. G. Treloar, Trans. Faraday Soc. 38, 147 
(1942). 
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os ern eee 


Fic. 7. Branched chain polymer molecule, with p=}. 


can write y in power series of vp, 


Y=Votyi%pt °°, (F.7) 
with 
Yo= 3{ (B+ 2ya!) — (4y2w?-+ dua — 28") 3}, (F8) 
11= Yo(4ua!— 2+-y0)?/4u (4uw!+ 2—6y0). 
Therefore, we find 
yo=0.333, y1=0.0046, b2.=0.083 
(two-dimensional square lattice), 
(F.9) 


vyo=0.1835, yi1=0.0148, 6.=0.260 
(simple cubic lattice), 


when 6=1. This value, 0.260, of b2 is somewhat large 
in comparison with its experimental value. Accordingly, 
in this sense, the second approximation seems to be still 
defective. 

If the face-centered cubic lattice (w=6 and v=8) is 
adopted, and if p is large enough so that a= 1 and b=8, 
we obtain, from Eq. (D.14), the values of RPME, 
shown in Fig. 5 by black circles, for the solution of 
highly flexible polymers (@=1). The agreement of these 
values with the experimental data (the solid line in 
Fig. 5) is fairly improved in comparison with that of 
the Flory approximation, though it seems not to be 
enough, especially at high dilutions. The theoretical 
value of 5» is 0.29 in the present case. 

When the solution is not athermal, the heat of mixing 
may contribute to Eq. (F.6) and, as a result, b2 may 
depend on temperature. 


G. Effect of Branching of the Chain 


We shall now discuss the effect of branching of the 
chain. Consider the polymer molecule having side 
chains at intervals of f-segments, each of which is 
composed of one segment as shown schematically in 
Fig. 7. Representing the number of segments in the 
principal chain by p* and the total number of segments 
in one molecule by #, and assuming that both p* and 
p are large enough so that one can safely ignore the end 
effect, we have 


p=p*(1t+p), p=1/f, (G.1) 


where p represents the ratio of the number of the side 
chains to p* and will be called hereafter the ‘degree of 
branching.” As the numbers 3 and m4 of the three- and 
the four-segment subchains per molecule are given by 


ns= p*{1—(2/p*)} + 2op*= (1+2p)p*, 


n4>= p*{1— (3/p*)} +2pp*= (1+2p)p*, (G.2) 


respectively, we find, by the substitution of Eqs. (G.1) 
into (G.2), 
n3=M4= {(1+2p)/(1+p)}p- (G.3) 


Hence, the numbers of the clusters with the figures, 
L. and (, in the solution are given as shown in Table 
VI where the numbers of the similar clusters in the 
solution of linear chain molecules are also given for 
comparison. From this table we find that the effect of 
branching on the numbers of the clusters can be taken 
into account only by rewritings such as B—@’ and 
y—v’. As the number of chemical bonds is independent 
of the branching, and as thermodynamic properties of 
the solutions depend only on the total numbers of 
clusters of each kind in the whole system (for example, 
they depend on A=)°;,,A;x%, but not on an individual 
of X;.), we can conclude that, if one makes the re- 
writings that B—’ and y—vy’, the results obtained for 
the solution of linear chain molecules are applicable to 
the solution of molecules with side chains; and, then, 
we have 


b=} hot (y/o). (G4) 


Therefore, we can say that the increases of 8’ and of 7’ 
due to the increase of the degree of branching p con- 
tribute the similar effect to bs, or to the second virial 
coefficient of the osmotic pressure, as the increase of 
flexibility of the chain 8 and y does. This conclusion has 
already been presented by Zimm,!° who gave a qualita- 
tive discussion on the effect of branching. 

If we put B=1 or B’= (1+2p)/(1+ )), Eqs. (F.8) and 
(F.9) can be rewritten, in the case of the simple cubic 
lattice, into the forms: 


vo ={(1+2p)/(1+p)}v0 
= {3+4p— (6+12p+4p*)*}/3(1+p), (G.5) 


and 


bo=4—[{ (28p?+ 60p+30) 
— (9-+4p) (6+12p+4p*)!}/108(1+p)?]. (G.6) 


Table VII shows this relation of 2 to p, from which we 
find that the effect of branching on bd, cannot be ig- 
nored in general. The similar consideration as given in 
the foregoing is also applicable to the solutions of 
molecules having many branches at a segment or having 


TABLE VI. Effect of branching of polymer chain on the numbers 
of the three-segment and of the four-segment subchains with the 
indicated figures. 





Total Number of the Subchains 
Linear Polymer 





Subchain 
Branched Polymer 





B(p-3)Np=BpNp | B{t*2"}pNp = B’pNp 


io {o(p=2)-26(p-3)INp| (0 -28){122F} pnp 


= (K-2ZB)pNp = (X’-28')pNp 
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multifunctional segments. Some examples have been 
given in Table V. 

In conclusion, we are indebted to Dr. Ryoichi Kikuchi 
of the University of Tokyo for his kind encouragement, 
and to members of the Research Group on Polymer 
Science at Kyoto, especially to Dr. Ei Teramoto, for 
stimulating discussions. Thanks are tendered also to 
the Ministry of Education of the Japanese Government 
for a grant-in-aid. One of the authors (T.W.) wishes to 
express his sincere thanks also to Professor San-ichiro 
Mizushima and Dr. Taro Kihara of the University of 
Tokyo, who gave him the opportunity of studying, 
with ever increasing interest, at their laboratories. 


APPENDIX 


H. Method of Computing the Rigorous Values of 
b, for Lattice Solutions 


If we represent by ¢; the number of ways of putting 
the ith polymer molecule on the lattice partly occu- 
pied by (i—1) polymer molecules in advance, the com- 
binatory factor G of the system containing V, polymers 
is given by 


Np 
G= (TI 6)/(Np'o**), (H.1) 


where o is the symmetrical number of the polymer. Let 
us consider, as an example, the two-dimensional square- 
lattice solution of the tetramer which is shown in 
Fig. 8. As the molecule takes four orientations at a cell 
and other molecules are excluded from the nine cells 
shaded in the figure, we can put 


¢i=4{N—9(i—1)}, (H.2) 


if the excluded volume of individual molecules does 
not overlap each other. Although the overlapping of 


TABLE VII. Effect of branching (p) of polymer chain on the 
second virial coefficient (62). 











p v0" be 

0 0.1835 0.260 
4 0.222 0.247 
3 0.266 0.237 
4 0.311 0.221 
1 0.385 0.201 
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Fic. 8. Excluded volume of a tetramer with the figure of 
square, in the two-dimensional square-lattice solution. Shaded 
area is the excluded volume. 


the excluded volumes must be correctly taken into 
account in order to obtain the rigorous expression for 
the combinatory factor, we can safely ignore this 
overlapping effect so far as 6; and bd: are concerned, 
because the effect contributes, in the expansion of So, 
only to higher terms than v,”. Accordingly, writing ¢; 
in general cases as 


gi=rN— (i—1)g, (i= 1,2,- : - V5), (H.3) 
we obtain from Eq. (H.1) 7 


G= (rN /q) !g%?/L{(rN/q)—N5} !Np!o%?], (H.4) 
and 


So /alnG r qUp 
=-(—)_ --2n(1-2) 
R ON /Nyp Q rp 

1 


seomyilp magbien, (H.5) 
p arp" 


Since r and g can be easily obtained for molecules with 
small » by geometrical considerations, we can get the 
rigorous values of b, from Eq. (H.5), which have been 
shown with r and g in Table V. 

Similarly, we can obtain the rigorous value of bd» of 
the lattice solution of rod-like polymers. In this case, 
we have 





r=2w, q=2{pw—(p—1)*}, 
and (H.6) 
bo=3—3{1—(1/p)}*w; 


this value of 52 is just the one obtained by the first 
approximation [see Eq. (C.20) ]. 
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The electronic transitions observed in complexes of the transition-metal ions are interpreted in terms of a 
slightly modified crystal-field theory. Parameters of chemical interest are derived. 





HE absorption bands of transition-metal com- 
plexes are commonly of two kinds: those due to 
charge-transfer processes and those arising from transi- 
tions which, to a good approximation, can be consid- 
ered as taking place within the d-shell of the ion. It is 
usually possible to decide to which class an observed 
band belongs!” although in certain complexes, where the 
interaction between the metal ion and the ligands is 
particularly strong, the two types of transition are no 
longer even approximately distinct and the theoretical 
treatment is then more complicated e.g., in the MnO,- 
ion. In this paper we shall discuss only those transi- 
tions which are localized on the metal ion. 

The general theory of the energy-levels for d-electrons 
in transition-metal complexes was first developed by 
Van Vleck* and by Schlapp and Penney.® Since then 
many applications of their theory to the magnetic 
properties of complexes and a few to the optical proper- 
ties have been made.*:? We shall extend the methods of a 
previous paper on this subject,’ developing a slightly 
different interpretation of crystal-field theory, and then 
derive certain quantities of chemical interest from a 
detailed study of the spectra of transition-metal com- 
plex ions. 

We shall calculate the energy-level diagrams of a 
number of complex ions as a function of a parameter Dg 
which depends on the geometry of the ion. The 
energy levels which must be compared with the calcu- 
lated diagram are those which correspond to the stable 
geometric configuration of the ground-state of the ion 
being maintained in the excited states. We shall be 
concerned, therefore, with the maxima of absorption 
bands, not with 0O—0 bands. 

Since, in discussing the intensities of transitions our 
interests will be qualitative we shall quote values of 
€max, the value of the molecular extinction coefficient 


* Contribution No. 1945 from Gates and Crellin Laboratories 
of Chemistry, California Institute of Technology, Pasadena, 
California. 
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at the absorption maximum, rather than attempt to 
calculate oscillator strengths. 


THE EFFECT OF ENVIRONMENT ON THE d-ORBITALS 
OF TRANSITION-METAL IONS 


The degeneracy of the d-orbitals of a transition- 
metal ion is removed, more or less completely, when the 
ion becomes part of a crystal or is solvated in solution. 
Only those ions or molecules attached directly to the 
metal atom are normally important in determining the 
coarse structure of the energy-level scheme of the ion 
so that the broad features of the spectrum of a complex 
ion in solution are similar to those of the same ion in a 
crystal. For this reason we shall be concerned only 
with the central metal atom and its immediate neighbors. 

It has been usual to regard the splitting of the de- 
generacy of the d-orbitals as a consequence of the 
electrostatic field set up by the ligands. However, in 
view of the complexity of chemical-bonding phenomena, 
it seems surprising that so crude a picture is capable 
of giving a good basis for detailed calculations of 
magnetic properties. The reason for this success is, 
however, readily understood: the magnetic and optical 
properties depend on the wave functions and stationary 
state energy-levels of the d-electrons and not on the 
detailed form of the interaction of the ion with its 
environment. In most of the calculations, group theory 
is used to determine the symmetry type of the orbitals, 
but the energies are derived from empirical data, some- 
times supported by qualitative arguments. Thus al- 
though the approach adopted is formally based on 
electrostatics, in practice the results are quite general 
and apply to any mechanism which removes the 
degeneracy of the d-orbitals. 

It has been shown that the description of transition- 
metal complexes in terms of covalent and ionic bonds 
is almost equivalent to the crystal-field theory in which 
polarization of the ligands is taken into account. It 
was also suggested that double-bonding may be im- 
portant in determining the energy-levels of the complex, 
an approach recently developed by Stevens.’ It follows 
that the empirical pattern of energy levels must give 
information which will be useful in the interpretation 
of bond properties. 


9 W. K. Stevens, Proc. Roy. Soc. (London) 219A, 542 (1953). 
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THE STATE OF IONIZATION OF THE METAL 
IN TRANSITION-METAL COMPLEXES 


The conventional description of a hydrated or com- 
plex ion used in crystal-field theory is that of a single 
metal ion carrying a positive charge equal to the formal 
valency of the metal, surrounded by a group of negative 
ions or neutral dipoles. The success of quite detailed 
calculations” in which the energy-level diagrams for 
the ion in the crystal is taken as identical with that of 
the free ion seems at first to argue against covalent 
bonding, even in such stable, highly charged complexes 
as [Cr(H2O).]+++. However, a detailed comparison 
of the intervals between the states arising from the 
configurations d", d"s, and d*s® shows that only slight 
changes occur as the charge decreases, at least for the 
elements with several d-electrons."' This shows that the 
4s electrons do not shield the 3d-electrons to any im- 
portant extent and, a fortiori, we should expect the same 
to be true of the 4p-electrons. It follows that covalent 
bonding in which the 4s- and 4-orbitals are partially 
filled is not precluded by the success of calculations in 
which it is neglected. Conversely, we are justified in 
using the levels of the free ion as a basis for calcula- 
tions, even if there is reason to believe that “‘covalent 
bonding” is involved. In more accurate calculations, 
particularly on ions of high charge which have few 
d-electrons, corrections for the slight changes in the in- 
tervals which occur between d*-, d"s-, and d"s*-configur- 
ations might be made e.g., in Vt**. 

While we have presented arguments suggesting that, 
apart from the effect of the environment on the de- 
generacy of the d-orbitals, the energy-level diagram for 
the states of one configuration of the free ion is ade- 
quate in discussing the states of the complex, it must 
be emphasized that the relative positions of different 
configurations will be profoundly changed by complex 
formation. Just as we have to introduce a splitting of 
the degenerate d-orbitals, so we need to introduce a 
change in the basic separation between the d- and 
s-levels. This has many important consequences, e.g., 
simple cuprous salts are colorless although, in the free 
ion, the transition from the d!° 1S state to the d°s*D 
and 1D states occur at 22000 cm™ and 26000 cm™ 
respectively.” If it were not for an increase in the in- 
terval between the d'° and ds configurations certain 
components of these transitions would occur in the 
visible. In general the interval between configurations 
d” and d*—'s or d"'p in tetrahedral or octahedral com- 
plexes is expected to be greater than in the free ions. 


THE CONFIGURATIONS d' AND d® 


In the most general environment the degeneracy of 
the d-orbitals is removed completely. There are five 





(1940 

"'L. E. Orgel, J. Chem. Phys. (to be published). 

” Data on atomic spectra are taken from Atomic Energy Levels, 
National Bureau of Standards, Washington 1949, 1952. 


04) Finkelstein and J. H. Van Vleck, J. Chem. Phys. 8, 790 





separate levels and transitions are possible between the 
ground state and any of the other four states. For- 
tunately many of the most important complexes have 
some elements of symmetry or near symmetry which 
greatly simplify their spectra. 

The simplest and commonest type of complex is that 
in which the central ion is surrounded by an octahedron 
of ligands. If the octahedron is regular and the six 
ligands are identical it has been shown by Schlapp and 
Penney® that the d-orbitals are split into a stable 
triply degenerate /2, orbital and a less stable doubly 
degenerate e, orbital. The only transition possible is 
from the T2, to the Ee, state and it, like all transitions 
within the d-shell, is a g—g transition and is therefore 
forbidden. 

The only example of a regular octahedrally coordi- 
nated ion with one 3d-electron whose spectrum has been 
studied is ['Ti(H.O),]***+" and the theory has been 
discussed in some detail.'* The ion has a single, weak 
absorption band whose maximum is at 20400 cm™. 
The source of the absorption intensity is not under- 
stood, but, arguing by analogy with the spectra of 
other tightly bound molecules, it is probably due to the 
coupling of electronic and vibrational motion rather 
then to a quadrupole or magnetic dipole transition. 
If, in order to follow the convention introduced by 
Schlapp and Penney,° we take the separation between 
the fa, and e, orbitals as 10 Dg, then Dg= 2040 cm. 
A number of ions such as TiCl;(CsH;OH); has also 
been studied. They have a single absorption maximum, 
at longer wavelengths than that of [Ti(H,O). ]*+*+*. 

In tetrahedral complexes the simple crystal-field 
theory predicts a splitting similar to that in octahedral 
complexes, but of the opposite sign, i.e., the e level is 
below a ¢; level.!® However, the assumption that we 
may restrict our discussion to the d-orbitals is no longer 
valid. In the absence of a center of symmetry the 4, 
component of the d-orbitals can mix with the 4p-orbitals. 
Thus for a single d-electron the orbital for the ground 
state is nearly a pure 3d-orbital, but in the excited state 
there is a considerable 4p-component. We, therefore, 
expect a more intense transition than is found in octa- 
hedral complexes. The only substance of the kind which 
has been studied is VCl,. It has an absorption maximum 
at about 9000 cm™ with é€max=110.'* It should be 
noted that the split between the e and ¢; orbital is much 
smaller than is usual for octahedrally coordinated ions 
of high valency. It is not at all clear that the quantity 
Dg has any significance for complexes in which p and d 


( 13 oH Hartmann and H. L. Schlafer, Z. physik. Chem. 197, 116 
1951). 
( 4 F. E. Ilse and H. Hartmann, Z. physik. Chem. 197, 239 
1951). 

15Tt must be noted that the representations of the octahedral 
(O,) and tetrahedral (T2) groups are related in the following way: 


On Aig A lu Agag Agu E, Ey T 19 Tin T 29 Tou 

lé Aj Ai A 2 A 2 E E T2 Ti Ti T2. 

( 16 =" G. Whittaker and Don M. Yost, J. Chem. Phys. 17, 188 
1949). 








1006 L. E. ORGEL 


orbitals are mixed, but a simple application of the 
formula gives Dg=900 cm. The intensity is quite 
large, particularly for an infrared band, but still very 
much weaker than that in certain other tetrahedral 
complexes, e.g., [CoCl, ]-~. 

From a chemical viewpoint the mixing of d and p 
orbitals is the d-p hybridization postulated by Pauling.!” 
Orbitals whose maximum concentrations are near the 
ligands are used in bonding, while the remaining hy- 
brids, which are automatically removed as far as possible 
from the ligands, contain any nonbonding electrons. 
The very high intensities and anomalous positions of the 
absorption bands of tetrahedral complexes, particularly 
of Cot+, is evidence for d-p hybridization. 

The d° configuration, i.e., the d-shell with one va- 
cancy, behaves like a single d-electron when the de- 
generacy of the d-orbitals is removed except that all 
the splittings are reversed. A similar relation holds 
between other d” and d'*” configurations. In octa- 
hedral d® complexes we expect a single E—T», transi- 
tion. The cupric complexes, which are the only exten- 
sively studied ions with this configuration, do not have 
a simple octahedral environment, but the central atom 
is attached to four nearest neighbors in a plane and 
often to two more distant groups which complete a 
distorted octahedron.'* The energy levels are split as 
shown in Fig. 1 by the deviation from a regular octa- 
hedron. Clearly as many as three transitions may occur 
in the visible and near infrared if the splitting is large 
enough. 

The cupric ion in solution, which is presumably 
[Cu(H20).]*++ has a very broad absorption band with 

















FREE ION CUBIC FIELD RHOMBIC FIELD 


Fic. 1. Energy level diagram for the d® configuration. 
17L. Pauling, J. Am. Chem. Soc. 53, 1367 (1931). 


18A, F. Wells, Structural Inorganic Chemistry (Oxford Uni- 
versity Press, New York, 1950). 


a maximum close to 8000 A and émax= 11. Hydrated 
cupric sulfate crystals have a very similar absorption 
band, but recent work suggests that as many as three 


transitions of different polarizations may be involved.” . 


Replacement of coordinated water molecules by 
ammonia leads to a steady shift of the absorption 
maximum to shorter wavelengths until four ammonia 
molecules are present, when Amax=5900A and €max= 50. 
The addition of a fifth ammonia molecule caused the 
maximum to move to 6600 A”! i.e., to a longer wave- 
length ; no evidence for the addition of a sixth ammonia 
molecule could be obtained even in liquid ammonia. 
Ethylene diamine complexes behave similarly, while 
pyridine does not seem to form complexes with an 
amine-copper ratio of greater than four to one. In 
octahedral complexes we usually find that successive 
replacement of water by ammonia causes the crystal 
field splitting to increase steadily, so that a special 
explanation of the effect of the fifth ammonia molecule 
on the cupric ion spectrum must be found. It seems 
probable that the first four ammonia molecules are 
added in a plane, say along the x- and y-axes of a co- 
ordinate system centered on the Cut* ion. This results 
in a progressive destabilization of the d,2_,: orbital 
with respect to all other orbitals and also to a weakening 
of the bonding to the water molecules in the z-direction 
which stabilizes the d,2, dz,, and d,, orbitals. Thus the 
transitions from the d,2, dz,, and d,, to the half-empty 
d,*_y2 move to shorter wavelengths. The fifth ammonia 
molecule must be attached in the z-direction and so 
will destabilize the d,2, d,,, and dy, orbitals while leaving 
the d,_,? orbital little changed. Any second-order 
effect will be to weaken the bonds in the xy plane and so 
to stabilize the d,*_,? orbitals. In each case the result is 
to move the absorption band to longer wavelengths. 
Any distortion of the structure towards a tetragonal 
pyramid would have the same effect. 

In presumably nonoctahedral complexes such as 
[Cu(H20). |**+ one is clearly not justified in associating 
the position of maximum absorption with the center of 
gravity of the states arising from the splitting of the 
T2, level relative to the E, level, for the latter level is 
itself split. Consequently the value of Dg= 1250 cm“ ob- 
tained by the direct application of the simple theory is 
not comparable with values obtained for octahedral 
complexes. For the same reason we shall not discuss the 
spectra of other cupric complexes in detail. In general 
we find that the magnitude of the splitting produced by 
different ligands increases in the order 


chloride < water < pyridine <ammonia 
<ethylene diamine. 


In complexes whose stereochemistry deviates very 
markedly from the regular octahedral arrangement, 


17R. Mecke and H. Leg, Z. physik. Chem. 111, 392 (1924). 
2 D. McClure, private communication. 
(ean) Bjerrum and E. G. Nielsen, Acta Chem. Scand. 2, 297 
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particularly in planar complexes, it should be possible 
to resolve the visible absorption into two or more bands. 
This has in fact been done for a number of planar 
organic derivatives of cupric copper, e.g., cupric acetyl- 
acetonate by Calvin and Belfort.” 


THE CONFIGURATIONS d? AND d’ 


These configurations are the simplest in which we 
have to consider the simultaneous effects of the removal 
of the d-electron degeneracy and of the electrostatic 
interaction between the d-electrons. The way in which 
the crystal field splits the *F ground states of these con- 
figurations is well known.® We shall develop the slightly 
more general theory which includes the mixing together 
of the different atomic states by the crystal-field for all 
the singlet and triplet levels. The d? ions have not been 
studied at all extensively so we shall restrict our 
numerical calculations on them to the triplet states of 
Vt++; the Nit* ion will be treated in more detail 
since a good deal of experimental evidence is available 
and calculations are made very easily. 

We have followed closely the procedure of Finkelstein 
and Van Vleck.!° The matrix elements of V expressed 
as multiples of Dg are for Nit* 




















"Ag "Ey T 24 
iS 1G 1D 1G 1D 1G 
40\/3 20/3 
0 4/6 24/7 =— —16/7 — 
4/6 + = 4/7 = 26/7 
——$_—_——_ / —_———— — 
7 
T+ "Tae 3T 24 3A a9 
1G uv x 3F 3 
2 | —6 4 | 2 12 
i 0 


In the d? configurations the signs of the diagonal ele- 
ments must be reversed. 

We shall consider first the spectrum of the 
[V(H.0),]*+** ion.* In the V+++ ion the separation 
between the *F and #P states is 13 000 cm~, and using 
this quantity we are able to calculate the energy level 
diagram of Fig. 2 in which the position of each level is 
plotted against Dg. The transitions *7,,—*7., and 
"Tip—°A 2g depend on the *F—*P separation of the free 
lon only to second order, while the *7',—*7 1, transition 
depends on it to first order. We therefore choose Dg to 
fit the experimental separation between the *7\, and 
’T2, levels, a value of Dg= 1900 cm— being appropriate. 





® M. Calvin, private communication. 


(1956) C. Furman and S. Garner, J. Am. Chem. Soc. 72, 1785 





The transitions to the 7), and Ao, states are then 
predicted at 28 500 cm™ and 36 000 cm“. The transi- 
tion observed is at 25 000 cm™ while the 36000 cm™ 
neighborhood is completely covered by a strong charge- 
transfer transition. The discrepancy between the ob- 
served and predicted positions of the second transition 
is rather large. It is probable that part of it is due to 
the *¥—*P interval of the hydrated ion being less than 
that for the free ion. We have already remarked that 
shielding effects will be particularly important in 
highly charged ions with few d-electrons such as the 
Vit, 

Finkelstein and Van Vleck” have commented on the 
fact that even with comparatively large octahedral 
fields the Russell-Saunders coupling is not much affected 
in V+** complexes. In tetrahedral fields the mixing of the 
two 7, states is important even for fairly small values 
of Dg, as is shown by Fig. 2. 

The singlet states of the Ni** ion, whose positions 
are required to compute the energy-level diagram for 
nickelous complexes, have not been observed experi- 
mentally. However, we may extrapolate from values for 
Nit ds and Ni d's? to obtain values of 12000 cm™ 
and 21 000 cm“ for the energies of the 'D and 'G states 
above the °F ground state. The 1S_state has not been 
observed for any related ion, since ‘it is far above the 
rest of the configuration. Using values of F2= 1560 cm™ 
and F4=110 cm™ for the Slater-Condon parameters"! 
we estimate that it lies 49000 cm™! above the ground 
state. Although this figure is subject to a considerable 
error it will affect our calculation only in second order, 
since we will not be interested in the upper A1, level. 

The final energy level diagram, excluding the upper 
Aig level which lies far above the remaining levels, is 
shown in Fig. 3. We find that three triplet-triplet 
transitions, 3A og—*T 24, 34 og—*T 19, and 5Aog—*T 19 
should occur in that order for octahedral#complexes. 
In addition there should be a number of much weaker 
triplet-singlet transitions. 

The hydrated nickel ion, Ni(H,O),** in aqueous 
solution has three main absorption bands at 8500 cm7!,” 
and 14000 cm™ and 26000 cm * with €max values of 
2, 1.8, and 6 respectively. If we choose Dg=850 to fit 
the first transition we expect further transitions at 
14000 cm and 27 000 cm™ in good agreement with 
experiment. 

A detailed examination of the published spectra of 
Ni** in solution suggests that there is a further weak 
peak at 19000 cm™ and that the 26 000 cm band lies 
over and partially obscures weak bands at 22 500 cm™ 
and 30000 cm™. Crystal absorption spectra”® confirm 
the existence of weak discrete transitions at 22 500 cm™ 
and in the region from 17 500-20 500 cm™. The peak 
at 30000 cm™ may correspond to a transition to the 
1F,, state at 29500 cm while the 22 500 cm™ band 


* T. Dreisch and W. Trommer, Z. physik. Chem. B37, 37 (1937). 
26 A. Kiss and R. Szabo, Z. anorg. Chem. 252, 172 (1943). 
26 G. Gielessen, Ann. Physik 5, 22, 537 (1935). 
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Fic. 2. Energy level diagram for the V*+++ ion. The intervals indicated along the Dg-axis each represent 500 cm™. 


would correspond exactly to the transition to a 'T1, 
state. The band close to 19 000 cm™ does not correspond 
very well with any level on our diagram. 

The identification of two of the bands as intercom- 
binations suggested above is very tentative, since they 
are very much weaker than their triplet-triplet neighbor, 
and might represent vibrational structure in the latter. 
Further studies of a number of different complexes 
would be required to settle the assignments. 

The infrared band of the hexamine nickel ion has its 
maximum at 10 600 cm—.*% Taking Dqg= 1060 cm™ to fit 
it, we predict further bands at 17 500 cm™ and 29 200 
cm~', in reasonable agreement with the observed bands 
at 16 700 cm™ and 27 400 cm™.”” 


37 “s L. Roberts and F. H. Field, J. Am. Chem. Soc. 72, 4232 
1950). 





The corresponding peaks for tris ethylene-diamine 
nickel are observed at 11 200 cm~, 18 300 cm, and 
29 000 cm=, respectively.2”? Taking Dg= 1120 cm™ the 
calculated values are 11 200 cm™, 19100 cm™, and 
31 000 cm™ respectively. In the tris-o-phenanthroline 
complex only two bands have been observed at 12 700 
cm—! and 19 000 cm—.2” Bands are predicted at 12 700 
cm and 20 200 cm if we use Dg=1270 cm“. 

From the position of the first visible absorption 
peaks the following order of increasing Dg has been 
deduced for Nit++ complexes.”* 


Methyl alcohol < water <oxalate <pyridine 
<ammonia <ethylenediamine < 0-phenathroline. 


28 Russell, Cooper, and Vosbergh, J. Am. Chem. Soc. .65, 1301 
(1943). 
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A considerable number of octahedral compounds in 
which the ligands are not identical have been studied, 
in particular the ions [Ni(H.O),(NH3)s_,]*+ with 
n=0, 1, 2, 3, 4, 5, 6. Experimentally it is found that 
the visible-band shifts steadily to shorter wavelengths 
as the number of molecules of ammonia in the complex 
increases, but that no splitting of the band occurs. 
Theoretically we would expect that this band, like the 
analogous band in the Cr+++ ion, would be split for 
certain of the complexes. The absence of such a splitting 
is due to two factors. Firstly, the expected splitting is 
small compared with the total width of the band and 
secondly, due to the mobility of the system, a mixture 
of stereoisomers is always present for the complexes 
with n=2, 3, and 4. The observed shift to the blue with 
increasing m is the shift of the center of gravity of the 
bands of al] the complexes with a given m. 

The electronic spectra of tetrahedral nickel complexes 
have not been investigated. The planar, diamagnetic 
complexes of divalent nickel are characterized by strong 
absorption bands with their maxima close to 4000 A 


sareciisilettiahsiaientis 


* J. Bjerrum, Metal Ammine Formation in Aqueous Solution 


(Copenhagen, 1941). 


and with €max values ranging from 2000 to 10 000.” It 
seems unlikely that this transition is a simple transi- 
tion within the d-shell in view of its very high intensity. 
Two other explanations seem plausible, namely that it 
is a transition which is not approximately localized on 
the nickel ion or that it is a transition from a 3d-orbital 
to the unoccupied 4p-orbital of the Nit* ion. We are 
inclined to think that the latter explanation is the more 
probable one. It would be interesting to know whether 
there are any weak bands at longer wavelengths than 
the strong 4000 A band in these nickel complexes, 
corresponding to the expected transitions within the 
3d-shell. 
THE CONFIGURATIONS d* AND d’ 


The d* configuration has been discussed in detail 
by Finkelstein and Van Vleck, who have obtained the 
matrix elements of the cubic field for the quartet and 
doublet states. They have applied their theory to the 
hydrated chromic ion and have shown that the lowest 
doublet state is brought to the observed position 
if a value of 1820 cm is taken for Dg. We have identi- 
fied the two strongest long wavelength absorption 


30 McKenzie, Mellon, Mills, and Short, Proc. Roy. Soc., New 
South Wales 58, 70 (1944). 
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Fic. 4. Energy level diagram for the Cr*** ion. 


bands of trivalent chromium complexes as quartet- 
quartet transitions within the d*® configuration.’ The 
energy level diagram for the quartet states of the 
chromic ion in octahedral coordination is given in 
Fig. 4. Using a value of 1720 cm™ for Dg we predict 
absorption maxima at 17 200 cm™ and 25 700 cm™ 
compared with the experimental values of 17 200 cm™ 
and 25 600 cm!.*! Thus a value of 1770 cm™ for Dg 
would give good agreement with both the singlet and 
triplet states. 

The energy level diagram of [Cr(NHs3). ]|+++ does 
not agree quite so well with experiment. If we take 
Dq= 2150 cm-, to give the lower transition correctly at 
21 500 cm™, then we predict an upper transition at 
30 500 cm™ compared with the observed value of 
28 500 cm7!.® 

The successive substitution of ammonia molecules for 
water in [Cr(H.O), |*+*++ results in a progressive shift 
of the absorption maxima to longer wavelengths,*! 
but there is no resolution of any of the absorption bands 
into two or more components. 

A general survey of mono and polysubstituted chro- 
mium complexes*:*4 shows that the value of Dg in- 


31 R, I. Colmar and F. W. Schwartz, J. Am. Chem. Soc. 54, 
3204 (1932). 

®'M. Linhard, Z. Electrochem. 50, 224 (1944). 

33M. Linhard and M. Weigel, Z. anorg. Chem. 266, 49 (1951). 

* W. Kuhn, Z. anorg. Chem. 216, 321 (1934). 


creases in the order 


Iodide < bromide < chloride < thiocyanate 
<oxalate < water <ammonia <ethylenediamine. 


We have shown that in mono-substituted and par- 
ticularly in ¢rans-disubstituted chromic complexes the 
lowest absorption band should be split into two com- 
ponents while the upper band should, to a first approxi- 
mation, remain unsplit.8 With the knowledge of the 
relative size of Dg contributions which we have derived 
we can see that if the substituent has a smaller Dg 
value than the other ligands the short wavelength com- 
ponent of the split band, since it is degenerate, should 
be twice as strong as the long wavelength component. 
If the substituent has a larger Dg value than the other 
ligand the order of intensities should be reversed. We 
shall discuss this point in more detail in connection with 
cobaltic complexes, and here will only note that the 
theory seems to be qualitatively correct for chromium 
complexes. 

The spectrum of the hydrated vanadous ion has been 
studied by Dreisch and Kallscheuer,** who found a 
band with its maximum at about 11 600 cm™ and by 
Kato,3* who found bands with maxima at 12 200 cm™ 


%6T. Dreisch and O. Kallscheuer, Z. physik. Chem. B45, 19 


(1939). 
36S. Kato, Sci. Papers Inst. Phys. Chem. Research (Tokyo) 13, 


49 (1930). 
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Fic. 5. Energy level diagram for the Co** ion. 


and 17 900 cm. Taking a value of Dg= 1220 cm we pre- 
dict levels at 12 200 cm™ and 18 700 cm~, in satis- 
factory agreement with experiment. No other vanadous 
complexes seem to have been studied. 

The spectra of a number of cobaltous salts have been 
recorded. Those of the regular octahedral and tetra- 
hedral complexes, in which the cobalt ion has a quartet 
ground state, are the most important from our point of 
view. The energy level diagram for the d’ configuration 
may be obtained from the matrix-elements given by 
Finkelstein and Van Vleck. The energy-level diagram 
for the quartet states in both octahedral and tetra- 
hedral complexes is shown in Fig. 5. 

The hydrated cobaltous ion, [Co(H.O).|**, in 
aqueous solution has an absorption band in the infra- 
red with its maximum at 8100 cm—!™ and a broad, 
complex band whose maximum is at 19 600 cm and 
which stretches from about 15 000 cm~ to about 28 000 
cm~'.*” If we take Dg=970 cm™ we predict transitions 
at 8100 cm™, 17 500 cm™, and 22 000 cm™. We think 
It probable that the 19 600 cm band of the cobaltous 
lon includes both of the shorter wavelength quartet- 
quartet transitions and, in addition, some quartet- 
doublet transitions. 

The[Co(NHs)¢ ]}** ion has an absorption maximum at 
about 20 200 cm— while the corresponding ethylenedi- 
amine complex has two maxima at 20 800 cm™ and 


*” A. Kiss and P. Csokan, Z. physik. Chem. A186, 239 (1940). 


28 100 cm.?7 In view of the great similarity of other 
spectra of ammonia and ethylenediamine complexes we 
assume that the two bands near 20 000 cm™ have the 
same origin, namely in the 7;,— Ao, transition. This 
would correspond to a value of 1130 cm~ for Dg in the 
ethylenediamine complex and slightly less in that of 
ammonia. 

The analysis of the spectra of the tetrahedral co- 
baltous complex ions [COCI, ]--, [CoBr4]-~, [CoI, ]-—— 
and [Co(CNS),]-—— presents a number of difficulties. 
Each of the halides has an absorption band in the infra- 
red, the maxima being at 6300 cm, 5300 cm™, and 
5000 cm=! with €max’s of 15 100 and 160 for the chloride, 
bromide, and iodide, respectively. In the visible there 
are a number of absorption bands, but one of these is 
always stronger than any other. This strong band is at 
15000 cm= in the chloride, at 13 700 cm™ in the 
bromide, at 12 500 cm™ in the iodide*®” and at 17 000 
cm-! in the thiocyanate.*® The extinction coefficient 
is as high as 2500 in [Co(CNS)4]-~ while in [CoCl, ]— 
€max 1S about 600. 

The energy-level diagram for tetrahedral Cott 
(Fig. 5) shows that the two strong bands do not corre- 
spond in position to the two lowest predicted transi- 
tions, for if we fit the lowest transition correctly in 


38 W. R. Brode and R. A. Morton, Proc. Roy. Soc. (London) 
120, 21 (1928). 
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[CoCl,]-— we predict the next transition at 11000 
cm, which is much below the observed transition. 

The two observed bands are much stronger than those 
of divalent transition-metal ions in octahedral coordina- 
tion. This we believe to be due to the mixing together 
of the 3d,,, 3d,,, and 3d,, orbitals and the 49 orbitals, 
which is possible since the tetrahedron of ligands has 
no center of symmetry and can therefore cause the 
mixing of orbitals which are of g and « symmetry in the 
free atom. The transition from the A» ground-state to 
the two T2 upper states are formally allowed on sym- 
metry grounds, while the transition to the 7; state is 
forbidden. It seems plausible to assume that the two 
strong observed transitions are in fact the allowed 
transitions. If we do this we find Dg=375 cm™ in 
[CoCl,]-~ in order to account for the infrared band, 
and then predict a second band at 19500 cm™. This 
value again disagrees rather badly with the experi- 
mental value. It is possible that this assignment is 
nevertheless correct and that the discrepancy is due to 
the depression of the upper 7» state by a nearby state 
of the d*p configuration. If this is so there should be a 
forbidden transition in the infrared to a state only 
about 3500 cm above the ground state. The spectra of 
the bromide and iodide complexes interpreted in this 
way give values of 310 cm™ and 290 cm™ for Dg. 
Any other interpretation of these spectra would also 
require a small Dg value. A possible explanation of the 
low values of Dg will be given in the next paper. 


THE CONFIGURATIONS d‘ AND dé 


Very little information is available concerning the 
spectra of the complexes which have the d‘ configura- 
tion, i.e., chromous and manganic complexes. Aqueous 
solutions of chromous chloride have an absorption band 
with its maximum at about 12 600 cm™ which almost 
certainly belongs to the [Cr(H2O), ]*++ ion.*® The energy 
level for the quintet states of d‘ is identical with that of 
d’ and so we find a value of Dg= 1260 cm“. It should be 
noted that although the chromous solutions studied 
were not very stable, the position of the band maximum 
would not be affected since the chromic ion does not 
absorb in the same region as the chromous. 

The Mnt***+ hydrated ion has an absorption maxi- 
mum at 4750 A,’ corresponding to a Dg value of 2100 
cm™'. No other manganic complexes seem to have been 
investigated. 

The configuration d® occurs in the ferrous and co- 
baltic complexes. The energy diagram for the quintet 
states is identical with that for a single d-electron, so 
that the absorption maximum of the hydrated ferrous 
ion, which occurs at 10500 cm* corresponds to 
Dq= 1050 cm. No other ferrous complexes with quintet 
ground states have been examined. 

The spectra of the few diamagnetic ferrous com- 
plexes which have been studied e.g., [Fe(CN)¢ ]* 
and [Fe(Phenanthroline); ]*++ do not fit into the present 


theoretical scheme at all well. This may be connected 
with the strong double bond formation which must 
occur in them. 

The complexes of trivalent cobalt, with the exception 
of the [CoF, }* ion, are diamagnetic i.e., they have 
singlet ground states. Unfortunately the calculation of 
the energy-level diagram for the singlet states would be 
extremely lengthy, there being as many as seven !7», 
states. Instead we shall discuss the spectra in a qualita- 
tive way. 

We have shown that the close similarity between the 
spectra of chromic and cobaltic complexes is due to the 
fact that when the splitting of the 3d-orbitals becomes 
very large compared with the electrostatic interactions 
between 3d-electrons the energy diagrams for the three 
lowest singlet states of Cot+* and for the three lowest 
quartet states of Cr*+** are essentially identical.* The 
two strong absorption bands correspond to transitions 
from the state (t2,)° 4Ae, to the states (t2,)?(e,)! 471, and 
4T,, in Crt+++” and from the state (ts,)®'!A1, to the 
states (to,)®(e,)!!T1, and !T2, in Crt+*. The energy 
level diagram for Cot** will differ somewhat from that 
of Cr+++ in fact, because “‘configuration interaction”’ is 
possible in the former e.g., between (t2,)®4Ai, and 
(tog)*(€,)? Aig, which is impossible in the latter. 

The similarity between the strongest transitions in 
cobaltic and chromic complexes does not extend to the 
intercombinations. The reason for this is clearly that 
the lowest quartet-doublet transitions in Crt++* are 
essentially those within the (f2,)* configuration. In 
Cot++ the lowest triplets belong to the (f2,)5(e,)! con- 
figuration. 

A very large variety of cobaltic complexes has been 
studied, so that although we cannot get accurate values 
of Dg we can find the order of increasing Dg for a variety 
of ligands. 

From the work of Kiss and Czegledy““! we may 
deduce the following order of Dg contributions: 


CO;—- <OH- <NO;-=SO;—— <CNS~ <H,0 
<Oxalate<NH;<ethylene diamine <NO; <CN-. 


The measurements of Linhard and Weigel give the 
following order of increasing Dg 


I-<Br-<Cl-<N;- <R-CO- <F-<NH;3<NO-z. 


The two orders cannot be brought together with cer- 
tainty since there are small differences between the 
positions of the maxima found by the different workers. 

Perhaps the most interesting conclusion to be drawn 
from these spectra is that the cyanide ion produces a 
much bigger splitting than any other ion. The first 


% We use small letters to designate orbitals in accordance with 
Professor Mulliken’s recommendations on spectroscopic nomen- 
clature. This involves a change from the notation of our earlier 

aper. 

‘ oA. Kiss and D. Czegledy, Z. anorg. Chem. 235, 407 (1937). 
414 Kiss, Z. anorg. Chem. 246, 28 (1941). ‘ 
 M. Linhard and M. Weigel, Z. anorg. Chem. 264, 321 (1951); 

266, 49 (1951); 267, 113 (1952); 267, 121 (1952). 
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maximum of [Co(NHs3;). +++ is at 21 000 cm™ while 
that of [Co(CN). ]-—~ is at 32 000 cm™. This is consis- 
tent with the very marked double-bond character of the 
transition-metal to cyanide bonds. 

We have shown that the longest wavelength absorp- 
tion band in monosubstituted cobaltic complexes is 
split into two components® and that if Dg for the sub- 
stituent is less than it is for the other ligand then the 
long wavelength component should be twice as strong 
as the other. If Dg is greater for the substituent then 
the order of intensities should be reversed. Further- 
more, it is readily seen that the magnitude of the split- 
ting should be proportional to the difference in Dg 
values for the substituent and for the other ligand. 
These relations are in general found to be correct.” 

In disubstituted complexes we would predict that 
the splitting of the longest wavelength transition would 
be much more marked in the érans-complexes than in 
the cis. This is completely confirmed by the measured 
spectra.” 

THE CONFIGURATION d5 

The matrix-elements of the cubic field for the triplet 

states of the d° configuration have been calculated in 
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the usual way. The elements which do not vanish 
through symmetry are given below. 


Ek *P * G Es 4D ‘F 1G 
‘P| 0 0 4/5 4D] 0 Wry7 O 
FF} 0 0 WS5| 4F 20/4/70  10\/3/7 
Gl4/52/5 0| Gl 0 1073/7 0 

E ‘DG 

‘D/0 0 

mi ‘ 





It should be noted that all diagonal elements are zero. 
The energy level diagram for Mnt** in octahedral or 
tetrahedral coordination is shown in Fig. 6. An anal- 
ogous diagram applies to Fe+*+*. We will not reproduce 
it here as it may easily be obtained by solution of the 
appropriate secular equations using the extrapolated 
values of 32 000 cm™, 35 000 cm™, 38 500 cm™, and 
52 000 cm™ for the energies of the 4G, *P, 4D, and 4F 
states of Fe IV(d*). 
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Fic. 6. Energy level diagram for the Mn** ion. 
“Edlen, Actualities Scientifiques et Indusirielles (Hermann & Cie, Paris, 1941), No. 895, Part I. 
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The configuration d® is exceptional in that no spin- 
allowed transitions are to be expected, since the ®S 
ground state is not split significantly by the field, and 
all excited states are of lower multiplicity. It follows 
that only very weak absorption corresponding to sextet- 
quartet transitions is to be expected. The sextet-dou- 
blet transitions are almost certainly too weak to appear 
in absorption. 

It is found experimentally that [Mn(H.O). |** ex- 
hibits very weak discrete absorption between 24 500 
cm~ and 25 500 cm™.”® The ultraviolet region does not 
seem to have been investigated. If we assume a Dg 
value of about 1000 cm™ we predict a number of transi- 
tions between 18 000 cm and 35 000 cm™ followed by 
a further series of transitions which begins at 43 000 
cm—!, The data available are not sufficient to make 
any definite assignment. We are inclined to think that 
the observed transition is not the lowest °S —4G(T1,) 
transition but that the upper state is 4G(A1,), 4G(E,) or 
possibly 4G(7.2,). A number of compounds in which the 
octahedron of ligands surrounding the manganous ion 
includes two or more species have been studied. They 
show a number of bands between 23 000 and 40 000 
cm~!,26 This is consistent with the theoretical scheme, 
but the energy-level diagram is so complicated that no 
assignments can be made. An experimental study of the 
[Mn(H,0), |++ ion would be particularly valuable. 

The spectrum of [Fe(H.O), |+** has been studied in 
some detail by Rabinowitch and Stockmayer.“ They 
find very weak bands at 24 500 and 18 400 cm™ and a 
further band with a maximum at less than 14 000 cm“. 
Infrared studies show that maximum of the latter band 
is near 13 000 cm. These observations are not easily 
explained since theoretically there should be only two 
transitions much below 32 000 cm, the position of the 
4G state. Using a reasonable value of 2100 for Dg we 
predict ‘G(71,) and 4G(T2,) levels at 13 300 and 20 700 
cm respectively, in rough agreement with experiment, 
but the band at 24 500 remains completely unexplained. 
It might be a strongly forbidden charge-transfer band, 
but this seems unlikely in view of its sharpness. Until 
further evidence is available both the values of Dg and 
the assignments of the two long wavelength bands are 
tentative. It is interesting that complex-formation with 
ammonia or aliphatic amines should shift the two long 
wavelength bands of Fet+** to lower energies. 


“ FE. Rabinowitch and W. H. Stockmayer, J. Am. Chem. Soc. 
64, 335 (1942). 
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The tetrahedral ion [FeCl,]- has been studied 
under a variety of conditions.** It has a broad very weak 
absorption band from 6000-8000 A with maxima at 
about 7500, 6900, and 6100 A, and sharper peaks at 
5250 A and 6500 A. Like the spectra of other tetra- 
hedral complexes these cannot be explained quantita- 
tively by our theory. It is not clear whether the ob- 
served transitions are internal transitions of the iron 
atom or spin-forbidden charge-transfer bands. 


CONCLUSIONS 


We have shown that many features of the absorption 
spectra of transition-metal complexes may be under- 
stood in terms of crystal-field theory. A number of 
interesting regularities are evident when the Dg values 
are compared. In particular: 


(1) The values of Dg for hydrated divalent ions are 
close to 1000 cm, falling from 1220 cm“ for V*+* and 
1260 cm for Cr** to 850 cm™ for Ni**. 

(2) The values of Dg for hydrated trivalent ions are 
close to 2000 cm™. 

(3) The common ligands may be arranged in a 
squence in such a way that the Dg values for their 
complexes with any metal ion increase as we go from 
left to right. Such a sequence is: 


I Br Cl F H.,0 oxalate pyridine 
NH; ethylene diamine NO; CN-. 


(4) The little evidence available suggests that Dg is 
much smaller for tetrahedral complexes than for corre- 
sponding octahedral complexes. 


We shall defer the discussion of the importance of 
these regularities in understanding the chemistry of 
transition-metal complexes to a subsequent paper. 

The identification of excited electronic states of 
many complexes and the estimation of Dg values should 
prove helpful in interpreting paramagnetic suscep- 
tibility data and paramagnetic resonance spectra. In 
many cases the values of Dg assumed at present are very 
different from those derived in this work. 

I am indebted to Dr. D. McClure for communicating 
results on the crystal spectra of hydrated transition- 
metal ions, prior to publication. His interpretation of 
these spectra is in substantial agreement with that 
presented in this paper. 


45H. L. Friedman, J. Am. Chem. Soc. 74, 5 (1952). 
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Studies of the Interaction between Stable Molecules and Atoms. I. A Molecular Orbital 
Theory of the Activation Energy between Molecules and Atoms* 


VIRGINIA GRIFFING 
Department of Chemistry, Catholic University of America, Washington, D. C. 
(Received June 22, 1954) 


The molecular orbital method of calculation is applied to the interaction between closed-shell species; 
the results discussed in this paper and presented in the following papers of this series indicate that this 
method will yield quantitative results for energies of a system as function of internuclear parameters if one is 
interested in the differences in energy for two different geometric ground state configurations of the system. 
The molecular orbitals are used as a basis of constructing correlation diagrams for predicting mechanisms 
and calculating activation energies for chemical reactions. The orbitals of the reactants and products are 
correlated with the orbitals of a state defined as the ambivalent complex. The low-lying excited states of 
the interacting molecules seem to be of importance in determining the activation energy of a chemical 
reaction. Considerable qualitative insight into the activation process is gained by this method; the relative 
values of the activation energies for the interaction between two closed-shell molecules, a molecule and a 
radical, and two radicals are predicted in agreement with experiment. 





I. INTRODUCTION 


HIS paper is the first in a series of studies of 
“atomic complexes” with the method of mole- 
cular orbitals which have been completed in our labora- 
tories. Papers II to VI present actual numerical cal- 
culations on systems which are simple enough that they 
can be studied as function of internuclear parameters. 
These simple systems must be understood before results 
obtained in more complicated systems can be inter- 
preted. In addition these systems have been chosen so 
as to represent certain idealized models of chemical 
interaction. In this first paper it is shown that these 
calculations can be used to predict the mechanism of 
simple chemical reactions, by considering the least 
energy necessary to form a possible intermediate 
complex. 

The ideas are not entirely new insofar as they apply 
the well-known self-consistent field molecular orbital! 
approximation to a system of m-electrons for different 
geometrical configurations of the nuclei (both stable 
and unstable configurations). However, the emphasis 
is somewhat different here. It is shown that general 
principles which have long been useful and widely 
accepted in the discussion of the ground state electronic 
structure and in the interpretation of electronic spectra 
of stable molecules are also useful in deciding which 
interactions of stable molecules bring about chemical 
reactions. This series of papers would seem to settle 
the question of the usefulness of the molecular orbital 
approach in studying chemical kinetics. 

It is believed that this discussion gives considerable 
physical insight into the approximate values and nature 
of activation energies; e.g., one can see from a considera- 
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‘For discussion of molecular orbital theory see C. C. J. Root- 
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phys. 46, 497 (1949); 46, 675 (1949); J. E. Lennard-Jones, Proc. 
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tion of the molecular orbitals of a bimolecular complex 
why the activation energy between most saturated 
molecules is so high that free radical mechanisms must 
predominate in the thermal decomposition of these 
molecules. It further explains the low. activation energy 
for a reaction between a molecule and a radical and the 
nearly zero energy of activation for reaction between 
two radicals equally as well as the bond picture. In 
addition, an explanation is suggested for the fact that 
H,+I.—2HI proceeds by a bimolecular mechanism, 
while the reaction H:;+Cl;,-~2HCl proceeds by an 
atomic mechanism. 

We are going to use simple determinants built up 
from one-electron wave functions, which are linear 
combinations of atomic orbitals (LCAO); the coeffi- 
cients are calculated according to the well-known self- 
consistent field methods. 

We do so according to the following general as- 
sumptions: 


1. The description by one-electron molecular orbitals 
is adequate for discussing possible chemical interactions 
between molecules. 

2. The chemical interaction between saturated mole- 
cules can be treated as a four-electron problem. 

3. The symmetry properties of the molecular orbitals 
reduce the number of possibilities to be considered. 


II. DISCUSSION OF THESE ASSUMPTIONS 


(1) Even though the SCF-molecular orbitals may 
not be the best wave functions for giving numerical 
answers, we believe that greater physical insight can 
be obtained by using the best single determinant wave 
function inasmuch as the Pauli principle then appears 
in its naive form in which only two electrons can 
occupy the same molecular orbital. If greater numerical 
accuracy is required it can be obtained by including 
a limited amount of configuration interaction. From the 
point of view of economy of calculation, this is probably 
the best method of approach (even though many con- 
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figurations are included) as long as the distances 
between atoms are of the same order of magnitude as 
those occurring in stable molecules. 

(2) It is further assumed that the activation process 
between two saturated molecules can be treated as a 
four-electron problemf to a good first approximation. 
This is justified by the fact that molecules are in some 
ways simpler than atoms, in particular since they nearly 
always have paired electron ground states with the full 
symmetry of the nuclear framework. In order to simplify 
the discussion, we discuss here no molecules with double 
bonds. Then, it would seem, any chemical interaction 
between two saturated molecules will essentially be 
determined by the interaction between the outermost 
molecular orbital of one molecule with the outermost 
molecular orbital of the other. The lowest orbital of the 
complex will have a density maximum between the two 
interacting molecules corresponding to a “bonding 
orbital” in ordinary molecule formation. The second 
orbital of the complex will have a node between the 
two molecules corresponding to antibonding. In addi- 
tion there is an increase in energy due to additional 
nuclear repulsions. When there are two electrons in 
each of these orbitals this leads to a higher energy than 
that of the separated molecules, i.e., an activation 
energy. Therefore it is assumed that the activation 
process for molecule interaction can be treated as a 
four-electron problem to a good first approximation. 

(3) The symmetry properties of the molecular 
orbitals of the separated molecules and of the complex 
can be used to draw some general conclusions about 
possible reaction mechanisms; further, the number of 
geometrical configurations{ that must be considered 
in constructing a potential energy surface can be 
drastically reduced. Thus, this is actually a generaliza- 
tion of the Hund-Mulliken coordination schemes for 
diatomic molecules to form correlation diagrams for 
polyatomic systems. In the case of diatomic molecules, 
Hund and Mulliken have correlated the one-electron 
orbitals of “separated atoms,” “diatomic molecule,’ 
and “united atom.” There are two rules which govern 
these coordination schemes?: (a) As the interatomic 
distance is changed the symmetry properties of the 
molecular states must remain unchanged. (b) Two 
different molecular states of the same symmetry may 
not have the same energy for any internuclear distance. 
The second of these rules prohibits the occurrence of 
degeneracy in the case of diatomic molecules. 

The reason for this is that the mathematical require- 
ments of degeneracy cannot be satisfied by changing a 
single parameter, i.e., the internuclear distance. Even 
though one can get a bond-like interaction between two 


t Eyring has made this assumption in much of his work but 
has used the electrons localized in particular bonds rather than 
moving in the entire field of the nuclear framework. 

t These ideas have probably been used intuitively by a number 
of investigators but have not been previously formalized in this 
way so far as we know. 

2E. Teller, J. Phys. Chem. 41, 109 (1937). 
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He atoms if one supplies enough energy to excite 
electronically one of the He atoms, according to Hund’s 
rule’ this state cannot cross over the nonbonding ground 
state for He» for any value of the internuclear parameter, 
Therefore it is a consequence of the two rules that the 
stable state of Hez is of necessity an electronically 
excited state of the molecule. Thus, the critical energy 
that must be supplied to bring about “chemical 
interaction” between two He atoms is an electronic 
energy and can be compared with that in processes 
which occur in photochemistry. 

However, Teller? has shown that degeneracy can be 
established by adjusting two parameters in the absence 
of magnetic forces. From this we draw the following 
conclusions. If one considers a generalized two-center 
system in which the two parameters, (a) internuclear 
distance and (b) nuclear charge, are varied one can 
obtain the entire set of homonuclear diatomic molecules 
predicting the electronic siructure of their ground 
states and in principle their chemical properties. 

In polyatomic systems, one usually has two or more 
geometrical parameters that can be independently 
varied thus bringing about a crossing over of potential 
energy surfaces. 

Teller has discussed the conditions that must be 
fulfilled to bring about the intersection of the ground 
state potential energy surface of a polyatomic molecule 
with one of the excited electronic states of the same 
molecule (internal conversion). This discussion can be 
equally well applied to a polyatomic system made up 
of two molecules, except that in this case one needs to 
consider the intersection of potential energy surfaces 
of a particular kind of complex which we shall designate 
as the “ambivalent complex,” rather than those of a 
stable molecule. The “ambivalent complex” is defined 
in the following way: If a complex of particular size 
and shape can be formed from one set of closed-shell 
molecules (say AB and CD) and can decompose into 
products different from those (say AC+BD or A 
+ BC+ D), then for this particular geometrical arrange- 
ment of the atoms it must be possible to describe the 
electronic wave functions of the complex in two different 
ways, as a linear combination of the electronic wave 
functions of AB and CD and asa linear combination of 
the electronic wave functions of say AC and BD. It is 
one of the fundamental points of this paper that the 
path of the direct reaction AB+CD-—AC+ BD must 
go through the complex ambivalent in respect to these 
two states. 

In some cases the “ambivalent orbitals” are also 
degenerate. In this case the complex is called a “de- 
generate complex.” If the “ambivalent orbital” is also 
degenerate, the ambivalence property is also exhibited 
when the ambivalent orbital is expressed as a linear 
combination of atomic orbitals. That is, there are two 
independent linear combinations of the atomic orbitals 
which equally well describe the state. If the orbital of 
the “ambivalent complex” is nondegenerate, the orbital 
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has a unique form when expressed as a linear com- 
bination of atomic orbitals. It will be shown that a 
“degenerate complex” arises in the case where 


AB+CD—AC+BD, 
while the ‘ambivalent complex” arises in the case where 
AB+CD-A+ BC+D, 


and the degeneracy occurs for some other internuclear 
distances along the path of decomposition of the 
complex.* 

This “ambivalent complex” is related to the activated 
complex of Eyring except that our attention is directed 
to the forms of the one-electron wave functions as 
functions of internuclear coordinates. The minimum 
energy that must be supplied to the initial molecules 
to get them into this ambivalent configuration is called 
the “ambivalent complex energy.”’ The formation of 
the “ambivalent complex” is specified as a minimum 
condition which must be met before a chemical inter- 
action will take place. The “ambivalent complex 
energy” will be related to the experimental energy of 
activation of an elementary chemical reaction. 

In the following, the application of the molecular 
orbital theory to construct correlation diagrams for the 
chemical interactions between two saturated molecules 
is first illustrated by considering two different reaction 
paths for the interaction of two hydrogen molecules. 
This example was chosen as a model because the 
molecular orbitals in the separated molecules are of 
o type and a four-electron problem includes all the 
electrons. Thus, the interpretation of the results will 
not be complicated by any errors due to the neglect of 
the effects of electrons moving in inner closed-shell 
molecular orbitals. Further, this is the simplest model 
one can assume and have two independent geometrical 
parameters. 


III. QUADRATIC H, AMBIVALENT COMPLEX 


In the first example, the two molecules are brought 
together along a path such that the four hydrogen atoms 
form a rectangle. There are four independent ortho- 
normal one-electron molecular orbitals that can be 
formed from the four atomic orbitals.4 Since there are 
only four electrons, two electrons are fed into each of 
the two lowest energy molecular orbitals. The other two 
orbitals are occupied only in excited states of the 
complex. The coefficients of the atomic wave functions 
in the orbitals are completely determined in this case 
by symmetry and the energy will be a function of two 
parameters, i.e., the two sides of the rectangle. In order 





* This theory is an extension of the concept of “internal con- 
version” introduced by J. Franck and H. Sponer in Contribution 
a L’Etude de la Structure Moleculaire, Victor Henri Memorial 
Volume (Maison Desoer, Liege, 1947-1948). These authors suggest 
this approach to reaction kinetics. 

* See paper ITI of this series [V. Griffing and A. Macek, J. Chem. 
Phys. 23, 1029 (1955) ]. 





for chemical interaction (i.e., formation of AC and BD 
out of AB and CD) to take place, the two sides of the 
rectangle must be equal, the second and third molecular 
orbitals are now degenerate, i.e., a degenerate state is 
reached and could accommodate the four electrons of 
the complex; however, there is a lower-lying totally 
symmetrical molecular orbital which will accommodate 
two electrons. This leaves two electrons in the twofold 
orbitally degenerate level. 

The planar H, complex which would have the lowest 
energy with reference to nuclear repulsion would be 
the square configuration belonging to the symmetry 
Ds. The lowest lying molecular orbital corresponds 
to a totally symmetrical a, level. The second molecular 
orbital is a twofold degenerate e, orbital. If one as- 
sumes that the ground state of the degenerate complex 
is given by placing two electrons with paired spins in 
the a, and either of the e, molecular orbitals, the total 
electron configuration is a ’E, state.§ Energy in the 
vibrational degrees of freedom of the structure described 
above would immediately carry it into one of the 
following structures: (a) It could go back to the 
origina] rectangular form which would mean a return 
to the two original molecules and no reaction. (b) The 
system could go into the other rectangular form in 
which atoms have exchanged partners and decompose 
into two stable molecules, and chemical reaction has 
taken place; however, the energy to produce the 
degenerate symmetrical state must first be supplied. 
(c) The system could go from the square to the 
rhombic form (D2,) which could be stable from sym- 
metry considerations; thus this configuration could be 
a stable dimer or it could decompose along some normal 
coordinate of the rhombic form. (d) Similarly, the 
square degenerate form could go into the nonplanar 
form belonging to the group C2, in which three atoms 
lie at the corners of an isosceles right triangle and the 
fourth is on the perpendicular bisector of the hypot- 
enuse at the vertex of a congruent isosceles triangle. 
(e) Finally, the complex could belong to symmetry Tz 
in which the four atoms are at the corners of an equi- 
lateral tetrahedron, but in this case the nuclear repulsion 
would be much greater and consequently even more 
energy would be required unless the orbitals were 
directed. This might be a possible complex in which 2p 
electrons are important. 

Now consider what this discussion means. The inter- 
action (a) is uninteresting from the point of view of 
bimolecular interactions bringing about decomposition. 
The mechanism (b) has to go through the degenerate 


§ The energy level scheme for quadratic Hy, is given in paper 
III and, if one neglects configuration interaction on the ground 
state of the complex, is orbitally degenerate. To get any quanti- 
tative information about the energy and the total electron con- 
figuration of this ambivalent complex, one must include con- 
figuration interaction because the shell is not filled. The con- 
figuration interaction splits the degeneracy of the single deter- 
minantal wave function into two nondegenerate states. However, 
for our purposes, the existence of the degenerate orbital is still of 
of importance and will be discussed in detail later. 
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REACTANTS Complex PRrooucts 
One electron degenerate complex orbitals ‘7 R 
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©, (AB) + 0, (CD) 
ag ag 
Ric> Rag Rag > Rac 
A,= QQ 
Rag *Rey Ree* 2° Rag *Reo*Rac Rac = Rec Ragt00 


Fic. 1. Correlation diagram for quadratic H,. The molecular orbitals of the separate molecules H2(AB) and H2(CD) are 
correlated with the products, H2(AC) and H2(BD) through a rectangular complex (Rac>Raz) and the degenerate ambi- 


valent complex (Ras= Rac). 


point and is the only possible path for a true bimolecular 
kinetics which would bring about the direct molecular 
exchange between 


AB CD AC BD 
H: + H:— He + He. 


The energy to produce the symmetrically degenerate 
state would be the degenerate complex energy that 
must be supplied to bring about such a mechanism and 
there would be equal a priori probability that once in 
this state the molecules would return to their original 
configuration or go into reaction with exchange of atoms. 
The correlation diagram for this case is given in Fig. 1. 

In Fig. 1, the molecular orbitals of the separated 
hydrogen molecules AB and CD are shown at the left 
side of the diagram. The ground state molecular orbitals 
are represented by o,(AB)=C(1s4+1sz) and o,(CD) 
=C(1sc+1sp) and the excited state molecular orbital 
for a hydrogen molecule is represented by o~(AB) 
=C(1s4—1sg) and o,(CD)=C(1se—1sp). Considered 
from the point of view of the degenerate system ABCD 
these first two orbitals are degenerate when Rgc=~, 
because in this configuration the degenerate complex 
molecular orbitals can be represented equally well by 


¢1=Cif{o,(AB)+o,(CD)} 
and 
$2=C2{o,(AB)—«o,(CD)} ; 





the excited state degenerate complex molecular orbitals 
can be replaced by ¢3=C3{o.(AB)+o.(CD) and ¢4 
=C4{o~(AB)—ow(CD)}. 1, d2, 63, and 4 are shown in 
the upper left-hand corner of Fig. 2. As the intermolec- 
ular distance Rac=Rgp is decreased along a rec- 
tangular path, this degeneracy is split and for an arbi- 
trary geometrical arrangement Rac=Rgn=R and Riz 
= Rcep=R’ the one-electron orbitals of the complex are 
nondegenerate and belong to the irreducible repre- 
sentations of the group D»,. However, if Rac=Rpz 
=R,4z=Rcp the lowest orbital is totally symmetric 
and is nondegenerate, and the second and third molec- 
ular orbitals ¢2 and ¢; are now doubly degenerate. The 
electronic structure of the degenerate complex is then 
given by placing two electrons with paired spins in ¢1 
and two electrons with paired spin in either ¢2 or ¢:. 
One can see qualitatively from this diagram why there 
is high activation energy for this type of reaction. In 
the first place the four atoms must be moved into that 
geometrical configuration which brings about a crossing 
of the molecular orbitals made up from the ground 
state of the separated hydrogen molecules and the high 
lying excited state of the separated hydrogen molecules. 
From this diagram one might expect the sum of the 
energies at Rac=Rgp=®, Rap=Rep=Ro to be equal 
to the sum of the energies at Rac=Razp, but when the 
complex is square the energy of the degenerate com- 
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Fic. 2. Correlation diagram for linear Hy. The molecular orbitals of the two Hz molecules are correlated with the molecular orbitals 
of the newly formed H2(BC) molecule and the two H atoms through those of the ambivalent complex (X). The degeneracy in this 
diagram occurs for values o: the internuclear parameters differing from values for the ambivalent complex, 


plex is pushed upward by the increased nuclear re- 
pulsions and the increase in electron-electron interac- 
tion energy. The second half of the diagram is a mirror 
image of the first half except that reaction has taken 
place and one now has molecules AC and BD, the 
degenerate complex decomposing along the coordinate 
Raz=Rep—& and Rac=Rgp—Ro. One calculates the 
degenerate complex energy as the difference in energy 
for the states at Rap=Ro, Rac=™, and for such 
Ras=Rac=Rpp=Rcp at which the energy is a mini- 
mum. In the square case, for all values of the inter- 
nuclear parameter below 2.2 a.u. the calculated energy 
of the complex is at least 3 ev above the energy of the 
four hydrogen atoms infinitely separated from each 
other. If one compares the calculated value for the 
square case at R=2.2 a.u. with the molecular orbital 
calculated value of two hydrogen molecules, one ob- 
tains an activation energy of about 9 ev.|| 

If the rhombic or nonplanar configurations have the 
lowest energy (case c or d), then the energy of either 
of these forms would have to be considerably lower than 
the square form to be stable. Otherwise, vibrational 
energy concentrated in the proper normal mode of 
vibration would carry it into the unstable square form, 
which would then carry it through the degenerate 





|| If one includes configuration interaction between the two 
degenerate orbitals, this value is lowered by about 1.6 ev. Other 
configurations, not yet included in our calculation, will probably 
lower it to values below the dissociation into four hydrogen atoms, 
but the activation energy will still be so high that this mechanism 
can probably be ruled out as a likely one. 





point to reaction. Again, the critical energy to form the 
square complex would need to be supplied; however, 
if the reaction path were directly from the two mole- 
cules into either the rhombic or nonplanar form and 
then by vibrational excitation into the square form, 
there would probably be a time lag before the energy 
is concentrated in the proper normal vibration to bring 
about the square form and to decomposition. 

If the energy of a rhombus or nonplanar form is con- 
siderably lower than that of the square—so that 
vibration would be unlikely to produce the square—the 
system would probably not decompose into two He 
molecules but into one Hz molecule and two H atoms 
(for the rhombus the molecule would be formed by the 
atoms on the shorter diagonal, the free atoms by those 
on the longer diagonal). In this case, the free atom 
mechanism would predominate after the initial step. 
However, the process 2H,—-H»+2H occurs with a 
much lower activation energy from a linear complex of 
two He molecules than from the rhombic complex, 
because in the linear complex the nuclear repulsion is 
smaller. 


IV. LINEAR H, AMBIVALENT COMPLEX 


Calculations for the linear case have been made® and 
will now be discussed. One starts out with two hydrogen 
molecules in their ground state and brings them together 
along a line in such a way that initially the two inter- 


5 See paper IV of this series [V. Griffing and J. T. Vanderslice, 
J. Chem. Phys. 23, 1035 (1955) ]. 
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nuclear distances Rag and Rep are equal and the 
distance between the centers of gravity of the two 
molecules is large. Then one calculates the energy of 
the configuration Ra z= Rgc= Rep. Although in practice 
one does not need to require that Rag=Rcp along the 
reaction path, this does not place any restriction on the 
calculation since we are only interested in the energy 
difference between the two separated H» molecules in 
their ground state and the symmetrical configuration 
having the lowest energy. If one considers the one 
electron molecular orbitals for the four-center linear 
case, one finds that they have the following properties. 
Consider the structure 


Ha—Hs—Hc— Hp. 


The lowest molecular orbital is totally symmetrical and 
is represented by an electron moving in a path such 
that the probability of the electron being on Hg and 
Hc is equal and the probability of the electron being 
on Hy and Hp is also equal. The ground state wave 
functions of the two separated molecules o,(AB) 
=0o,(CD) must from the symmetry of the complex now 
form a wave function of the form 


$1= 4110(AD)+4120,(BC), 


where in general @11=- @12. The second molecular orbital 
will have a node between Hz and He. But here again, 
from the symmetry of the complex, the atoms Hz and 
Hc must be equivalent. In this case one cannot preserve 
the symmetry of the wave function and write the 
second one-electron molecular orbital as ¢2’ = d2:0,(AD) 
— 4220,(BC), but it becomes ¢2= d210 (AD) — d220 (BC). 
The situation is best illustrated if one approximates 
the one-electron molecular orbitals as a _ linear 
combination of hydrogen atom ground state atomic 
orbitals. If one writes to a first approximation o,(A B) 
=1/N(1s4+1sg) and ¢,(CD)=1/N’(1sc+1sp), where 
N is a normalization constant, one cannot build up the 
one-electron functions for the complex as linear com- 
binations of the Hz molecular orbitals o, as in the quad- 
ratic case, but must have wave functions in which the 
coefficient on each atomic orbital is varied independ- 
ently keeping the functions orthonormal and so that 
they belong to the irreducible representation of D».° 
One gets 


$1= 411 (1sa+1sp)+a12(1sg+1sc) 
$2= a2 (1s4—1sp)+a22(1s2—15¢), 


where the coefficients have been varied for minimum 
energy in the SCF calculation according to the method 
of Roothaan. The first molecular orbital of the complex 
can be considered as a linear combination of the 
ground state H»2 molecular orbital of a hydrogen 
molecule with internuclear distance R4p and the second 
Hz molecular orbital with internuclear distance Rac. 
The second molecular orbital can only be considered 
as built up as a linear combination of the excited 
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state Hz molecule molecular orbitals like o,(AB) 
=1/N'(1s,4—1s,). However, in this case the complex 
is not orbitally degenerate but the second orbital ¢» is 
an “ambivalent orbital.” This orbital is formed as the 
wave form continually shifts as the two molecules are 
brought together. The ambivalent complex is the 
totally symmetrical linear form in which the three inter- 
nuclear distances are all equal (i.e., Ras=Rac=Rcp). 
At a critical value of this internuclear parameter, i.e., 
Rap=2.1 a.u., d21=@22 and the second orbital can be 
represented in two alternative forms, i.e., 


A210 w (AD) +4220 w (BC) = 42109 (A B) — 2205 (CD) 
or, in terms of atomic orbitals, 
g2=C(1sat+ 1sp— 1se— Isp). 


This is the ‘“ambivalent complex” and if one calculates 
the energy of the complex as function of the internuclear 
parameter, varying the coefficients for self-consistency, 
one finds a minimum in the electronic energy of the 
complex for the particular value of the internuclear 
parameter. In order to determine the energy along the 
reaction coordinate before the “ambivalent complex” 
is formed, one would have to do a self-consistent field 
calculation using a wave function having the form 


$2= 4210,(A B) — a220,(CD). 


The wave form of this orbital beyond this point, as 
the “ambivalent complex” decomposes into products, 
is given by 

$2= 0210y(AD)+42204(BC). 


This situation is analogous to that of the approach 
along one rectangle through the square and decompo- 
sition along the other rectangular coordinate, but in 
this case the ambivalent complex is reached without the 
occurrence of orbital degeneracy; thus the interaction 
with the first excited state has not yet occurred and one 
can intuitively describe the activation energy as that 
energy necessary to replace the two hydrogen molecules 
by one hydrogen molecule vibrationally excited to a 
distance Rec=2.1a.u. and a second hydrogen mole- 
cule in which the internuclear distance is 3Rzc. The 
correlation diagram for this case is given in Fig. 2. 
At the left of the diagram, the initial molecular orbitals 
are the same as those in Fig. 1. However, as the two 
molecules are brought together along the reaction path, 
keeping the system always linear and symmetrical 
(i.e., preserving symmetry D,,), four one-electron 
states of the “ambivalent complex” orbitals are formed 
by a splitting of two degenerate (for Rac= ©) orbitals. 
In this case (in contrast with the rectangular path) 
the coefficients are no longer completely determined 
by symmetry. The “ambivalent complex” is formed 
as indicated at the center of the diagram by X at 
values of the internuclear parameter Rap=Rac=Rcp 
=2.1a.u., that value that gives a minimum for the 
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TABLE I. 
Electron- 
Electron-nuclei Electron-nuclei electron 
attraction ¢1 attraction ¢2 Nuclei interaction Total 
KE(¢1) KE (¢2) Hi He repulsions G energy 
H-—H-H-H 17.190 28.02 — (46.05)2 — (40.56)2 58.93 57.80 — 56.50 
H-H 
| | 16.18 41.12 — (53.46)2 — (42.36)2 73.64 68.12 — 51.43 
H-H 








“ambivalent complex energy.” In contrast with the 
square case, there has been no mixing with the excited 
orbital ¢; even though one can represent the orbital 
as a linear combination of “excited state” orbitals of 
the two hydrogen molecules Hap and Hac. As the 
equivalent “ambivalent complex” now decomposes 
along a path in which Rgc—Rp and Ras=Rcep—-, 
the states represented by ¢2 and ¢3; must cross. This 
becomes evident if one considers the symmetry proper- 
ties and nodes of the wave functions. ¢; (together with 
$3) can go directly into the doubly degenerate ground 
state of the complex for Rag= © which is the ground 
state of the hydrogen molecule BC and two hydrogen 
atoms A and D. However, ¢2 has a node between atoms 
B and C and must converge to the excited state orbital 
of the hydrogen molecule BC; the energy curve for this 
orbital is crossed over by that for the orbital ¢3 which 
has a node between atoms A and B and a second node 
between atoms C and D. However as Rap—, these 
two nodes move to infinity and this state converges to 
the lowest degenerate orbital of the complex, as repre- 
sented on the right. Thus there is a mixing in of the 
excited states in this case, but it is after the formation 
of the “ambivalent complex” and at large internuclear 
distances as the two hydrogen atoms, H,4 and Hp, 
move away. The middle pair of hydrogen atoms, Ha, 
He are moving during this process to the equilibrium 
configuration of the hydrogen molecule. Thus the 
energy of the complex must decrease beyond the point 
X, and the minimum point in the curve E(r) for the 
symmetrical configuration Ras=Rsc=Rcp must be 
the “ambivalent complex energy.” The calculated 
value of this barrier is 18 kcal/mole above the dissocia- 
tion energy of a hydrogen molecule if one uses a SCF 
molecular orbital calculation to determine the energy 
of the complex and also the energy of the two separated 
hydrogen molecules. One can see qualitatively, in terms 
of the MO picture, two explanations for the much lower 
energy required for interaction along this path in com- 
parison with the rectangular path leading to the square 
complex. In the first place, the nuclear repulsions are 
smaller by about 20 percent, and, secondly, the orbital 
degeneracy in the square case requires that the excited 
State be mixed in, but only at large internuclear dis- 
tances where the energy of the excited state of the 
hydrogen molecule has become much lower. 





V. DISCUSSION OF THE GENERAL THEORY 


One can now generalize the theory. These generaliza- 
tions are based in part on the calculations for the two 
different configurations of Hy. The numerical values of 
the various parts of the energy are given in electron 
volts. The situation is similar for all values of the 
internuclear parameter (Table I). 

The general picture is based on the symmetry 
properties of the eigenfunction when one replaces the 
3N—dimensional Schroedinger equation by JW three- 
dimensional equations—i.e., the orbital picture. In 
addition it is based on the assumption that the one- 
electron orbitals vary continuously as one changes the 
internuclear parameters, so that a twofold degenerate 
orbital can only occur when a higher energy orbital and 
a lower energy orbital intersect. This probably applies 
only if o functions alone are involved, not when directed 
wave functions are available since these will give 
maximum interaction along a particular direction. 
Further calculations are in progress on other atomic 
complexes involving other types of symmetry and wave- 
functions made up of » and d functions which produce 
molecular orbitals with degeneracies of another kind 
(e.g., II orbitals). 

One assumes that the SCF orbitals of the two 
separated molecules all remain essentially the same 
except for the outermost orbital ¢y and dy on each 
molecule. This then reduces to a four-electron problem 
for interactions between saturated molecules. (This is 
comparable to using only the valence electrons in con- 
sidering formation of molecules from atoms.{]) How- 
ever, in setting up the one-electron functions of the 
complex, one cannot use simple ¢y-t¢y, but one must 
also include the first excited state orbitals ¢y*+¢y*, 
where those excited states having the proper symmetry 
must be chosen. In practice this is most easily done by 
using the atomic orbitals and calculating the four one- 

{{ The mathematical formulation for this theory is exactly the 
same as the LCAO-SCF method applied to the formation of 
molecules from atoms. In this case one uses linear combinations 
of molecular orbitals and must include unfilled molecular orbitals 
in the calculation. In the case of using the LCAO method to 
describe stable molecules, the unfilled orbitals usually have about 
the same energy as some of the filled ones; thus the interaction 
can produce binding. In considering the interaction between 
closed-shell molecules, the unfilled molecular orbitals are higher 
energy excited states; thus the interaction requires an activation 
energy. Mulliken had suggested that activation energy was a 


“promotion energy” many years ago according to a private 
communication from Eyring. 
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electron self-consistent field functions of the complex. 
From this one can get a qualitative picture of the rela- 
tive order of magnitude of the activation energy of 
various systems. In the interaction between two closed- 
shell molecules one must place two electrons in the 
lowest ambivalent complex orbital, which can be con- 
sidered as a bonding state made up of a symmetrical 
linear combination of the ground state MO’s of the 
molecules; however, the second pair of electrons must 
be placed in the second ambivalent complex orbital 
which is a less symmetrical linear combination of a 
mixture of the ground states and excited states of the 
separated molecules and is thus antibonding. However, 
if one considers the interaction between a radical and a 
closed-shell molecule, two electrons go in the lowest 
bonding orbital of the ambivalent complex and only 
one electron in the second antibonding orbital. Thus 
this would require a lower energy of activation. In the 
case of the interaction between two radicals, the two 
electrons can both be placed in the bonding orbital 
and one would expect this process to require a very 
small or zero energy of activation. 

If one considers Table I, one sees that the KE of the 
lowest filled (bonding) orbital is not much different 
for the two ambivalent complexes of different symmetry. 
On the other hand, the KE of the antibonding orbitals 
is much higher in the square. The combination of 
electron-nuclear and nuclear-nuclear interaction acts 
in the same direction as the KE of the antibonding 
orbitals, although not as strongly. 

One can draw the following qualitative conclusion: 
As long as one has more bonding than antibonding 
orbitals, the more symmetrical configuration is more 
stable. If one has more antibonding orbitals, the less 
symmetrical configuration is more stable. Thus, one 
should choose a geometrical configuration, where the 
atoms are placed in the critical spatial configuration 
with a minimum symmetry, as the ambivalent complex 
which will allow the reaction between closed-shell 
molecules to take place. 

One says “minimum symmetry” for if the ambivalent 
complex is also degenerate, the activation energy is 
higher than when a nondegenerate ambivalent complex 
enables the molecules to react. This is the result of 
higher electron and nuclear repulsions and the higher 
kinetic energies in the geometrically symmetrical 
arrangement necessary for degeneracy. 

This explains why free-radical mechanisms pre- 
dominate in the kinetics of thermal decompositions in- 
asmuch as the ambivalent complex (square) leading 
to elementary bimolecular second-order kinetics re- 
quires a high degree of symmetry. Even a bimolecular 
collision producing two radicals in a single step requires 
a lower energy (e.g., linear H, compared with the 
square H,)** because of lower symmetry. In case of 


** Tf one includes the »—fold axis then D., is more sym- 
metrical than D4,, but in these cases the » —axis does not affect 
the eigenfunctions. 
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higher symmetry, in which degenerate molecular 
orbitals appear, one has to take the final m-electron con- 
figuration into account. The degeneracy is split by the 
electron-electron interactions bringing about a lowering 
of the energy of the ground state of the complex, but 
this is not sufficient (only 1.6 ev in square H) to com- 
pensate for the additional repulsions. In the case of 
ma type functions, this lowering may be sufficient to 
compensate for the higher positive energies in sym- 
metrical complexes (e.g., this kind of splitting is re- 
sponsible for O2 having a triplet groundstate). 


VI. TRIPLET STATES. APPLICATION OF THE THEORY 
TO HYDROGEN-HALOGEN REACTIONS 


Up to now, we have focused our attention on the one- 
electron orbitals of the ambivalent complex, with two 
electrons with paired spins placed in each orbital. 
However, there is one point in which the total m-electron 
configuration becomes important even qualitatively 
and must be discussed further. If the outermost ambi- 
valent orbital is orbitally degenerate (as in the quad- 
ratic Hy, case), then one has six ways of choosing the 
electronic configuration in these orbitals, depending 
upon the additional degeneracy introduced by spin. 
In particular, the electrons placed in an orbitally 
degenerate orbital may have their spins either parallel 
or antiparallel; then there is a singlet-triplet splitting 
such that the triplet is represented by the antisym- 
metric linear combination of the product of the two 
degenerate orbitals; the singlet is represented by sym- 
metric linear combinations of the products of the de- 
generate orbitals. In this case, the triplet usually lies 
lower than the singlet (Hund’s rule) and the lowest 
electronic configuration of the ambivalent complex 
would be a triplet. Since most molecules have a singlet 
ground state and are thus required to interact along 
a singlet path, this low-lying triplet state will not be 
of any importance in chemical reactions. However, 
when molecules are considered in which j—j coupling 
exists, the reaction could proceed from an initial singlet 
state in which the two infinitely separated reactants 
have singlet ground states through the lower triplet 
complex and by a second triplet-singlet transition back 
to the singlet states of the products. Thus, if the singlet- 
triplet transition could be allowed, the bimolecular 
reaction could go by a path that lies considerably 
lower than the orbitally degenerate singlet state. This 
suggests a possible explanation of certain results that 
have been obtained in the experimental study of the 
kinetics of the hydrogen-halogen reactions. It is gen- 
erally accepted that one must postulate an atomic 
mechanism for the reaction between molecular hy- 
drogen and molecular chlorine or bromine, i.e., a chain 
mechanism where 

Cl.—2 Cl 
Cl+H.-HCl+H 
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in order to explain the experimental rate data. On the 
other hand, the rate data for the hydrogen-iodine 
reaction has led to acceptance of the following bimolecu- 
lar mechanism: 
H-H 
H.+1.>| |—-2HI. 
I-I 


This difference can now be interpreted in the following 
manner. Since Cl, and Bry are relatively light molecules 
for which Russell-Saunders coupling between orbit 
and spin is a better approximation, the singlet-triplet 
transitions are not allowed and thus the bimolecular 
mechanism would need to proceed along the singlet 
surface which would require considerably more activa- 
tion energy than that required to dissociate the Cl, 
or Br2 molecule. On the other hand, the H.+I, reaction 
can proceed by way of the triplet ambivalent complex, 
as iodine is sufficiently heavy that the triplet-singlet 
transition is no longer forbidden. In this case spin-orbit 
interaction would have to be considered. Teller has 
shown that a minimum of three independent parameters 
must be varied in this case to bring about the necessary 
orbital degeneracy. However, there are three inde- 
pendent parameters in this case, the H—H distance, 
the I—I distance, and the H—I distance. This sug- 
gestion is based on the results of the calculations of the 
hydrogen model which is a very crude approximation 
to this case, but an attempt is now being made to test 
this explanation by applying the methods outlined in 
this paper to a more realistic model. 


CONCLUSIONS 


From the results discussed in this paper and presented 
in the following papers one can make the following 
conclusions : 

The single-determinant molecular orbital method 
can be used as a basis for constructing correlation 
diagrams between the molecular orbitals of reactants 
and products with a state defined as the ambivalent 
complex, the orbitals of which can be determined by 
the same method as an intermediate. From a considera- 
tion of the symmetry properties of the molecular orbitals 
and the symmetry properties of the ground electronic 
States of the molecules and a few selected ambivalent 
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complexes, considerable insight into the nature of the 
activation process is obtained. The interaction of the 
low-lying excited electronic states of the separated 
molecules seem to be of importance in determining the 
activation energy of a chemical reaction. 

Even though the LCAO molecule orbital method 
converges upon dissociation to excited electronic states 
of atoms, this difficulty is minimized in calculating 
activation energies for closed-shell molecules because 
one can take the difference between two LCAO-molec- 
ular orbital calculations, i.e., the one for the reactant 
molecules and the one for the ambivalent complex. 
In each case the internuclear parameters are of the 
same order as interatomic distances in molecules. In 
this study it has been further assumed that activation 
processes can be considered as two, three, and four 
electron problems; this is based on the assumption that 
inner-shell interactions can be neglected. This assump- 
tion needs to be investigated and will be considered 
later. However, this assumption will only affect the 
numerical results obtained in this study, but in no way 
affects the general picture of the relative activation 
energies required for the interaction between two 
closed-shell molecules (4 electrons), the interaction 
between a molecule and a radical (3 electrons), and the 
the interaction between two radicals (2 electrons). 
That is, in the case of molecules, two electrons are 
placed in a bonding ambivalent complex orbital which 
can compensate for the additional nuclear repulsions 
that become important as the two molecules approach, 
and two electrons are placed in an antibonding ambi- 
valent complex orbital. For the case of a molecule and a 
radical, only one electron needs to be placed in the 
antibonding ambivalent complex orbital. Finally, in 
considering interaction between two radicals, the two 
electrons can both go into the lowest bonding complex 
orbital and the excited states do not need to be mixed 
in. These conclusions, however, are dependent on the 
assumption that eigenfunctions having the correct 
symmetry properties are obtained when one replaces 
the 3N-dimensional Schroedinger equations by WN 3- 
dimensional equations of the Hartree-Fock type. 

In addition, a plausible explanation is suggested 
to explain the differences observed in the experimental 
study of the H:+Cl: and the H.+I) reactions. 
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The repulsive energy of two helium atoms has been calculated using molecular orbital theory. The equa- 
tions of Roothaan were used to break down the energy into integrals involving atomic orbitals. The neces- 
sary integrals are tabulated in the literature for a wide range of parameter which enabled the potential 
energy curve to be calculated from R=0.6 to 7.0 ao. The Slater (1s) orbital with effective nuclear charge 
Z=27/16 was used. The potential curve is lower at all distances from those of other investigators in the range 
where Van der Waals forces give attraction although the curves agree at closer distances. Ionization energies 
have been calculated over these distances and extrapolated to infinity to give a value which is much better 
than that calculated with the same orbital by ordinary means. The addition of 20 character to the molecular 
orbitals by constructing hybrid orbitals of the type V {(1s)+-A(2fc)} and the determination of A by a SCF 
calculation according to the scheme of Roothaan, gives an attractive energy of 2.141075 a.u. with A=1.4 
X10-3 at R=3.11 A. Experimental values are approximately 310-5 a.u. The calculated results are com- 
pared with experimental data in the exchange and Van der Waals region of the values of the internuclear 


parameter. 





STUDY of diatomic helium was undertaken in 

order to test the usefulness of the molecular 
orbital method in calculating the interaction energy 
between two closed-shell systems. He2 is not only a 
closed-shell system but made up of two rare-gas atoms 
and thus the molecular orbital description should con- 
verge to the correct values at large distance. Thus this 
seemed to be an ideal system for calculating interaction 
energies over a wide range of internuclear parameters by 
a single method. 

The system can be considered as consisting of doubly 
charged helium nuclei a and 6 separated by a distance R 
with four electrons; each moving in the field of the 
nuclei and the average field of the other electrons. The 
assumption is made that the molecular orbitals can be 
formed as independent linear combinations of atomic 
orbitals.! The total wave function is then assumed to be 
an antisymmetrized product of orthonormal molecular 
spin orbitals (MSO). A MSO is a product of the MO 
with the usual spin eigenfunction. 

The AO’s used in this calculation were simple Slater- 
type 1s-functions (hydrogen functions) 


Zy} 
Tv 


where Z, the effective nuclear charge, is 27/16 according 
to a variational calculation on the atom,? and 7, is the 
distance of the electron from nucleus a. 

The only possible linear combinations of the AO’s are: 


¢1=Ni(xatx2); 9%, 


g2=N2(xa—Xs)} Tp 


* This work was supported by Contract Nonr-1220(00). 

1C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 

2 Eyring, Walter, and Kimball, Quantum Chemistry (John 
Wiley and Sons Inc., New York, 1944) or any elementary text on 
quantum mechanics. 


where 


Ni=(2+2S.3)3,  N2=(2—2Sas)"3, Sav= | Xaxedr. 


These orbitals are very similar to the molecular 
orbitals used in the ground-state calculation of Hz, 
differing only in the fact that an effective nuclear 
charge is used instead of the actual nuclear charge. A 
good description of the properties of these orbitals is 
given by Slater.’ 

The molecular wave function is thus: 


1 
y=— ¥ (—1)Pal(¢ia)"(¢18)?(g2a)*(g28)*], (1) 
(24)? » 


where P, is the operation permuting the superscripts 
which denote electrons, and a and £ are the usual ortho- 
normal spin eigenfunctions. The available orbitals are 
thus filled and any configuration interaction would have 
to involve excited states, which lie much higher. There- 
fore this form of y should be applicable even at large 
distances. This behavior is different from that of H,, 


TABLE I, Interatomic potential for Hes. 











R(A) LCAO (27.2 ev) R(A) Slater Rosen 
0.3136 4.2909 0.311 4.220 5.389 
0.4704 1.9053 0.467 2.065 2.717 
0.6272 0.9137 0.622 1.022 1.360 
0.9408 0.2283 0.850 0.358 0.489 
1.2544 0.05790 1.245 0.0573 0.0882 
1.5680 0.014174 1.560 0.0136 0.0221 
1.8816 0.0031120 1.866 0.00332 0.00577 
2.1952 0.000733 2.178 0.000783 0.00147 
2.5088 0.000156 2.489 0.0001871 0.000371 
3.136 0.00000293 3.110 0.00001162 0.0000242 
3.763 —- 3.15 ——- 0.0000014#! 

oo 2 








3 J. C. Slater, Technical Report No. 3, Solid-State and Molecular 
Theory Group, Massachusetts Institute of Technology. 
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where ¢2 is not filled at small distance, but configura- 
tions containing ¢2 become important for large distances. 
The operator for this problem is 


4 4 1 4 
H= ~ H*+ ie —+—, 
u=l u>v=1 4” =R 
where 
2 2 
H+=—3V2———_—. 
Tap Top 


According to Roothaan,! the total energy for the 
system is 


B= | viiter 
= 2H1+2Het+-Jirt4Ji2tJo2—2Ki2t+4/R, (2) 
where 
Hix { etHrerde 
1 
um | erer—eterare 
am 
1 
Ku= [ eter—erordm, 
er" 
@ LCAO 
10 @ ROSEN 
9 &@ SLATER 
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Ont 


ooo, 











0001 l 1 | 
re) 10 1S 20 


R(A) 


Fic. 1. A semilogarithmic plot of the repulsive energy of two 


helium atoms as calculated by the LCAO method, Slater (refer- 


The 4), and Rosen (reference 5) for the range 0.5 to 2.25 A. 


€ parabola-like curves which are approximately tangent to the 
AO curve are the result of a variation of Z for constant p=ZR. 


They show that the value of Z giving a minimum for isolated 
atoms is good enough for all distances. 





MOLECULES AND ATOMS. II 1025 


001 4 








e@ CAO 
o ROSEN 
a SLATER 


E rep (AU.-27.2 ev) 





000000! 1 l l 
25 30 3S 


R(A) 





Fic. 2. A semilogarithmic plot of the repulsive energy of two 
helium atoms as calculated by the LCAO method, Slater (refer- 
ence 4), and Rosen (reference 5) for the range 2.25 to 3.75A 
which includes the Van der Waals region. 


The internuclear separation in Bohr radii (0.5292 A) 
is R and the unit of energy is the Hartree (27.204 ev). 
The integrals are function of R. (For a breakdown into 
basic orbitals see the appendix.) The interatomic 
potential energy is defined as the total energy E 
(Eq. 2) minus the energy of 2 He atoms calculated 
using the same atomic orbitals. The interatomic poten- 
tial is given in Table I and plotted in Figs. 1 and 2. 

The results agree closely with previous calculations 
done by the Heitler-London* and the bond eigen- 
function method,® except in the neighborhood of the 
Van der Waals minimum, where the MO method gives 
a lower energy. The calculation is much less compli- 
cated by the MO method than by the other methods. 

The results of other investigations were expressed in 
an analytical form, and the actual calculations may 
have agreed with ours even in the Van der Waals region. 

Seitz® has shown that the determinantal wave func- 
tion of the MO calculation may be obtained from the 
wave function of the Heitler-London calculation by 
adding and subtracting certain rows or columns pro- 
vided of course that the same analytical form of the 
orbitals are used. In a paper pointing out the proper 
expression to use for the interaction energy in a Heitler- 
London calculation, Margenau and Rosen’ have calcu- 
lated this energy using the same orbitals as in this 
calculation for several parameters and these points 
lie on our curve. 

4J. C. Slater, Phys. Rev. 32, 349 (1928). 

5 P. Rosen, J. Chem. Phys. 18, 1182 (1950). 

°F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 


pany, Inc., New York, 1940). 
7H. Margenau and P. Rosen, J. Chem. Phys. 21, 394 (1953). 
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TABLE II. Ionization energies and potential energy of He*. 











R(A) €1 €2 VHe2* 
0.3136 — 1.8468 0.5221812 2.8722 
0.6272 — 1.3714 — 0.300953 0.3182 
0.9408 — 1.1293 — 0.620545 —0.0477 
1.0976 — 1.06527 —0.7127023 — 0.0707 
1.2544 — 1.016693 —0.7654065 — 0.0732 
1.56799 —0.9549542 —0.8339992 — 0.048311 
1.8816 —0.9228665 —0.8684849 — 0.024888 
2.1952 —0.9089955 — 0.8834904 — 0.012261 
2.5088 —0.90218893 —0.8906695 —0.0056589 
3.136 —0.8975947 —0.8953658 —0.0011157 
3.763 —0.8966890 —0.8962797 —0.0002044 

ra) —0.8964844 0 








An attempt was made to improve the calculation by 
minimizing the energy with respect to the effective 
nuclear charge for each distance. The energy expression 
may be written as a function of Z and p=ZR which 
consists of a sum of complicated functions of p, each 
multiplied by either Z or Z* so that p may be held con- 
stant and Z varied. If the results are plotted against 
R (see Fig. 1) a parabola-like curve is obtained for 
each p and the best energy curve is the envelope of these 
curves. The envelope curve is almost coincident with 
the curve determined with Z= 27/16, so that the varia- 
tion of effective nuclear charge is unimportant in the 
He, problem from the viewpoint of decreasing the 
energy. 

The ionization energy of each of the molecular orbitals 
was calculated using Roothaan’s scheme. There is no 
variation of coefficients necessary as the coefficients 
were completely determined by the orthonormality 
conditions. The MO’s are redefined as 9;=diaXat ix: 
where d;, is either +/V; as previously defined. 

Thus the ionization energies ¢; are the roots of the 
determinantal equation 


|H+G—«S|=0, 
where H, G, and S are matrices of order 2 having ele- 
ments defined by 
Hya= | xetHltxstdrt; Sam f xaPratde?, 
Gog= >. Dd ipl.2(pq:rt)— (pt:1q) Jaiq (see appendix) 
é #,8 


1 
(pq:rl)= f Xa"Xs’—Xalxi"dTh. 
7 v 
The expression for ¢; is very simple in this case, 
(Hiurt+Gi)+ (Hi2t+Gi) 
1+S1. 





€1,€2= 


The values of ¢; are plotted as a function of R (Fig. 3) 
and it is seen that by letting R->~ (where all two 
center integrals are zero) that ¢:= €2=H11(~)+Gi1() 
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= 24.39 ev, an error of 0.19 ev from the experimental 
value. This method gives a better result than the value 
23.05 calculated by subtracting the energy of an Het 
ion from the total energy of He calculated with this 
same AO?. 

In Fig. 4, the repulsive energy calculated by the 
LCAO method is compared with the experimental 
results of Amdur.* Amdur’s results are plotted from the 
following expressions given by Amdur: 


4.62X10-” 


V (R) =—————— ergs 0.52<R<1.02 A, 
R)-79 
and 
7.55 X10-” 
R)=——__— ergs. 1.27<R<1.59 A 


(1 a.u. (i.e., 27.204 ev) =4.355X10-" ergs). 

In Fig. 5 the dotted curves are the experimental 
curves given by Hirschfelder et a/.9 The full line curves 
are the calculated curves plus a c/r® term for different 
values of c. For c=1.39 and our interaction potential, 
the curve falls much too low; c= 1.041 gives the best fit. 
«.’This calculation thus also presents a method for 
calculating the potential energy curve of Heo. If one 


€; (au) 
+(au) 














NE 


Rau) 


Fic. 3. ¢; and ¢2 are the ionization energies of the bonding and 
antibonding orbitals respectively as a function of distance and 
VHee* is the potential-energy curve for the helium-molecule ion as 
calculated by the LCAO method. 


8I. Amdur, J. Chem. Phys. 17, 190 (1948); I. Amdur and A. L. 
Harkness, J. Chem. Phys. 22, 664 (1954). ; 

® Hirschfelder, Curtiss, Bird, and Spotz, The Properttes of 
Gases (University of Wisconsin Press, Madison, Wisconsin, 1952), 
Chap. 14. 
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considers that in Hes, two electrons are in the lowest 
MO of He, and that the third electron is in the second 
orbital, it can be shown! that the total energy calcu- 
lated by taking an antisymmetrized product of these 
orbitals is equal to the total energy of Hez minus the 
ionization energy of the second orbital. The potential 
energy determined by this method is given in Table II 
and plotted in Fig. 2. The VHes+ form was obtained by 
subtracting €2 from the LCAO interactomic potential 
and adding €2(«) to give a He atom and a Het ion as 
the zero of energy. The minimum is approximately 
2.07 ev at an internuclear distance of 1.20 A, which is 
only slightly less accurate than the calculation of 
Weinbaum’® and Pauling," in which they used the 
Heitler-London method and minimized with respect to 
the effective nuclear charge, which was not done here. 
The spectroscopic value as reported in Weinbaum’s 
paper is 2.5 ev at 1.09 A. 

Since the spherically symmetrical 1s-functions do 
not have any flexibility which would permit the inclu- 
sion of polarization along the internuclear axis it is not 
surprising that this simple MO calculation failed to give 
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Fic. 4. A semilog plot of the repulsive energy versus inter- 
nuclear distance as calculated by the LCAO method and the ex- 
perimental results of Amdur (reference 8) for the range R=0.47 
to 1.5 A. The results of Amdur are expressed as 


4.62X10-"/R!-% ergs 0.52<R<1.02A 
7.55X10-"/R5 ergs 1.27<R<1.59 A. 


: S. Weinbaum, J. Chem. Phys. 3, 547 (1935). 
L. Pauling, J. Chem. Phys. 1, 56 (1933). 
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Fic. 5. The He— He interaction energy is plotted as a function 
of distance in the Van der Waals region. Various Van der Waals 
potentials have been added to the calculated curves for the inter- 
action energy and the results are compared with experimental 
curves. 


the Van der Waals attractive energy. It was decided 
to distort the spherical 1s-charge distribution by adding 
some -character to the orbitals in an attempt to im- 
prove the calculation. 

Consider the four orbitals, 1sa, 155, 2p22, 2625 where z 
is along the internuclear axis. Call them x1, x2, x3, x4 
respectively. The matrix 


110 0 
1/0 1 1 
U=Fl1 -1 0 0 
0 01 - 


will transform the vector of the orbitals (x) into four 
symmetry orbitals 


1 
o1=—(x1tx2), 


1 
a 7am lxat xe) 


o3=—(x1—x2), 


a 74 (xs x4)- 


These symmetry orbitals can be used to form the two 
molecular orbitals 


fy” Ny (a1 +A102) : Ne (os+ hoo) 
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which have the same symmetry as the initial MO’s 
o, and oy. The constants A; and A» must be determined 
by variation, keeping the MO’s orthonormal. This can 
be done conveniently in the self-consistent field pro- 
cedure of Roothaan using a single-determinantal wave 
function. The (4X4) matrices H, G, and S are set up, 
using assumed values of \; and 2 to calculate G. They 
are put into block form by unitary transformation with 
the matrix U and the two resulting (22) determinants 
are solved by the quadratic formula, each giving a low- 
energy orbital and an excited orbital. A calculation 
attempting to add 2 character to the atomic orbitals 
of the isolated atom in a similar fashion gives a mini- 
mum energy for \=0, so that a finite value of \; and A» 
at finite distances seems to be the result of the polariza- 
tion of the atoms. 
The 22 orbital used was 


Z*\3 
2p%a= (—) a COS0,€~2"2, 
Tv 


where the same Z was used as in the 1s-orbital to sim- 
plify the integrals. The calculation was done at 3.110 A 
which is near the minimum on the Van der Waals 
energy curve. An attractive energy of 2.14X10~ a.u. 
with \;=—\A2=1.4X10-* was obtained. The experi- 
mental values are approximately 3.4X10~ a.u.° 


CONCLUSION 


With comparatively little calculation, the LCAO- 
SCF MO method yields a good potential energy curve 
for the interaction between two He atoms. The same 
calculation also gives the vertical ionization energies 
€, and ¢€2 for a single electron from each of the MO’s 
making it possible to calculate the first ionization energy 
for the He atoms as that limiting value to which the 
€, and €2 converge as the internuclear distance goes to 
infinity. This method gives a value of 24.39 ev com- 
pared with 24.58 from experiment. In addition, the 
value of €2 as a function of distance can be subtracted 
from the potential energy curve for He2 yielding 
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the potential energy curve for He,*+ from the same 
calculation. 

In addition, it was shown by mixing in some 2p 
character that one could obtain an attractive energy 
about two-thirds the experimental attractive energy 
at Van der Waals distances. This could perhaps be 
improved by varying the screening constant in the 
p-orbital. 

The molecular orbital method has thus been shown to 
yield much information from comparatively simple 
calculations for a rare-gas system. 


APPENDIX 


Expressions for the internuclear potential : 


_ 


H,=2N? [xotBexatdre fxePtexerart 


5 


j 


5 


A= 2we| [xetBexatdrt— rotted 








Ju=N1(2(aa:aa)+8 (aa: ab)+4(ab: ab)+2(aa: bb) | 
J»=N2N2[2(aa:aa)+2(aa:bb)—4(ab: ab) | 
Jo2= NA[2 (aa: aa)—8 (aa: ab)+4(ab: ab)+2(aa: bd) | 
Ky»=N2N 2 2(aa:aa)—2(aa: bb) |. 
For the ionization energy: 
Gia=41b; Aa — A265 


Gi1=Go2= (1a? +20" : +2 (aa: bb 
1 (a1.2-+a NL (eax2a)+-2(00:00) 2)(aazel) 


Gi2= Goi = 2 (dia? +24") (aa: ab) 
+ (a14?— d24")[ 3 (ab: ab) — (aa: bb) |. 


These integrals may be found in the literature for the 
necessary parameters.” 


2 J. O. Hirschfelder and J. W. Linnett, J. Chem. Phys. 18, 
130 (1950). 
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s be 
1 the Molecular orbital calculations of the quadratic arrangement of four hydrogen atoms have been carried 
out as a function of the internuclear distance. It is shown that the complex has orbital degeneracy in the 
ground state. An approximation, which includes the lowest orbital and the degenerate orbitals only, yields a 
wn to triplet and three singlet states, the triplet being the lowest one in accordance with Hund’s rule. The actual 
mple calculations show that the quadratic H, is unstable with respect to a totally symmetrical displacement at all 
points of the potential energy surface. 
1. INTRODUCTION 1. MO DESCRIPTION OF QUADRATIC H, 
HIS is the third in a series of papers in which Molecular orbitals will be formed as linear combina- 
three- and four-electron problems are considered tions of hydrogenic 1s-orbitals. Denoting the four 
with a view toward gaining an understanding of the nuclei by a, b, c, and d, one can write the ith MO: 
interactions between atoms and molecules. The transi- 
tion state of the bimolecular H.+ He exchange reaction Gi= Li XpCpi- (1) 
consists of four electrons moving in the field of a ‘ 
geometrically symmetric arrangement of four protons. Here }, indicates summation over the nuclei, and 
b) | The problem of interaction of four hydrogen atoms at the x, are: 
short distances was treated first by Eyring! for various 1 
nuclear arrangements; and more recently by Taylor’? for Xp=—e~"?, 
b) | a linear form. Vr 
Eyring’s calculations are semiempirical. This means acer 
that, in addition to working with the approximate The total 4-electron wave function y will then be an 
London formula, one obtains the exchange energy antisymmetrized product* of the MO, and the total 
contributions as the difference between the experi- ©™°™S8Y of any one electronic configuration will be 
mental total energy (from spectra) and the calculated 8'V&" by 
Coulombic energy ; furthermore, the ratio of Coulombic E= f Pocvar, 
energy to exchange energy is assumed to be constant 
1a: ab) for all internuclear distances. Eyring found that by 
varying this ratio through a reasonable range, the Complex conjugates are denoted by barred quantities. 
calculated value of the energy for the quadratic H, Let us consider first a rectangular nuclear configura- 
: bb) }. complex can be made to fall very near the experimental _ tion of two interacting hydrogen molecules 
activation energy of the reaction (around 60 kcal). 
or the Thus he inferred that the activated complex consists of OHa oH. 
four protons placed in four corners of a square, the side OH, OH, 
iys. 18, of which is 1.20 A. Critical discussions of Eyring’s 
method are found in the literature.’ Taylor, on the other During the exchange reaction, which can be written 
hand, took the problem ab initio using the MO method. H.H3+H.H.-H.Hs+HiH,, 
His interest was in developing a model for solids. ; ; 
The calculation shows that the energy of the linear H,— We expect the distances ab and cd to increase as ad and 
the distances between adjacent atoms being equal to bc decrease, until all the four distances become equal ; 
the equilibrium distance of the hydrogen molecule—is this then will be the activated complex.’ According 
between that of four separated hydrogen atoms and to (1) the four MO’s of the rectangular system are: 
that of two separated hydrogen molecules. When con- gr =r (xatxotxet+xa) of symmetry a, 
figurational interaction between neighboring states is yo! = 02! (XetXe—Xe—-Xa) of symmetry boy 
Included, the energy of the system is computed and is ae 
4 ev above the energy of two hydrogen molecules gs =63'(Xa—Xb—XetXa) of symmetry bs 
calculated by the same method. ga =C4' (Xa—Xe+Xe—Xa) Of symmetry diy. 
1H. Eyring, J. Am. Chem. Soc. 53, 2537 (1931). The types of symmetry of the ¢; are given by repre- 
*R. Taylor, Proc. Phys. Soc. (London) 64A, 249 (1951). es 
* A. S. Coolidge and H. M. James, J. Chem. Phys. 2, 811 (1934); 4M. Goeppert-Mayer and A. L. Sklar, J. Chem. Phys. 6, 645 
and J. O. Hirschfelder, J. Chem. Phys. 9, 645 (1941). (1938). 
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sentations® of the symmetry group Dz,. All the coeffi- 
cients c; corresponding to the ith MO are numerically 
equal, since we are using only one kind of AO. The 
formation of the MO can be interpreted as follows: 

A molecular orbital of symmetry a, arises out of the 
MO of two molecules H,H, and H.Ha, both in their 
bonding states, when these come together to form a 
nodeless state. The orbital energy «, corresponding 
to y:' must be expected to be the lowest one. 

A molecular orbital of symmetry be, arises out of the 
MO of H.H» and H,Hag, both in bonding states, when 
these come together in such a way as to form a nodal 
plane between them. The orbital energy corresponding 
to gy?’ iS €2. 

A molecular orbital of symmetry 3;,, arises out of the 
MO of H.H» and H,Hg, both in antibonding states, 
when these come together without formation of addi- 
tional nodal planes. The corresponding orbital energy 
€; will in general be different from €:. 

A molecular orbital of symmetry 6,, arises out of the 
MO of H.H» and H,Ha, both in antibonding states, 
when these come together with the formation of a 
nodal plane between them. We should expect 4’ to 
have the highest orbital energy. 

Now it is clear that as a symmetric transition state is 
formed, the rectangular nuclear configuration becomes 
a quadratic one, and g»’ and ¢;’ become degenerate. 
The two representations 2, and 63, of the symmetry 
group D2, merge into the degenerate representation ¢,, 
of the symmetry D4,.° The four MO’s of the quadratic 
system are: 


gi=C1(XatxotXe+Xxa) of symmetry ai, ; 


= C2(Xa— Xe) 
$3=C3(xs— Xa) 


a= Ca(Xa—Xbt+Xe—Xa) of symmetry Dig. 


2. FIRST APPROXIMATION. SINGLE DETERMINANT 
WAVE FUNCTION WITH PAIRED ELECTRONS 
IN ONE OF THE ORBITALLY DEGENERATE 
ORBITALS 


There are two degenerate electronic configurations 
in which four electrons are paired in the two lowest 
orbitals, i.e., g: and ge or 3. These configurations be- 
long to the E,° irreducible representation of the sym- 
metry group D4,. Since the electrons are paired in both 
gi and g» or gs, the complex can be treated by 
Roothaan’s matrix method.’ To this end the AO and 
the MO are written as row vectors connected by the 
matrix of coefficients Cpi of formula (1): 


(¢)=(x) (©. (1’) 


(C) is an ~Xm matrix, where 7 is the AO number and m 


of symmetry ¢,; (2) 


5 See, for instance, G. Herzberg, Infra-Red and Raman Specira 
(D. Van Nostrand Company, Inc., New York, 1946), Chap. 2. 

6 Configuration interaction (resulting from the quadratic po- 
tential field of the nuclei) will split these configurations into two 
nondegenerate states of the complex. In order to get good numeri- 
cal values this will need to be taken into account and will be dis- 
cussed later. 

7C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 
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the MO number. Dividing, as usual, the total electronic 
Hamiltonian operator into a one-electron and a two- 
electron part, 
1 
R=) +42 — (2') 
B uY yb 
the MO energies, ¢€;, are obtained from the matrix 
equation,’ 


(H+ G)c;= e;(S)e;. (3) 


Elements of (H) are one-electron nuclear field integrals 
defined in terms of AO: 


Hya= | RgtHlexstd (4) 


Elements of (G) are two-electron integrals: 
Gpg=L p CriG pratlti, (5) 
s 6Urt 
where 7 indicates the summation over the filled MO. 
The terms of (5) are Gprqt=2J prqt—J preg, Where 


1 
J prat= [xe erxcarar. (6) 
yr" 
The elements G,, can be collected conveniently by a 
method especially developed to handle systems in- 
volving many particles.® 
(S) is the matrix of overlap integrals: 


Spq= J Rotmetare (7) 


The problem of varying the coefficients ca; of Eq. (1) 
(or c; of Eq. (2) simultaneously to attain self-consistency 
does not arise here, since they are determined uniquely 
by the conditions of orthonormality of the MO: 

De lpi palai = 4:5. (8) 
pq 

The problem is now reduced to evaluation of overlap, 
one-electron and two-electron integrals. This is dis- 
cussed in Appendix I. According to (3), orbital energies 
e; and coefficients are obtained from the determinantal 
equation: 


Det (H+ G) —e(S) ]=0. (3’) 


Solution of this fourth-degree equation can be simpli- 
fied if matrix elements of (S), (H), and (G) are expressed 
in terms of symmetry orbital integrals. Due to geometric 
symmetry, any matrix (M) of a rectangular nuclear 
configuration of the system (involving one kind 
atomic orbital only) will consist of four elements re 
curring symmetrically: 


a b c d 

a M, M, M, M, 

_b M, M, M, M, 
(M)=_ M, M, M, M, 
d M, M. M, M, 


8P. F. Wacker, thesis, The Catholic University of America, 
1954. For a discussion see Appendix IIa. 
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III 


We now define an orthogonal matrix (U) which transforms the four AO into four symmetry orbitals o;, given by 
four types of symmetry of (2): 








(1 1 1 ) 
= - - « 
2 2 2 
1 1 1 
a 0 as 
2 2 v2 
(7) = (x) (U) = (xaxoxexa) = , (9) 
1 1 1 
=~ -- © 
2 2 v2 
1 1 1 
ae "ee 
(2 2 v2} 
The matrix (M) when transformed by (U) is reduced to the form: 
(M,+2M,+3(M,+M)) 2(M,—M;) 0 0 
1(M,—M,) M,—2M,+3(M,+M,) 0 0 
(M*)=(U)*(M)(U)= ere (10) 
0 0 (M,—M,) 0 
0 0 0 (M,—-M,)! 





The matrices (S’), (H’), and (G’) being reduced, 
Eq. (3’) can be solved very quickly and without re- 
course to mechanical equation solvers. In order to 
calculate the total energy E, one does not need to cal- 
culate the €;, but only the molecular orbitals. However, 
this matrix formulation is a convenient one to use, and 
these orbital energies may be of significance in certain 
problems. 

The total electronic energy of the system is given by 
the sum of all one-electron and all two-electron in- 
tegrals defined in terms of 2m molecular spin-orbitals py? 


E=> HyY+3 } (Ji34—K;;*), (11) 
a ij 
where 
Him [ elvan 
—- 
Jish= [bebe pevanear, 
aaa 
ase 
Kut [bebr—peustdrrde. (12) 
gr 


It can be shown easily that when all the electrons are 
paired in m molecular orbitals ¢;, (11) becomes 


E’=2>, A;+> (2 :;°—Ki;*). (11’) 
a i7 
MO integrals defined by (12) are combinations of AO 


integrals defined by Eqs. (4), (5), and (6). Contribu- 
tions to the total electronic energy were collected in 


ee 


* See, for instance, R. S. Mulliken, J. chim. phys. 46, 675 (1949). 








Wacker’s® notation discussed in Appendix IIb. MO 
coefficients c of Eq. (2), orbital energies ¢; for orbitals 
¢i and go», and the total electronic energy E’ of the 
paired electron configuration are given in Table I. 
The same results, of course, are obtained when g; is 
substituted for g2, because the two configurations 
ie 3 Py 4 and 2 8 e*) are de- 
generate. 

Because of the degeneracy of ¢2 and ¢3, the energies 
given in Table I are energies of configurations, but do 
not correspond to any possible physical state of the 
system. The two orbitally degenerate configurations 
interact with each other and are split into nondegenerate 
states as discussed in the next section. 


3. COMPLETE DISCUSSION OF THE GROUND STATE 


From the foregoing description of the MO, it follows 
that the ground state of the quadratic H, involves 
orbital degeneracy. Two electrons are paired in the 
lowest orbital ¢:, while the other two go into degenerate 
orbitals g2 and ¢3. The situation is thus similar to that 
encountered in the MO description of the oxygen 
molecule. According to the theory of spin degeneracy 











TABLE I.® 
Rad =Rte =°-- rat ce €1 €2 E’ 
1.606 0.2933 1.0153 —22.9 —7.5 —45.0 
2.000 0.3127 0.9009 —19.7 — 8.0 —49.9 
2.097 0.3178 0.8804 — 19.0 —7.9 — 50.4 
2.276 0.3271 0.8506 —17.9 —7.7 —51.4 
5.000 0.4536 0.7146 — 10.5 —6.8 —45.7 








® Distances in units: 1 a.u. =0.5293 A; Energy in ev. 

















TABLE II. 
I II III IV Vv VI 
2 af a B a B 
¢3 ap a B B a 








of two electrons, the best single determinant wave func- 
tion of the system is one corresponding to a triplet 
which is formed by the interaction of the two spin 
degenerate configurations. 

The ground state can be completely described by 
considering six configurations corresponding to six 
possible ways of distributing two electrons into two 
degenerate orbitals g2 and ¢;. The other two electrons 
are paired in the totally symmetric molecular orbital. 
The two electrons in g and g3 can be distributed 
as shown in Table II. 

The first two degenerate configurations, I and II, 
interact and yield two singlet states.® The off-diagonal 
element between I and II is the exchange integral Ko. 
Hence 


Ei1=En u=EL’; 
Ey n= Err 1 = Ko3°; 
E(‘B,,,'A 19) = E'+Ko3?. 
These energies are given in Table III. 
The four configurations III to VI give two states, a 
triplet and a singlet,” the triplet being the lower one in 


accordance with Hund’s rule. The energies of these two 
states are: 
E(!Bog,? Boy) = 2H1°+ H2°+ H3°+J 119+ 25 12°— K 2° 
+2J13°— Kis? +-JS23°+ Kos 
= F’— (J22?— J 03”) + Ko3°. (11’’) 


All the off-diagonal elements between I and ITI on one 
side and III to VI on the other side, 


Ey w= Ex w=. . . =V2(Hos+J23"'+ J 03"+Ji2"), 


vanish, as shown by expanding them in terms of AO 
integrals. The notation 


Has= f ov Hrestdrt; 











1 
Japt= | ator —esterdrtdr 
sata 
TABLE III. 
Energy 1.606 2.000 2.097 2.276 5.000 
1Big — 44.6 —49,7 —49.9 —51.1 —45.7 
1Aty —45.4 — 50.1 —1.9 —51.7 —45.7 








J. C. Slater, The Quantum Theory of Matter (The McGraw- 
Hill Book Company, Inc., 1951), pp. 195-197. 
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is taken from Taylor’s work.? The MO description of 
the quadratic H, thus yields a triplet and three singlets 
in analogy with the MO treatment of cyclobutadiene.! 
The state energies of Eq. (11’’) are given in Table IV. 


4. ENERGY OF EXCITED STATES 


When the calculation of Sec. 2 is repeated for orbitals 


’ . Y1 $1 G4 Y 
dy, and by,, i.e., for the configuration ( ° . a “43 


the orbital energy es, for the first parameter (R= 1.606), 
is equal to about 21 ev, which means that it is anti- 
bonding to about the same extent to which « is bond- 
ing. The system then is barely stable with respect to 
dissociation into protons and electrons; its energy is 
more than 40 ev higher than the corresponding total 
energies involving the degenerate orbital e,. Analogous 
calculations for R=2.097 give the results, ¢4~4.5 ev, 
and a total energy of about —27 ev, almost 25 ev above 
the total energy of configurations involving e,. Con- 
figurations including yg4 can probably be omitted from 
calculations without introducing any appreciable errors, 
even though they may have the same symmetry as one 
of the low-lying singlet excited state. 











TABLE IV. 
R 
energy 1.606 2.000 2.097 2.267 5.000* 
1Boy —45.9 —51.9 —52.2 — 53.7 — 50.6 
3Bo, — 47.2 — 52.3 — 53.1 — 54.2 — 50.6 








8 The method is probably not good at this large distance and the energy 
converges to the value —54.4 for the 4 separated atoms. 


Recent valence-bond calculations for cyclobutadiene 
including singly- and doubly-charged polar structures 
indicate that the lowest-energy singlet state is a ‘B,, 
state” rather than the triplet as occurs here. However, 
in the case of Hy, the excited By, state lies so high that 
it is not likely that configuration interaction will alter 
the order of the energy levels. Cyclobutadiene is a 
system of pure 7 electrons, which can move freely 
through an extended space and have directional proper- 
ties, while H, is a pure s-electron system; thus this 
difference might be expected. 


CONCLUSIONS 


Tables I and III show that there is no minimum in 
the energy of either the singlet or the triplet states of 
quadratic Hy. The curves are similar to the one ob- 
tained by Hirschfelder® for equilateral-triangular nu- 
clear arrangements of H3. Thus we conclude that, due 
to large nuclear repulsion, the quadratic Hy, is not 4 


1 A. W. Wheland, Proc. Roy. Soc. (London) 164A, 397 (1938); 
R. McWeeny (to be published) (by private communication). 

2 R. McWeeny, reference 11. 

13 J. O. Hirschfelder, J. Chem. Phys. 6, 795 (1938). 
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probable structure for the transition state of the 
molecular reaction. Because of selection rules the transi- 
tion state would have to be the singlet which lies 
about 3 ev above the triplet ground state. The low 
energy resulting from Eyring’s semiempirical calcula- 
tion is probably due to approximations inherent in 
that procedure, since it is not likely that even the 
complete configurational interaction treatment (which 
should give the same results as an extended valence 
bond treatment) would lower the total energy to the 
value quoted by Eyring.! 

This view is supported by the fact that even the 
simple MO method does yield considerably lower 
energy for linear Hz complexes,? where the nuclear 
repulsion is about 20 percent lower than for the corre- 
sponding quadratic-nuclear form for the same distance 
between adjacent nuclei. Furthermore, Griffing and 
Vanderslice* have shown that even lower values 
(about — 57 ev) are obtained for the linear molecule, if a 
self-consistent field LCAO procedure is adopted. Since 
in the case of a quadratic-nuclear form the average 
distances between interacting atoms are smaller than 
for the corresponding linear case, a MO treatment in 
the former case should be as good as in the latter, or 
better. This suggests that, quite apart from absolute 
values obtained by MO treatments, the linear complex 
is the one of less energy and hence is a more probable 
structure of the transition state. 


APPENDIX I. EVALUATION OF INTEGRALS 
(a) One-Electron Integrals 


Overlap integrals S,, were evaluated from integrated 
forms given in standard texts on quantum mechanics 
and checked against tables of Mulliken et al.'® 

Integrals of (H) are two types; kinetic energy in- 
tegrals, 


f Zo"(—4A)x hdr, 


and nuclear field integrals, 


1 
—Xp"Xq"dr". 
Ta 


All the one-center integrals were integrated directly in 
spherical coordinates. Two-center nuclear field integrals 
have to be integrated in elliptical coordinates.!* Two- 
center kinetic-energy integrals reduce to linear com- 





(19 5 Griffing and J. T. Vanderslice, J. Chem. Phys. 23, 1035 
55). 
won Rieke, Orloff, and Orloff, J. Chem. Phys. 17, 1248 
9). 
© See, for instance, Eyring, Walter, and Kimball, Quantum 
Chemistry (John Wiley and Sons, Inc., New York, 1944). 
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binations of two-center nuclear-field integrals and two- 
center overlap integrals.'” 

Three-center nuclear field integrals for 1s-functions 
have been tabulated'*® for all nuclear configurations. 
Interpolation in tables yields somewhat high values. 
This was corrected by comparison with the error intro- 
duced by interpolation of two-center integrals whose 
exact values are known. 

The pgth element of the (H) matrix is: 


1 
H pq=— Bf xePdxatdrr+ ke —Xp"Xq"dr". 


a=a,b... fa 


(b) Two-Electron Integrals 


The one-center integral can be evaluated directly in 
spherical coordinates.” Its value is 0.625 a.u. where 
1 a.u.= 27.204 ev. 

Integrated forms of two-center integrals have been 
collected by Slater.” A comparison of exact values with 
values obtained from Mulliken’s approximations® shows 
that the latter are quite accurate at our distances, and 
they were therefore used to approximate multicentered 
integrals. 

Mulliken’s approximation for the 4-center integral is: 


1 
J Rete eteederde 


re 
~TS prSee(J pe tJ pet Sort re), 
where 


1 


rey 


The same formula was used to approximate three- 
centered integrals. 


APPENDIX II. WACKER’S MATRIX NOTATION 
(a) The (G) Matrix 


Elements Gy,g: of Sec. 2 are arranged in a 4°X4 


_ matrix denoted by 


where (j) is the matrix of elements J,,q: and (k) the 
matrix of elements J prtq [Eq. (6) ]. 

The matrix elements G,, are now expanded according 
to (5); 


17C. C. J. Roothaan, J. Chem. Phys. 19, 1445 (1951). 

18 J. O. Hirschfelder and C. Weygandt, J. Chem. Phys. 6, 806 
(1938). 

9. Pauling and E. B. Wilson, Introduction to Quantum Me- 
chanics (McGraw-Hill Book Company, Inc., New York, 1935), 


p. 446. 
2 J. C. Slater, Technical Report No. 3, Massachusetts Institute 
of Technology, February 15, 1953. 
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Gog= LL leiGoratlti 


i=1,2 rt 


— (Ga1Ca1t+a26a2)G pagat (Ga1Co1 + Ga26b2)Gpagot (@a1Cert 
+ (€o1Ca1t+Eo2Ca2)G pogat (Eo1Cv1+Es2652)G pogo °° °° 


It can be seen by inspection of this expanded form that, 
to collect an element G,,, one has to multiply every 
element of the pgth submatrix of (g)—the submatrix 
consisting of elements G,,q: of constant p and g—by 
the corresponding element of the matrix (CC*), 
constant for all pairs of p and gq, and add the products; 
+ signifies the transpose of the matrix. This is equiva- 
lent to taking the trace of the product of the pgth 
submatrix of (g) and a constant matrix (0), 


(9) = (CC+)+= (CC*), (14) 


where the asterisk denotes the Hermitian conjugate. 
The array of traces determined by pairs of p and q 
is the two-electron (G) matrix. Since the submatrices of 
(g) are obtained by keeping the first and the third 
subscripts of Gyrg: constant, the operation of obtaining 


(G) is written: 
(G)=¢re, aL (8) 2, 4(0) J. (15) 


(e) is obtained directly from the matrix of coeff- 
cients (C). 

As an illustration of the symmetry of the electron- 
nuclear and electron-electron potentials, the (H) and 
the (G) matrices for one parameter, R= 1.606 a.u., are 
given in Table V. 








TABLE V.® 
a b c d 
a — 2.040 — 1.567 — 1.225 — 1.567 
(H)=? — 2.040 — 1.567 — 1.225 
c — 2.040 — 1.567 
d — 2.040 
a b c d 
a 1.363 0.941 0.685 0.941 
(G)= b 1.363 0.941 0.611 
c 1.363 0.941 
d 1.363 








® The matrix elements are given in Hartree units. 


(b) Total Energy for Paired Electrons 


To collect the one-electron contribution 2)> Hi* to 
the total energy E’, ‘ 


2 2 
E’=2)0 Witty, (2I15*—Kis*), (11’) 


one has to multiply the matrix (H) by appropriate 


SH HSS SHS SCHASCeSCAHPBS*?KROCHSCHVAEBDODAEC SOCK ECRECH OES 


SHES HKSCSEOSHESROCCOSCHOECECOSHOSCSCSSOCHOC CACC HB ERECC OCHO EE 


(AeA Se ebudeeewwieds + (Garcart+Ga2Ca2)G paga- 





coefficients ¢,;. Defining a matrix (H*%) in terms of MO, 
analogous to the AO (H) matrix of Sec. 2 (Eq. 4), we 
can write in the matrix notation: 


(H»)= f ot He ghdr, (16) 
Substituting for ¢ the definition of the MO (1’), 
(H»)= f (c)*x*#H¥y#(c)dr# 


= (C)*(H)(C). 
Then, introducing (14), 
DX Ai*=tr(H) =a (C)*(H) (©) J=(H) (0) J. (17) 








TABLE VI.® 
R 1.606 2.000 2.097 2.267 5.000 
Er 64.5 57.3 56.0 53.9 49.5 








8 R in a.u. =0.5293 A; Energy in ev. 


In an analogous way, one deduces for the two-elec- 
tron contribution: 


DX (25:5°— Ki") = (G) (0) J 
= tr{ tre, (2j—k)2, 4(0) ](@)}. (18) 
The total energy is obtained from (17) and (18): 


E’ = ir{[2(H)+ (G) ](p)}. (11’) 


Energies E’ are listed in Table I. 

Other quantities can be computed in a similar way. 
Thus the kinetic energy Er of electrons is obtained 
quickly by defining a matrix (T): 


Ta f Zo —FA)xgtdr*, 
(19) 
Ep=2r[(T)(0)]. 


The kinetic energies for four parameters are tabulated 
in Table VI. 
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Studies of the Interaction between Stable Molecules and Atoms. IV. The Energy 
of the Linear H, Complex* 
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13) (Received June 22, 1954) 


Roothaan’s LCAO-SCF treatment has been applied to the linear symmetrical H, complex in an attempt 
to test this method for calculating the energies of activated complexes. Calculations have been made for 
internuclear distances of 1.4, 1.6, 2.0, and 2.2 a.u. The SCF method gives a lower value for the energy of 
— 1.4a.u. than was obtained by a simple molecular orbital method without configuration interaction, but gives 
LO, a higher value than the best configuration interaction treatment. The values of the energies that. were ob- 
we tained are —55.48, —55.99, —56.50, and —56.54 ev at distances of 1.4, 1.6, 2.0, 2.2 a.u., respectively. The 
changes in the wave functions as one adiabatically changes the internuclear distance are of particular in- 
terest. Although the results cannot be directly compared with experiment, reasonable values for the energy 
are obtained indicating that the molecular orbital SCF method with a limited amount of configuration inter- 


16) action is a promising method for treating closed-shell molecules and interactions between such molecules 


for small values of the internuclear parameters. 





HIS is the fourth paper in this series which was 

designed to study the application of the LCAO- 
SCF method of molecular orbitals as developed by 
Roothaan! to the interaction between two separate 
chemical species. This method has been applied by a 
number of workers? to calculate the ground states and 
low-lying electronically excited states of stable mole- 
17) cules yielding good results for the ground state and fair 
results for the excited states. In all these calculations, 
the equilibrium internuclear distances were obtained 
from experiment and in most cases only part of the 
electrons were included in the calculation. However, 
very little work has been done in which an attempt is 
“ais made to calculate the energy of the ground state of a 
molecule as function of internuclear distance; in addi- 
tion this method has not been applied to the study of 
ec- the interaction of two systems to form an unstable 
complex. Thus this study was undertaken in order to 
test the method for the calculation of intermolecular 
potential energy curves as function of distance in the 
range of internuclear parameters in which chemical 
forces are important. Further, it was hoped that the 
variation of self-consistent field coefficients as function 
of distance would yield valuable information about their 
1’) significance in understanding molecular structure. In 
particular, in view of the general method outlined in 
Paper I of this series* for calculation of activation 
energies of chemical reactions, four-electron problems 
become quite important. 

The linear H, system was chosen because this is the 
simplest case of an interaction between two molecules 
with closed-shell ground states in which the one-electron 
19) molecular orbitals could be chosen as an arbitrary 

linear combination of 1s-atomic orbitals.‘ Also, the coeffi- 


* 
1 


18) 


ay. 
1ed 





Supported by the Office of Naval Research. 
C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 

?R. G. Parr and R. S. Mulliken, J. Chem. Phys. 18, 1338 
(1950); J. F. Mulligan, J. Chem. Phys. 19, 347 (1951). 

*V. Griffing, J. Chem. Phys. 23, 1015 (1955). 

‘Since only 1s-orbitals are required, dependable values of the 
three- and four-center integrals could be calculated. 
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cients are not entirely determined by symmetry and 
orthonormality conditions. All of the electrons in this 
system could be conveniently included and the solutions 
could be compared with the molecular orbital calcula- 
tion for the H2 molecule’ in order to calculate an activa- 
tion energy. In addition, Taylor® has calculated the 
energy of this system for one value of the internuclear 
distance by the molecular orbital method including con- 
figuration interaction; thus, this system is an ideal one 
for testing the effect of determining the coefficients by a 
Hartree-Fock type calculation for a many-centered case. 
The system was simple enough to calculate the energy 
as function of internuclear distances and thus the varia- 
tion with distance of the SCF parameters could be de- 
termined. This calculation will also yield a value for the 
activation energy of the bimolecular exchange between 
two hydrogen molecules. 

Furthermore, we believe that simple idealized inter- 
acting systems must be understood before one can hope 
to develop satisfactory methods for adequately study- 
ing more complicated systems in which more drastic 
assumptions must be made. 


THE LCAO—SCF METHOD 


An excellent outline of Roothaan’s methods has been 
given by Mulligan.” The molecular orbitals ¢; are repre- 
sented by LCAO’s, i.e., 


%i=>D LipX py (1) 


where the 7 numbers the MO’s, p the AO’s, and the 
a;,'s are the undetermined coefficients. To obtain the 
best set of MO’s, one has to solve the following matrix 
equation 


(H+ G)a;= €;Sa;. (2) 


The column vectors a; give the coefficients of the 


AO’s in the i’th MO while S is a Hermitian overlap 


5C. A. Coulson, Proc. Camb. Phil. Soc. 34, 204 (1938). 
®R. Taylor, Proc. Phys. Soc. A64, 249 (1951). 
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TABLE I. The S matrix.* 











R 1.4 1.6 2.0 2.2 
Sir= S22= S33= Sag 1.000 1.000 1.000 1.000 
Su=Sa 0.166 0.110 0.047 0.030 
S12= Sa3= Sai = S34 0.753 0.694 0.586 0.533 
= S23= S32 
Si3= S42= Su= S31 0.390 0.307 0.533 0.146 








*In a.u. (1 a.u. = 13.602 ev). 


matrix with elements given by 
Spq= J sexe (3) 


Furthermore, H is the bare nuclear field orbital energy 
matrix with elements 


H pq ‘i XpHxd7, (4) 


where H includes the kinetic energy of the electrons 
and their potential energy in the field of the four nuclei. 
The symbol G denotes the electronic interaction matrix 


with elements 
Gyq=  & BiG prqtdit, (5) 


irt 
where 7 runs only over filled shells and 
Goyrqt= 2S prat—J pri 


Xp'Xr'XqhXt” 
T pr =@ | aro, 
rey 


(6) 


Equation (2) can be written in the form 
La;= €;9d;, (7) 


where L=H+G. This means that the best LCAO-MO’s 
are eigenfunctions of the Hermitian operator L. The 
problem reduces to solving the secular equation (7) for 
the undetermined coefficients a;, and the orbital ener- 
gies ¢;. Since G and consequently L depend on the 
a,’s, it is necessary to use a self-consistent field 
procedure. 

Once the self-consistent a,’s have been obtained, the 
total energy is given by 


E=2) Aitd (25:;— Kis +V, (8) 
t a7 


TABLE II. The H matrix.*® 











R 1.4 1.6 2.0 2.2 
Au=Hu —3.400  —3.147  —2.780 —2.632 
Au=Ha —0.730 —0.448 —0.177 —0.125 
Hyw=Hy=Hu=Ha —3.060  —2.710 -—2.028 —1.776 
Ayy=He=Hu=Ha —1.703 —1.343 —0.707 —0.469 
Ha=H3;3 —4144 —3.846 -—3.392 —3.202 
H3= H32 —3.323 —2.932 -—2.185 —1.904 


where 
A;= f ted 
Di hs"bith;” 
Jayne {ae rs (9) 
grr 
pith" ;"b:" 
2,0 
fo" J 





and V equals the potential energy of the nuclei alone 
and the 7 and j run over filled shells. 


APPLICATION TO THE H, SYSTEM 


The Hy, system was taken as being linear. The dis- 
tance between nearest neighbors was considered to be a 
constant for all four nuclei. The energy was calculated 
for values of this distance of 1.4 (the normal inter- 
nuclear distance of Hy»), 1.606, 2.0, and 2.2 atomic units. 
The interaction between all electrons and nuclei were 
considered. Numbers 1 and 4 refer to the outermost 


TABLE III. The G matrix.® 











R 1.4 1.6 2.0 2.2 
Gu= Gus 2.317 2.201 2.019 1.946 
Gu=Gar 0.340 0.227 0.083 0.056 
Gi2= G43= Gar = Gag 1.796 1.534 1.105 0.940 
Gi3= G42= Goa = G2 0.893 0.636 0.313 0.221 
Go2= G33 2.787 2.611 2.461 2.385 
Go3= G32 2.100 1.794 1.428 1.260 








®In a.u. (1 a.u. = 13.602 ev), 


nuclei, 2 and 3 to the inner nuclei. Nuclei 1 and 2 are 
adjacent. 

The MO’s were made up of Slater type 1s-orbitals.’ 
In this case we have with Z=1, 


(1s) = (Z/r)? exp(—Zr). 


DETERMINATION OF THE LCAO—MO’S 


To obtain the best LCAO—-MO’s it was necessary to 
solve Eq. (7) for the LCAO coefficients a;. The overlap 
matrix § was first evaluated and the results are given 
in Table I. Then the bare nuclear-field orbital-energy 
matrix H was evaluated. The results are given in 
Table II. The electronic interaction matrix presented 
the most difficulty, not only because it contains three- 
and four-center integrals, but also because its elements 
depend on the undetermined a,’s. After the necessary 
integrals had been evaluated and multiplied by the 
assumed a,’s, the matrix G could be evaluated and the 
secular equation solved for the a;,’s. 

The procedure followed was first to assume values of 
the a,’s consistent with the orthonormality conditions.’ 
The matrix G was evaluated and the secular equation 








®In a.u. (1 a.u. =13.602 ev). 


7J. C. Slater, Phys. Rev. 36, 57 (1930). 
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(7) solved for the a,’s using the potentiometric linear- 
equation solver of the type designed by Filler, Cowan, 
and Roothaan.® When the assumed a;,’s agreed with 
the calculated a,’s self-consistency was attained and 
the best LCAO-MO’s and the total energy could then 
be obtained. The elements of the matrix G using the 
self-consistent a,’s are given in Table ITI. 


RESULTS 


The molecular orbitals were chosen as orthonormal 
linear combinations of the atomic orbitals 15;, 152, 153, 
and 1s, and have the following forms belonging to the 
irreducible representations of the symmetry group D,,; 
which represents the symmetry of the Hamiltonian 
operator 

$1= 011 (15;+ 154) + a13(152+153), 
$2= G21 (151— 154)+-@23(1s2—153), 
$3= G31(15,+ 154) — a33(1s2+ 155), 
4= 041 (151— 154) — a43(152—155). 


Thus by symmetry one can reduce to half the number 
of coefficients that must be determined. Then by the 
self-consistent field calculation and normalization condi- 
tions the four undetermined coefficients in the first two 
ground-state molecular orbitals were determined. A set 
of coefficients in $3 and ¢,4 are also determined; these 
are not self-consistent solutions but do represent a 
crude approximation of the excited orbitals of the 
system. The self-consistent field coefficients for the 
ground-state orbitals are plotted as function of inter- 
nuclear distance in Fig. 1. It is interesting to note that 
the coefficients in the totally symmetrical bonding 
orbital ¢; show a smooth variation as function of inter- 
nuclear distance while the coefficients describing the 
antibonding orbital ¢2 vary widely as function of the 
internuclear parameters and cross over for a value of 
R=2.1 a.u. In spite of the wide variation of the coeffi- 
cients, the energy as function of the internuclear param- 
eter shows smooth variation such as one would expect. 
With zero being taken as four nuclei and four electrons 
infinitely far apart, the total energy is plotted against 
internuclear distance in Fig. 2. The energy continually 
decreases out to distances of 2.0 a.u. We see that at all 
distances the system is stable against dissociation into 
four H atoms which would have a combined energy of 
—54.15 ev but not against dissociation into two He 
molecules which would have a combined energy of 
60.37 ev® as calculated by the molecular orbital method. 
The total energy obtained by this method at a distance 
of 1.4 a.u. has a value lower by 0.89 ev than that ob- 
tained by Taylor® without configuration interaction. 
When he included configuration interaction, the energy 
decreased below our value by 0.92 ev. The values of the 
energy at R=2.0 and R=2.2 a.u. are equal within the 
accuracy of the calculation indicating a minimum in 





* Filler, Cowan, and Roothaan, Office of Naval Research 
Technical Report from the University of Chicago for the period 
September 1, 1948 to May 31, 1949; Contract N6ori-20 T.O. nine. 
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Fic. 1. The self-consistent field coefficients for the wave func- 


tions of the filled orbitals in linear H, are plotted as function of the 
internuclear distance. 


between at R~2.1 a.u. The coefficients a2; and @23 that 
occur in ¢ also cross at this point. This kind of a com- 
plex has been defined as an “ambivalent complex” in 
Paper I? of this series. 
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Fic. 2. The total energy in electron volts of linear Hy, is plotted 
as function of the internuclear distance. The zero is taken as 4H 
nuclei and 4 electrons infinitely separated from each other. The 
internuclear distance is plotted in a.u. (i.e., R/ao). 
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Fic. 3. The Hartree-Fock eigenvalues (vertical ionization energies) 
are plotted as function of the internuclear distance. 


The eigenvalues of the Hartree-Fock operator, €; and 
€ are plotted as function of the internuclear parameter 
in Fig. 3. These have been identified by previous in- 
vestigations! with the vertical ionization energies; 
although it is not possible to compare these with ex- 
periment, their relative values seem reasonable and, 
for these distances, seem to be converging to a correct 
value for the hydrogen atom at large internuclear dis- 
tances; however, if the calculation was extended to 
larger values of the internuclear parameter, the validity 
of the molecular orbital calculation would probably 
break down and these values would converge to some 
average between the ground and excited states of the 
hydrogen atoms. 

Previous investigators’ have worked on the quantum- 
mechanical calculation of the interaction energy of two 
hydrogen molecules. However, their results cannot be 

9 J. de Boer, Physica 9, 363 (1942); H. Margenau, Phys. Rev. 


64, 131 (1943); and A. Evert and H. Margenau, Phys. Rev. 90, 
1021 (1953). 


compared with the present work, since these workers 
were interested in energy values for different values of 
the internuclear parameters and larger values of the 
intermolecular distances. Furthermore, the present 
results cannot be compared with the semiempirical 
results of Hirschfelder, Bird, and Spotz" nor with those 
of de Boer and Michels," not only for the above reasons 
but also because it would be necessary to average 
over different orientations, whereas only the linear case 
has been considered here. 


CONCLUSION 


From this work, we conclude that the LCAO-SCF 
method should yield fairly reliable results when used as 
a basis for calculation of interaction energies for closed- 
shell molecules as long as internuclear distances are 
not too large. It is also shown that the SCF calculation 
introduces a considerable improvement over the simple 
molecular orbital calculation as made by Taylor. 
Furthermore this work indicates that considerable 
insight into the nature of chemical binding and the 
interaction between molecules in their closed-shell 
ground state can be obtained by a “‘best”’ single de- 
terminant molecular orbital calculation. Furthermore it 
seems likely that the LCAO-SCF method with a 
limited amount of configuration interaction will prove 
to be the simplest and best method for calculating the 
ground states of stable molecules and the interaction 
energy at small internuclear distances between stable 
molecules. 


APPENDIX I 
Integrals 


All the integrals have been evaluated exactly when 
possible. Tables and formulas for overlap integrals are 
given by Mulliken et al.” The kinetic energy integrals 
were obtained from Roothaan’s formulas.'* The one 
electron bare nuclear field, the exchange, and the 
hybrid Coulomb-exchange integrals were obtained from 
Hirschfelder and Weygandt’s work."* The three- and 
four-center integrals were obtained using Mulliken’s 
approximation formula.!® 


10 Hirschfelder, Bird, and Spotz, J. Chem. Phys. 16, 968 (1948). 

11 J. de Boer and A. Michels, Physica 5, 945 (1938). 

2 Mulliken, Rieke, Orloff, and Orloff, J. Chem. Phys. 17, 1248 
(1949). 

3. C. J. Roothaan, J. Chem. Phys. 19, 1445 (1951). 

14 J. O. Hirschfelder and C. N. Weygandt, J. Chem. Phys. 6, 806 


(1938). 
16 R. S. Mulliken, J. Chim. Phys. 46, 497 (1949). 
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Studies of the Interaction between Stable Molecules and Atoms. V. Molecular 
Orbital Approach to the H+H, Reaction* 


VirGINIA GRIFFING AND JOSEPH T. VANDERSLICE 
Department of Chemistry, The Catholic University of America, Washington, D. C. 


(Received June 22, 1954) 


In an attempt to find a relatively simple way of calculating activation energies for chemical reactions, 
Roothaan’s LCAO-SCF method has been applied to the linear H; complex. Since Roothaan’s method has 
been developed for closed shells, a self-consistent field treatment has been done on the linear H;~ complex. 
According to Roothaan, the energy of the H; should be equal to a first approximation to the energy of the 
H;~ minus the energy required to remove one electron. Calculations have been made at distances ranging 
from 1.4 to 2.5 atomic units and for various values of the screening constant. Correlation diagrams for the 
reaction H+ Hz: have been constructed and the activation energy calculated. The method gives considerable 
insight into charge distribution but is unsatisfactory for calculating good energy values. The results are 
compared with experiment and with values calculated by the MO-configuration interaction method which 


yields a value of 8.76 kcal/mole. 





INTRODUCTION 


HE reaction of a hydrogen atom with a hydrogen 
molecule is one of the simplest but still unsolved 
problems in reaction kinetics. Many attempts have 
been made to treat this reaction by a priori theoretical 
calculations.! So far all these have failed to give reliable 
quantitative results and not even a satisfactory qualita- 
tive understanding has been forthcoming. In earlier 
papers, Hirschfelder? and co-workers have calculated 
the energy of H; and H;* for the linear complex in both 
the symmetrical and some unsymmetrical configura- 
tions. In contrast to the results of the semiempirical 
theory, these papers predicted a symmetrical activated 
state. Later Hirschfelder* calculated the energies of 
nonlinear H; and H;* by both the molecular orbital 
and homopolar bond methods. He found the MO 
method to be inferior to the homopolar bond method 
for the symmetrical triatomic configuration. This result 
is not surprising in view of the fact that the MO theory, 
using a single determinant, is now known to be de- 
pendable only for closed-shell electronic configurations. 
Furthermore, Hirschfelder has calculated the energy 
of nonlinear H; as function of the angle between the 
nuclei and has established that the orbitally-degenerate 
electronic state for the equilateral configuration of the 
nuclei is unstable, in agreement with the Jahn-Teller 
theorem. Even though Hirschfelder’s results* could be 
improved by using a more general set of eigenfunctions, 
it seems likely that the relative values of the energies 
for various geometrical configurations of the nuclei 
are valid. Thus, in view of Hirschfelder’s calculations 





* Supported by the Office of Naval Research. 

Glasstone, Laidler, and Eyring, The Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941). 

* Hirschfelder, Eyring, and Rosen, J. Chem. Phys. 4, 121, 130 
(1936); Hirschfelder, Diamond, and Eyring, J. Chem. Phys. 5, 
695 (1937); and Stevenson and Hirschfelder, J. Chem. Phys. 5, 
933 (1937). 

* J. O. Hirschfelder, J. Chem. Phys. 6, 795 (1938). 

‘Jahn and Teller, Proc. Roy. Soc. (London) A161, 200 (1937). 
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and the general results given in the first four papers® ot 
this series, an LCAO-SCF calculation of the linear 
symmetrical H; negative ion has been undertaken 
with the hope that the calculated ionization energy 
could be subtracted away, giving good results for the 
H; complex. Even though the quantitative results of our 
calculations are not satisfactory, we believe this study 
shows that the molecular-orbital theory of chemical 
binding does give an excellent qualitative understanding 
of the problem, as well as reliable quantitative data in 
many cases, if one takes into account the fact that this 
approach gives good results for energy differences even 
though the absolute values may be in error. In this 
case one must use configuration interaction to get good 
quantitative results because H; does not have a closed- 
shell ground state. A correlation diagram following the 
general scheme recently developed by Griffing and co- 
workers® will be drawn and reasons advanced why the 
activation energy of the process is so small. 


OUTLINE OF THEORY 


The theoretical approach is described in papers by 
Griffing and co-workers.’ Essentially, it consists in 
looking at the reactants and products of a chemical 
reaction, constructing a correlation diagram depicting 
the symmetry of the one-electron orbital and then 
showing how these wave functions change during the 
reaction. One of the essential points in this scheme is 
that an “ambivalency” and “degeneracy” has to occur 
during the course of the chemical reaction which allows 
for a continuous transition from the initial to the final 
state. Furthermore, the fact that the molecular orbital 
theory does not give good absolute values but only good 
values of energy differences is recognized. These points 
of the theory will be illustrated for the H+ Hp reaction. 


5 See Papers I to IV of this series [V. Griffing ef al., J. Chem. 
Phys. 23, 1015 (1955); 23, 1024 (1955); 23, 1029 (1955); 23, 1035 
(1955)]. 
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Fic. 1. Correlation diagram for the H+H, reaction. 


CORRELATION DIAGRAM FOR THE REACTION 


It has been assumed that the intermediate ‘ambi- 
valent complex” is a linear one with the internuclear 
distances equal. The energy of the triangular H; com- 
plex is much higher than the linear complex® and hence 
would not be expected to be the “‘degenerate complex” 
for the reaction. The correlation diagram is illustrated 
in Fig. 1 where x4, xz, and xc are the 1s-atomic orbitals 
on atoms Hu, Hz, and Hg, respectively, and xac is 
the ground-state molecular orbital for H2. The reaction 
is assumed to be 


H,+H.?°—-H,—Hes- Hc—H.244+He. 


When the Hy, atom and the H»2?¢ molecule are in- 
finitely separated, the situation may be represented by 
State I. Here there is no interaction between the various 
levels, i.e., the H4 atom has no influence on the levels 
in the H.?© molecule. As the H, atom approaches the 
H,¢ molecule along the internuclear axis line of centers, 
the situation represented as State II appears in which 
there is interaction among the original levels of State I 
to give the levels of State II. When the ‘‘degenerate 
complex” is formed in State III, the three possible 
levels made up out of 1s-function for H; appear. As the 
Hc atom starts to move away from the newly formed 
H24 molecule, a situation represented by State IV 
occurs which is similar to the situation in State IT. It is 
to be noted that the second-lowest level in State II 


has now passed over into the second-lowest level in 
State IV in a continuous manner. Both of these levels 
go into the second-lowest level in State III as the inter- 
nuclear distances are made equal. In this sense, these 
levels become degenerate and ambivalent when the 
complex is formed. The same argument applies to the 
lowest-lying level in States II, III, and IV. It is inter- 
esting to see how the orbital electronic densities change 
during the process. This is illustrated in Fig. 2. This 
figure shows that the densities change in the manner 
that one would expect. 


CALCULATION OF THE ACTIVATION ENERGY 


Since the best possible LCAO-molecular orbital cal- 
culations have been done on He‘ and H;,’ one can use 
those values to obtain the activation energy for the 
reaction. This has already been pointed out by Griffing 
and Vanderslice.* The best possible molecular orbital 
calculations require the use of configuration interaction. 
If one uses Walsh and Matsen’s value’ for the energy 
of H; and subtracts from that the energy of H2 obtained 
by Slater® using configuration interaction and the energy 
of a hydrogen atom, one obtains for the activation 
energy a value of 8.76 kcal which is to be compared 

6 J. C. Slater, “Electronic Structure of Atoms and Molecules,” 
Technical Report No. 3 of the Solid State and Molecular Theory 
Group, Massachusetts Institute of Technology. 

7 J. M. Walsh and F. A. Matsen, J. Chem. Phys. 19, 526 (1951). 

8. Griffing and J. T. Vanderslice, J. Chem. Phys. 23, 1035 
(1955). 
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with the experimental value of about 5-10 kcal.® One 
might reasonably object that in the quantitative treat- 
ment, configuration interaction was included whereas 
in the correlation diagram, the simple molecular orbital 
picture has been used. Such an objection is a valid one. 
However, if one includes configuration interaction in the 
correlation diagram it would lose its essential simplicity 
while on the other hand, if one uses the simple mo- 
lecular orbital treatment for the calculation, good 
numerical results are not obtained. 

If one does use the best simple molecular orbital 
calculation, i.e., without configuration interaction for 
the energy H;°, and subtracts from that the energy of a 
hydrogen molecule!® and a hydrogen atom one obtains 
a value of 22kcal for the activation energy. In an 
attempt to improve this value and still keep the 
calculation simple, the energy of the H;~ species was 
calculated. Since the simple MO method is known to 
give good results for closed shells, and since the energy 
of the H; should be given to a good approximation by 
subtracting the first ionization of H;~ from the total 
energy of H;-,!! it was hoped that better results would 
be obtained from the activation energy. Unfortunately, 
this was not the case. Roothaan’s self-consistent field 
method" for closed shells was applied to the species 
Hs at distances from 1.4 to 2.5a.u. and for various 
values of the screening constant. The results obtained 
are recorded in Table I. If one picks the minimum 
value of the energy at each distance and plots the 
results, the curve shown in Fig. 3 is obtained. The 





°A. Farkas and L. Farkas, Proc. Roy. Soc. (London) 152A; 
124 (1935). 
C. A. Coulson, Trans. Faraday Soc. 33, 1479 (1937). 
"C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 
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energy at the minimum of the curve is —3.086a.u. 
which corresponds to an activation energy of 41 kcal. 
Apparently this method cannot be used for species 
with a small number of electrons, but may still be 
useful for more complicated molecules in excited states. 

It is to be emphasized that the approach used above 
differs considerably from the semiempirical method of 
Eyring and Polanyi to obtain numerical results. The 


TABLE I. Energies of H; as a function of — and R*. 











R(a.u.) gt E(Hs7) (a.u.) e2(a.u.) E(Hs) (a.u.) 
1.4 0.714 — 2.365 — 0.089 — 2.276 
0.857 — 2.694 0.098 — 2.792 
1.000 — 2.645 0.231 — 2.876 
1.143 — 2.509 0.432 — 2.941 
1.429 — 1.855 0.914 — 2.769 
1.6 0.750 — 2.724 —0.069 — 2.655 
0.875 — 2.805 0.026 — 2.831 
1.000 — 2.792 0.182 — 2.974 
1.250 — 2.481 0.516 — 2.997 
1.375 — 2.239 0.666 — 2.905 
2.0 0.800 — 2.909 —0.076 — 2.833 
0.900 — 2.936 0.018 — 2.954 
1.000 — 2.944 0.099 — 3.043 
1.100 — 2.923 0.163 — 3.086 
1.250 — 2.559 0.443 — 3.002 
2.2 0.950 — 2.957 0.038 — 2.994 
0.955 — 2.972 0.039 —3.011 
1.000 — 3.023 0.040 — 3.063 
1.136 —2.791 0.236 — 3.027 
2.5 0.800 —2.972 —0.116 — 2.856 
0.960 — 2.982 0.005 — 2.987 
1.000 — 2.955 0.053 — 3.008 
1.200 — 2.482 0.379 — 2.861 








®1 a.u. =13.602 ev. 
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£5, -3.086 au AT R=2.0 
=-W98ev 


E (y)~ © (+4) 741.98 643.79 = 18lev 
=4172 k cal 





ENERGY (@u) 


“301. 





! ! ! J = s 
14 16 18 20 22 24 26 


R(au) 





Fic. 3. Energy of H; as a function of internuclear distance. 


latter used Morse potential functions along with spec- 
troscopic data as well as the assumption that the 
Coulombic energy is 20 percent of the binding energy. 
The present method involves only the assumptions in 
the molecular orbital method with no dependence on 
experimental quantities. 


DISCUSSION 


As was pointed out by Griffing, the correlation dia- 
gram may be used to give some insight into the reasons 
why the activation energy for this reaction is so small. 
In this case, we have only three electrons taking part 
in the chemical reaction. Thus, in the ‘degenerate 
ambivalent complex,” there are two electrons in the 
lowest orbital and only one in the second-lowest orbital. 
This means that the electronic energy of this ambivalent 
complex is much lower than for cases where four 


electrons play an essential part in the chemical reaction. 
Griffing has assumed that reactions between closed- 
shell molecules can be treated as a four-electron 
problem and therefore, in these cases, all four electrons 
have to be considered in the reaction. Since in the 
present reaction, only three electrons are involved and 
the electronic energy is thereby lower, it is to be ex- 
pected that the activation energy for this process will 
be much smaller than for reactions between closed-shell 
molecules. Such an argument would apply to any atomic 
mechanism which would involve only three electrons. 
The argument can easily be extended to the interaction 
of two atoms where the activation energy is even 
smaller (~0) than for this case. These conclusions are 
borne out by experiment. 


CONCLUSION 


Using the simple molecular orbital theory, one can 
set up a correlation diagram connecting the energy 
levels of the initial, intermediate, and final stages of the 
H+H, process. This picture gives some insight into 
the behavior of the levels and also allows one to get 
a qualitative reason why the activation energy for an 
atomic mechanism is smaller than that for a molecular 
mechanism. It also shows that an ambivalent de- 
generacy in the levels appears as the ‘ambivalent 
degenerate complex” is formed. One may also get a 
qualitative picture how the orbital electronic distribu- 
tion changes during the reaction. Finally, if one uses 
the LCAO molecular orbital calculations including con- 
figuration interaction, one can calculate an activation 
energy for this reaction of 8.76 kcal. It is expected that 
the picture presented here can be used for more compli- 
cated reactions. 
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Long Time Phosphorescence of Organic Crystals* 


HARTMUT KALLMANN, New York University, Physics Department, Washington Square, New York, New York 
BERNARD KRAMER, New York University, Physics Department, Washington Square, New York, New York, 
AND Hunter College, Physics Department, Bronx, New York, 


AND 


EUGENE Sucov, New York University, Physics Department, Washington Square, New York, New York 
(Received July 7, 1954) 


Long time phosphorescence (of the order of minutes) of anthracene, stilbene, durene, and naphthalene 
crystals at room temperature is reported. The decays are approximately hyperbolic and the observed phos- 
phorescence is shifted to longer wavelengths than the usual fluorescent emission. This phosphorescence is 
not induced by the light strongly absorbed in the substance but mainly by the weak absorption of light of 
wavelengths corresponding to their own fluorescent light. There are indications that this phosphorescence 
stems from an approximately uniform, continuous trap distribution and that such a mechanism permits a 
description of some of the observed behavior. Wavelength measurements seem to indicate that this phos- 





phorescent light emission does not originate from triplet to ground transitions. 









INTRODUCTION 


HE light flashes in organic crystals such as an- 
thracene and stilbene are known to decay in 
about 10-8 sec.! A further “long time” decay has been 
observed!? with anthracene; several percent of the 
total emission is emitted after 10~* to 10~* sec. Longer 
decays (of the order of seconds) have been observed*~® 
using such organic materials dispersed in rigid media; 
such experiments are done at liquid nitrogen tem- 
peratures and the phosphorescence observed is as- 
cribed to metastable triplet transitions since the 
phosphorescence occurs at greater wavelenths than the 
usual fluorescence. 

The experiments reported in this paper describe a 
long time phosphorescence (of the order of minutes) 
at room temperature with single crystals of anthracene, 
stilbene, naphthalene, and durene. 


EXPERIMENTAL 
A. Apparatus 


The experimental apparatus is shown in Figs. 1 and 2. 
A 1P28 photomultiplier was operated at 600 v, and the 
anode resistance could be varied from 10" to 10° ohms. 
A ganged circuit to compensate for the dark current at 
the three upper ranges was used; in this way the sensi- 
tivity could be varied over the entire range without 
further shifting of the dc bias. The voltage across the 
anode resistor was placed at the grid of a Raytheon 
electrometer tube, and the output, in turn, was fed to 
a Sanborn dc Amplifier-Recorder. Thus the final 
recording showed the phosphorescent light emission as 
a function of time. 





*This work was supported by the Signal Corps Engineering 
Laboratories, Evans Signal Laboratory, Belmar, New Jersey. 

' Bittman, Furst, and Kallmann, Phys. Rev. 87, 83 (1952). 

*F. B. Harrison, Nucleonics, March 1954, p. 24. 

*G. N. Lewis and M. Kasha, J. Am. Chem. Soc. 66, 2100 (1944). 

* Lewis, Lipkin, and Magel, J. Am. Chem. Soc. 63, 3005 (1941). 

°D. S. McClure, J. Chem. Phys. 17, 905 (1949) [see also P. 
Debye and J. O. Edwards, J. Chem. Phys. 20, 236 (1952)]. 
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A double shutter arrangement was used to excite the 
crystal while the photomultiplier was shielded, and to 
shield the crystal from the exciting source while open- 
ing the photomultiplier to the phosphorescent radiation. 
Since only long time decays were recorded, the shutters 
were operated manually, so that the first points on the 
phosphorescent curve are of the order of a fraction 
of a second after excitation. Corning glass filters and 
Wratten neutral filters could be placed directly before 
the source or immediately under the crystal being in- 
vestigated so that the wavelength and intensity of the 
exciting radiation could be varied, and the spectrum 
of the phosphorescent emission could be investigated. 

The source of excitation was a 250 watt G.E. Uviarc 
mercury discharge tube. The intensity incident upon 
the crystal is shown in column 2 of Table I for the wave- 
length range used. 


B. Effects of Exposure Time, Wavelength, and 
Intensity of the Incident Radiation 


An anthracene crystal about 2 cmX2 cmX1 cm was 
excited by ultraviolet for varying amounts of time and 
exciting intensities. The resultant phosphorescent decay 
was recorded and plotted on a log-log scale. If the decay 
follows a law given by J=K/t", then a slope of 45° 
indicates m=1 or a hyperbolic decay, while steeper 
curves have m>1 and shallower curves have n<1. 
Figure 3 shows the results of exposure times of 1 sec, 
30 sec, and 3 min on the above described crystal with 
ultraviolet excitation. The curves are all linear and 
at 45° angles, indicating hyperbolic decay. The phos- 
phorescence due to 3 min exposure was roughly three 
times the phosphorescence due to 1 sec exposure 
throughout the entire decay interval of four minutes. 
With 3 percent exciting intensity the phosphorescent 
emission is not measurably different when the ex- 
posure time is decreased from 3 min to 30 sec and 
is about three times greater than that due to the one- 
second exposure time. (See Table I for these and follow- 
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Fic. 1. Experimental arrangement for studying characteristics of 
phosphorescence in organic crystals. 


ing results.) With one percent exciting intensity the 
exponent is smaller than 1 (~0.8) and there is a slight 
drop in phosphorescence between 3-min and 30-sec 
exposure time. The phosphorescence induced by a 1-sec 
exposure is too small to be measured. Comparing the 
longest exposure at 100 percent ultraviolet intensity 
with that 1000 times weaker, it is noted that the de- 
crease in phosphorescent intensity is of the order of 
20 for short decay times and of the order of ten for 
longer decay times. 

Similar series of experiments were carried out with 
exciting light of wavelengths above 4000 A (3-74 Corn- 
ing filter in front of the Hg arc) and of wavelengths 
above 4600 A (3-71 Corning filter in front of the Hg 
arc) and the results are shown in Table I. These longer 
wavelengths are much less absorbed than the shorter 
ones and excite the normal fluorescence spectrum much 
less. Since the excitation of the phosphorescence by 


Peet Rt 
T\ . [ tee 


H is Se 





R6 
RT 
aw_R8 


° 
° R93 
Vv 








R23 
. 7 


< 











es 


} igre 
CAS 
Rio 


vi X Ril 
. a) 
=. RI2 
Nae 


| 





re cl 


ir 





Fic. 2. Schematic diagram of detector-amplifier circuits: T1 
Photomultiplier 1P28; T2 Electrometer Tube CK 5697; C1 1 
microfarad ; V1 600 v; V2 1.5 v; V3 1.5 v; V4 22.5 v; V5 22.5 v; 
V6 45 v; R1 10"; R2 10° 2; R3 10° 2; R4 1072; RS 10° Q; 
R6 10° 2; R7 10*Q; R8 10°; RY 2002; R10 500; R11 47K Q; 
R12 50K 2; R1i3-R23 100K 2. 


ultraviolet is completely due to the absorption of the 
produced fluorescence and not due to the ultraviolet 
excitation directly (see next paragraph), the results 
obtained with longer wavelengths can be best under- 
stood as an excitation with much weaker intensity (less 
energy absorbed). In all cases two saturation phe- 
nomena of the phosphorescence are apparent: satura- 
tion with increasing intensity and with increasing ex- 
posure time. With decreasing excitation the exponent 
of the decay law becomes smaller. The intensities ob- 
tained with 4600 A light were too weak to allow a com- 
plete series of measurements. 

Similar experiments with a small anthracene flake, 
about 0.5 mm thick and 1 cm? in area gave quite differ- 
ent results under 3660A excitation. Although its 
fluorescent emission was greater than that of the large 
anthracene crystal, the phosphorescent yield was 
barely detectable under the same conditions. This small 
flake however, could be used for producing the phos- 
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Fic. 3. Phosphorescent decay curves for anthracene under various 
conditions (uv full intensity). 


phorescence of the large crystal, by placing it in front 
of the large crystal and irradiating both flake and 
crystal. Under these conditions, the phosphorescence of 
the latter was the same as when the crystal was directly 
irradiated (flake removed). This shows that the phos- 
phorescence of the large crystal was not produced by 
the ultraviolet light directly but rather by the visible 
fluorescent radiation emitted from a thin layer of the 
crystal at the side of the incident radiation in which 
practically all ultraviolet light is absorbed. 

Three other crystals were also investigated but not 
as thoroughly as anthracene. The data for a durene 
crystal (2 cmX1 cmX1 cm), stilbene crystal (3 cm 
radius, 3 cm thick), and naphthalene crystal (2 cm 
x1 cm X0.5 cm) are given in Table I (see also Figs. 4 
and 5). In these cases the 3660 A band is not strongly 
absorbed but falls within the fluorescent spectra of these 
materials. 

The same saturation phenomenon with respect to 
exciting intensities was observed as in anthracene, and 
the phosphorescence is of the same order of magnitude. 
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LONG TIME PHOSPHORESCENCE OF ORGANIC CRYSTALS 


TABLE I. Comparison of phosphorescent light intensities for various organic crystals. 



































Exposure Phosphorescence after decay times of 
Crystal Type of light Incident intensity time 4 sec 40 sec 200 sec n 
Anthracene 3660 A (uv) 100% 3 min 1000 100 20 1 
(510-3 watt/cm?) 30 sec 750 60 10 1.1 
1 sec 355 30 5 1.03 
3% 3 min 300 30 6 1 
30 sec 300 30 6 1 
1 sec 130 9 tee 1.17 
0.1% 3 min 52 8.2 tee 0.80 
30 sec 40 6.3 see 0.79 
3-74 filter 100% 3 min 600 50 9 1.08 
above 4000 A (11.6 10-3 w/cm?) 30 sec 600 50 9 1.08 
(visible) 1 sec 270 25 5 1.03 
10% 3 min 220 30 aa 0.86 
30 sec 200 25 re 0.90 
1% 3 min 32 7 ee 0.66 
30 sec 32 7 0.66 
8 sec 40 sec 
3-71 filter 100% 3 min 15 4.5 0.75 
above 4600 A (8X 10-3 w/cm?) 30 sec 15 4.5 0.75 
(visible) 10% 3 min 7 2.8 0.56 
30 sec 7 2.8 0.56 
1 sec 4 sec 
Durene 3660 A (uv) 100% 1 min 7000 900 1.48 
3% 1 min 4800 390 1.81 
1.6 sec 4 sec 40 sec 
Stilbene 3660 A (uv) 100% 1 min 650 280 40 0.85 
3% 1 min 650 90 10 nonlinear 
4 sec 40 sec 
Naphthalene 3660 A (uv) 100% 1 min 500 26 1.28 
3% 1 min 140 10 1.15 








It is also interesting to note that while anthracene and 
naphthalene indicate decreasing m with decreasing 
excitation intensity, durene shows an ” which increases 
under these conditions. 

With solid phenyl ether whose melting point is near 
room temperature, a noticeable phosphorescence was 
observed which, however, disappeared upon liquifica- 
tion. No spectral or intensity investigations were 
carried out. 


C. Spectral Distribution of Phosphorescence 


The spectral distribution of the emitted phosphores- 
cence was measured by interposing a series of cut-off 
Corning color filters between the excited crystal and 
the photomultiplier. The difference of phosphorescent 
light output for two filters, reduced to the same photo- 
multiplier sensitivity, supplies the phosphorescence 
emitted in the wavelength range transmitted by one of 
the filters and not by the other. The crystal was again 
exposed for one minute, and approximately 0.5 second 
later the phosphorescent emission was allowed to pass 
through the filter and into the photomultiplier. The 
following general results were obtained. 

(1) For all crystals the log-log decay curves are 
linear and parallel (except for durene) and an approxi- 
mately hyperbolic decay is observed for all wavelengths 
of phosphorescence. 


(2) Comparing the results obtained for various filters 
and taking the wavelength dependence of the photo- 
multiplier into account, a maximum in the phosphores- 
cent intensity is found around 5200A for all these 
crystals, while very little intensity is observed below 
5000 A or over 6000 A. 

The light which excites the phosphorescence of these 
crystals also produces a fluorescence which was found 
to be different from the normal fluorescent spectrumf ; 
it was shifted toward longer wavelengths. For anthra- 
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Fic. 4. Phosphorescence decay curves for stilbene 
,in various spectral regions. 


} Measured with a Bausch and Lomb monochromator. 
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Fic. 5. Phosphorescence decay curves for naphthalene in various 
spectral regions. 


cene, stilbene, and naphthalene it was in the same 
wavelength region as the respective phosphorescence ; 
for durene this fluorescence was shifted to the ultraviolet. 


CONCLUSIONS 


From the foregoing results it is seen that (a) a long- 
time, approximately hyperbolic phosphorescence (of 
the order of minutes) exists in a number of organic 
materials; (b) this phosphorescence is of a longer wave- 
length than the usual fluorescent emission and is mainly 
excited by radiation ‘of longer wavelengths than that 
necessary to excite the normal fluorescent band; (c) 
two saturation effects exist such that the increase in 
phosphorescent emission is appreciably less than pro- 
portional to the increase in excitation intensity and to 
the increase in exposure time; (d) the spectrum of the 
observed phosphorescence is not appreciably changed 
during the decay. 

Two possible mechanisms leading to hyperbolic 
decay will be noted here. First, there may be a con- 
tinuous distribution of trap levels each containing the 
same number of traps. If the trapped energy is released 
to emission centers by thermal vibrations of the lattice, 
a hyperbolic decay will result. Actually a number of 
discrete levels with a suitable number of traps can lead 
to practically the same decay. Second, there may be V 
excited centers and two possibilities of recombination ; 
one monomolecular, proportional to NV, and one bi- 
molecular recombination, proportional to N*. If the 
monomolecular recombination (a,V) is_ radiative, 
while the other (a2/V”) is nonradiative but much more 
frequent, a hyperbolic light decay will be obtained, 
since the light emission is proportional to NV. 

The continuous trap level mechanism seems to be the 
better choice. It explains not only the almost hyper- 
bolic decay, but also the observed dependence on 
intensity and exposure time (see appendix). The mono- 
molecular plus bimolecular mechanism always leads to 
the same absolute value of phosphorescence for a given 


6 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184. 347 (1945). 


substance (given by a1/ast) when the hyperbolic por- 
tion is reached, independent of excitation intensity 
and exposure time. Deviations from the hyperbolic law 
should occur mostly at short decay times and for short 
exposure times for this mechanism. This is not borne 
out by the observations. 

The shift of this long time phosphorescence to longer 
wavelengths may be interpreted as an emission from 
a long-living triplet state whose energy is below the 
singlet state (fluorescent emission). However, these 
known triplet levels differ appreciably depending on 
the organic crystals investigated®’; anthracene should 
have a phosphorescence in the infrared while durene 
should be in the visible. The experiments do not display 
such a shift. Although the described method of check- 
ing the spectrum of the phosphorescence is not very 
exact,{ the difference to be expected on the basis of the 
triplet theory should be easily discernible. 

In investigations concerning the triplet state it is 
assumed that it is reached via the singlet due to the 
small probability of the excited singlet molecules going 
over into the triplet state. If this would be true, strong 
phosphorescence should be associated with strong 
fluorescence. This, however, is not the case, as the 
experiments with the anthracene flake indicate. The 
latter showed a barely observable phosphorescence but 
even a larger fluorescence than the crystal. 

Thus these experiments show that the long-living 
state is excited directly. Again one could conjecture 
that the absorption leading to the phosphorescence 
emission goes to the triplet state. The wavelengths 
mainly responsible for the phosphorescence in anthra- 
cene seem to exclude this possibility. The phosphores- 
cence reported in this paper was observed at room 
temperatures and may not be related to the low tem- 
perature phosphorescence previously observed.° 

No experiments were performed to decide the ques- 
tion of whether the energy levels responsible for phos- 
phorescence are due to impurities or lattice defects. 
It may only be remarked that because of the weak 
absorption of the light producing phosphorescence in 
these crystals, such levels whether intrinsic or due to 
impurities, must have a concentration less than 10" 
molecules per gram. 


APPENDIX 


If there are V; occupied traps per cm? and per energy 
level of width dE;, and the electron (or hole) is released 
directly to emission centers (negligible or constant 
retrapping) the following equation is obtained® for L, 
the number of quanta emitted in the phosphorescence, 

NikT 
L= Ce! *p— et 78], (1) 
t 





7J. R. Platt, J. Chem. Phys..17, 484 (1949). ; 

t The phosphorescent intensity is limited since the saturation 
effect discussed above prevents an appreciable increase in phos- 
phorescent intensity thus making more accurate measurements 
extremely difficult. 
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where NV; is the same for all levels of the different energy 
E; where rp and 7, are lifetimes of the deepest and 
shallowest traps, respectively, and where for a trap 
level E; the lifetime is given by 7;= 79e‘/*? (79 assumed 
the same for all traps). For rp>f>r, this reduces to 


L=NAT/t. (2) 


The filling of the individual trap levels will now be 
considered. Let N; be the number of filled traps of the 
ith level, No; the total number of traps/cm* of the ith 
level, and assume (a) that incident radiation (I) fills 
the traps directly, and (b) that the rate of release from 
the traps is proportional to V;. Then we may write 


N; = al (Noi- N,) = 6:Ni, (3) 


where 6;= 1/7; and al is the number of excitations/cm*® 
sec. 
Solving: 
alNo; 
N;= [1—e- (alti) texp)], (4) 
al+6; 





where é-xp is the exposure time. This gives the number 
of occupied traps (after the time /,xp) in the ith level. 

Saturation due to prolonged exposure time is obtained 
when fexp(al+6;) is large compared to 1 for all 6; which 
contribute to the phosphorescence in the observed time 
interval. When this occurs, the expression for N; 
becomes 

N;= al N9;/ (al+6;) ° 


Thus, for af large compared to 6;, V; becomes indepen- 
dent of the intensity and equal to Vo; so that all traps 
are filled uniformly, satisfying the conditions for (2). 


If, however, aI is small compared to 6,, the expression 
becomes 
N;= al No;/6;. 


In this case the number of occupied traps in any level 
is proportional to the exciting intensity and depends on 
the depth of the level (through 6;). Thus the traps are 
not filled uniformly, and a departure from a hyperbolic 
decay would be obtained. According to these considera- 


tions, such a departure should begin to occur when 


deviations from saturation begin to become noticeable 
for long exposure times because of low intensity. This 
may be the reason for the observed decrease in slope 
with decreasing intensities. As long as al>>é for all 
6; contributing to (2), uniform trap distributions are 
obtained for all exposure times, but the occupation of 
the traps and thus the intensity of the phosphorescence 
would depend on the intensity and the exposure time. 
The hyperbolic decay law would still hold. For very 
short exposure time the uniform trap distribution and 
thus the hyperbolic decay law would even prevail when 
al <6;, as long as fxp5;<3, since for this condition 


N al Noitexp; 


again yielding a uniform trap distribution, but now 
proportional to both the excitation and exposure time. 
It is a peculiarity of the uniform trap distribution that 
it provides for a hyperbolic decay law for quite different 
types of excitations. 

Since the spectral distribution of the phosphorescence 
does not change during the decay, it must be assumed 
that all traps empty to the same band of emission 
levels ; that is, the terms 6,V; in (3) are transitions to the 
same levels independent of the trap level. 
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For this work 2D-, 3D-, and 4D-pyridine have been prepared from corresponding halogen compounds. 
The infrared spectra of the compounds in the liquid phase are reported over the spectral range 400-3200 cm™. 
Interpretation of the spectra is carried through by analogy with the spectra of isotopic benzenes, pyridine, 


and pyridine-ds. 


N connection with microwave studies of the mono- 

deuterated pyridines reported elsewhere,! infrared 
absorption curves of these compounds in the liquid 
State were simultaneously taken, primarily in order to 
check the purity of the samples. Since the spectra ob- 
tained were pretty different without showing signs of 
being spectra of mixtures (except for a small contamina- 


dose’ Hansen, and Rastrup-Andersen, J. Chem. Phys. 22, 2013 





tion with ordinary pyridine) we throught it worthwhile 
to study them in further detail. The present paper will 
demonstrate that these spectra can be interpreted 
within the general frames known to work so well for 
benzene and its deuterated species?* and it will also 


2 A. Langseth and R. C. Lord, Kgl. Danske Vidensk. Selskab, 
Mat.-fys. Medd. 16, No. 6 (1938). 

3C. K. Ingold e¢ al., J. Chem. Soc. (London) 1946, 222 and 
following papers. 
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TABLE I. Observed infrared spectra of liquid 2, 3, and 4 











deuteropyridine. 
2D-pyridine 3D-pyridine 4D-pyridine 
Frequency Frequency Frequency 
cm7! D em! D cm7! 
405 ) 404 00 
600 0.88 599 0.76 597 0.83 
620-70 « at 638 620-70 «at632 620-70 at 633 
748 1.4 688 0.12 743 0.22 
814 e) 717 oo 834 0.09 
834 0.2 796 0.07 862 oo 
901 0.55 823 12 ca. 890 0.1 
970 0.06 848 0.76 968 0.09 
989 0.83 902 0.01 980 0.15 
ca. 997 0.3 938 0.06 989 a1 
1029 0.58 965 0.12 1012 0.85 
1059 0.63 980 0.73 1015 0.81 
1100-15 0.07 1033 0.75 1068 0.56 
1149 0.53 1050 0.16 1086 0.26 
1212 0.02 1086 0.09 1121 0.06 
1294 0.44 1108 0.32 1193 0.04 
1357 0.04 1128 0.15 1215 0.52 
1378 0.06 1195 0.53 1237 0.03 
ca. 1400 0.09 ca. 1200 0.4 1269 0.01 
1424 oe) 1217 0.08 1347 0.05 
1461 0.88 1242 0.02 1374 0.06 
1565-85 ee) 1262 0.02 ca. 1390 0.06 
1590 0.85 1337 0.09 1413 re) 
1629 0.08 ca. 1367 0.05 1476 0.97 
1716 0.05 ca. 1390 0.15 1559 is 
1783 0.03 1416 re) 1575 0 
1798 0.03 1468 1.0 1591 1.0 
1867 0.05 1560-80 ea) 1604 0.20 
1894 0.04 1586 ts 1744 0.07 
1927 0.04 1632 0.06 1825 0.04 
1960 0.07 1760 0.02 1861 0.05 
1987 0.05 1785 0.04 1948 0.11 
2165 0.02 1869 0.03 2074 0.02 
2235 0.07 1896 0.07 2153 0.01 
2258 0.57 1928 0.09 2198 0.02 
2300 0.04 1949 0.08 2225 0.01 
2362 0.02 1976 0.04 2270 0.09 
2412 0.01 2013 0.02 2285 0.15 
2445 0.01 2029 0.01 2300 0.06 
2483 0.01 2234 0.02 2335 0.02 
2534 0.01 2253 0.04 2399 0.02 
2596 0.01 2289 0.08 2425 0.02 
2859 0.03 2389 0.02 2473 0.01 
2911 0.09 2439 0.01 2545 0.01 
2928 0.05 2458 0.01 2563 0.01 
ca. 2961 0.08 2542 0.01 2625 0.01 
ca. 2977 0.14 2595 0.01 2641 0.01 
ca. 2989 0.25 2855 0.03 2657 0.01 
3000 0.50 2876 0.07 2686 0.01 
ca. 3040 0.36 2904 0.06 2872 0.09 
3051 0.49 2918 0.08 ca. 2920 0.05 
ca. 3068 0.50 2927 0.08 2940 0.09 
3075 0.53 2976 0.29 2968 0.37 
3137 0.10 2993 0.29 2992 0.23 
3165 0.07 3004 0.36 3008 0.42 
3022 0.53 3019 0.57 
3038 0.90 3033 0.71 
3053 0.63 3069 0.80 
3077 0.41 ca. 3125 0.04 
3133 0.08 ca. 3140 0.03 
3151 0.05 








build on the paper by Lord and collaborators on pyridine 
and “heavy” pyridine,‘ being in almost every respect 
consistent with this work. The present investigation 
suffers from the fact that because of lack of equipment 
neither the infrared spectra of the vapors, nor the 


4 Corrsin, Fax, and Lord, J. Chem. Phys. 21, 1170 (1953). 


Raman spectra could be obtained, but it is felt that this 
default may be less important because of the existing 
elaborate investigations on benzene, pyridine, and their 
deuterated species already referred to. 


PREPARATIONS AND INFRARED SPECTRA 


The preparations are described in the paper on the 
microwave absorption.! Both microwave and infrared 
spectra showed that the samples were pure except for a 
trace of ordinary pyridine. The infrared spectra re- 
ferred to earlier! were recorded on a Beckmann I.R. 2 
instrument with NaCl optics. The spectra to be dis- 
cussed here were taken on a Beckmann I.R. 3 under 
successive application of KBr, NaCl, and Lif optics so 
that the 400-3200 cm™ spectral region was covered. 
The effective slit width was 2-5 cm~. The cell thickness 
applied was constantly 0.03 mm. We had to refrain 
from varying the cell thickness since the amount of 
sample was small (0.3 cc) and had to be conserved for 
studies of ultraviolet absorption. The true shape of a 
few strong bands, the optical densities of which are 
given as “‘o”’ in Table I, is therefore unknown to us 
but lack of this information did not prove to be serious. 
The curves recorded experimentally are plotted in 
Fig. 1, only the dotted part of the curves represent 
calculated D-values. The measurements were made 
without a reference cell so that the densities include 
the reflexion and absorption losses in the cell. The fre- 
quencies of all the bands observed, which are thought 
to be good to +1 cm, are reported in Table I together 
with the optical densities at the maxima. These densi- 
ties were calculated by subtracting probable values of 
the density of the cell from the directly read D-values 
so that they represent, of course, only a rough measure 
of the true intensity, especially for overlapping lines. 
In order to obtain optimal conditions for a comparison 
with the spectrum of ordinary pyridine this substance 
was reinvestigated with the same technique previously 
used. The result was a nice confirmation of the observa- 
tions made by Lord and collaborators. Additional weak 
lines were found at 1207, ca 1407, 1947, 2038, 2136, 
2212, 2258, 2269, 2365, 2426, 2487, 2600, 2628, 2831, 
2855, 2921, 2931, 2987, and 3145. The strong line ob- 
served by Lord at 3036 was found to be split in two 
lines at 3025 and 3032 cm™. 


DISCUSSION OF SPECTRA 


Table II gives the assignments of the normal vibra- 
tion frequencies for the monodeuterated pyridines to- 
gether with the corresponding assignments for C¢Hs, 
CsDe, CsHsN, and CsD;N adopted by Lord‘ and the 
assignments for CsH;D, CeHD2(para-), and CeH2D.- 
(para-) given by Ingold and collaborators.’ The criteria 
used for assigning the frequency of an observed line to a 
particular normal vibration are the usual ones. (1) The 
frequency must lie inbetween the corresponding fre- 
quencies for “light” and “heavy” pyridine. Exceptions 
to this rule are known from other cases but they are 
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rare. (2) The intensity of the line must be compatible 
with the intensity of the corresponding line in the 
spectra of the various isotopic benzenes and pyridines 
(with due regard to differences in selection rules). (3) 
If the “parent” normal vibration is a ‘‘carbon’- 
vibration, the normal vibration frequency of a mono- 
deuterated species must lie close to the corresponding 
pyridine frequency. If it is a “hydrogen” vibration it 
must be chosen in a way consistent with the correspond- 
ing choice made in the case of the partly deuterated 
benzenes. (4) If the line in question cannot possibly be 
interpreted as a combination or overtone, it must be 
one of the normal vibrations of the molecule. (5) Any 
complete set of normal vibration frequencies chosen 
must obey the Teller-Redlich product rule. 

In the spectrum of 4D-pyridine the assignment of the 
fifteen vibrations number 1, 6a, 8a, 9a, 12, 18a, 19a, 
6b, 8b, 15, 18b, 19b, 4, 10b, and 11 is evident according 
to the criteria (1), (2), and (3). Of the remaining 
twelve normal vibrations, five are hydrogen or deu- 
terium stretching frequencies which are going to be 
discussed separately together with the corresponding 
vibrations in 3D- and 2D-pyridine. It remains to ex- 
plain the assignment of the seven normal vibrations 
number 3, 14, 10a, 16a, 16b, 17a, and 5. 


v3 


Both v3 and v9, have been located at 1215, largely for 
the same reasons as given by Lord for pyridine where the 
line at 1218 also has been interpreted as double. The 
assignment gets important support from the fact that 
pairs of lines are observed in the spectra of 3D-pyridine 
(1217, 1195) and 2D-pyridine (1212, 1149). 


V14 


This vibration is a typical carbon vibration. The 
assignment given for all three monodeuterated pyri- 
dines is mainly based on the observation of the line at 
1337 in the spectrum of 3D-pyridine as the prominent 
line in this spectra region. This assignment may be 
slightly incompatible with Lord’s assignment for pyri- 
dine but harmony may be achieved if for pyridine 
¥44=1357 (likewise observed by Lord) and if the line 
at 1375 in pyridine is interpreted as 16b+17a=405 
+981 = 1386. 


Vi10a 


This vibration is an out-of-plane hydrogen deforma- 
tion frequency. Teller’s product rule shows (r= 1.00) 
that all three vibrations of the A» class must lie close 
to the corresponding pyridine frequencies. Here it is 
convenient also to discuss v;, which, in the deuterated 
pyridine species must be located in the 800-900 in- 
terval. Furthermore vio, and vs in pyridine (886, 942) 
are weak, and therefore they must also be expected to 
be weak in the 4D-pyridine spectrum. The two weak 
lines, 890 and 834 observed in the 4D-spectrum 


INFRARED SPECTRA OF MONODEUTERATED PYRIDINES 
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Fic. 1. Infrared spectra of 2D-, 3D-, and 4D-pyridine. 
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TaBLE II. Compilation of normal vibration frequencies for CsHs, CscHsD, CeHiD2(para-), CeH2Da(para-), CeDs, CsHsN, CsD;N 
together with assignment here suggested for monodeuterated pyridines. _ 








Vib. Species 





No. DeaCawVaCs CcsHe CesHsD CeHsD2 CsH2D,4 CeDe CsHsN CsDsN 4D-Py 3D-Py 2D-Py od 
1 A1gA1A,A’ 992 980 978 961 945 992 962 989 980 989 
2 A1gA1A,A’ 3062 3055 3055 2285 2293 3054 2293 3033* 3038* 3040#.b 
6a E,*A1A,A’ 606 601 597 589 579 605 582 597 599 600 
7a. «EA A,A’ 3048 3060 «= 2280S (3045Ss«(2266 
8a E,*A1A,A’ 1595 1591 1587 1572 1553 1580 1530 1575 1570 1576 
9a E,*A,:A,A’ 1178 1176 1173 862 869 1218 887 1215 1195 1149 
12 By,A1By,A’ 1010 1007 992 977 962 1029 1006 1015 1033 1029 
13 ByiyA1B2,A’ 3060 2269 2275 3078 2290 3054 2270 2285 30538 30518 
18a E,-A:By,A’ 1035 1031 1033 819 813 1068 823 1068 1050 1059 


19a E,~A1B2,A’ 1485 1480 1469 1353 1333 1482 1340 1476 1468 1461 
20a E,-A:B2A’ 3080 3066 3060 2280 2294 3036 2254 3019* 30228 22588 
3 A BiBi,A’ 1326 1292 1309 1255 1037 1218 908 1215 1217 1212 
6b E,*B,Bi,A’ 606 603 601 586 579 652 625 645> 650° 640> 
7b E,*BiBi,A" 3048 3041 3042 2272 2266 3054 2285 3069 22898 3068 
8b E,*B,Bi,A' 1595 1574 1569 1564 1553 1572 1542 1559 1570 1570° 





9 £,*B,Bi,A’ 1178 1076 909 954 869 
14 Boy.BiB3,A’ ? ? 1375 1322 1347 1337 1357 
15 BoyBiB3yA’ 1160 1158 1106 1057 830 1148 887 1086 1108 1112> 
18b  E,~B,B3,A’ 1035 858 814 812 813 1068 833 862 848 834 


19b EB, B;,A’ 1485 1450 1413 1439 
20b E.B,B;,A’ 3080 3079 3079 2280 


10a -E,~A2B2,A” 850 850 850 664 
16a  EytA2A,A” 405 405 405 352 
17a = Ey*A2A,A” 970 970 970 793 

4 Bo,B2B3,A" 703 698 634 615 

5 B2,B2BaA" 993 995 967 930 
10b E,-B2B;,A” 850 778 736 767 
11 A2,B2Bi,A” 671 608 597 548 
16b E,,BoBi,A" 405 380 367 383 
17b E,BoBi,A" 970 922 876 925 


1333 1439 1301 1413 1416 1424 


2294 3083 2293 3069* 3077* 3075* 
664 886 690 890> 823 814 
350 374 329 365> 350° 360° 
790 981 798 968 965 970 
601 675 625 660-70 670 660-70 
827 942 762 834 902 901 
664 749 567 743 717 748 
497 703 530 633 632 638 
= 405 371 383> 404 405 

90 








* Assignment only tentative. 
b Frequency value only approximate. 


which cannot be overtones, are accordingly interpreted 
aS Vio, and vs, respectively. Support for this assignment 
is obtained when the 3D- and 2D-spectra are considered. 
Here, v0, (which is forbidden by symmetry in pyridine 
and 4D-pyridine and conceivably only appears because 
the spectra of liquids are investigated) is allowed, so 
that the strong lines at 823(3D) and 814(2D) may be 
interpreted as v19,. Correspondingly, there is a weak 
line at 902 in the 3D-spectrum which may conveniently 
be assigned to v5. In the 2D-spectrum, vs;= 901, in spite 
of the fact that this line is strong (see later). Teller’s 
product rule then gives v16)= 383 cm. 


Vi7a 


From the spectra of the isotopic benzenes it is seen 
that this frequency must be close to the pyridine fre- 
quency 981. The observed 4D-spectrum offers a choice 
between lines at 980 and 968. Since in the 3D- and 2D- 
spectra only one possibility exists for v17, (965, 970, 
respectively), we prefer 968 as the »17, for 4D-pyridine 
while 980 may be interpreted as a combination tone 
(see the aforementioned and later). 


Viéa 


Although unobserved by us this frequency is certain 
to be located in the 374-329 region (not examined by 
us). Since the two remaining fundamentals in the A» 
class are fixed at 890 and 968, v1s, may be calculated 


by the product rule. This results in »1s,=376 cm. Its 
real value is probably close to 360-65. 

In the spectrum of 3D-pyridine assignments of vibra- 
tions number 1, 6a, 8a, 12, 18a, 19a, 6b, 8b, 14, 18b, 19b, 
10a, 17a, 4, 5, 10b, 11 and 16b (18 vibrations) seem 
undisputable according to the criteria (1), (2), (3), 
and the previous discussion for 4D-pyridine. The dis- 
cussion concerning the hydrogen and deuterium stretch- 
ing vibrations is postponed, so that here only comments 
on the vibrations number 3, 9a, 15, and 16a are neces- 
sary. Both v3 and 9, are planar hydrogen deformation 
vibrations. Experience from the deuterated benzenes 
suggest that they must lie close to the pyridine fre- 
quencies, viz. 1218 (double). Experimental frequencies 
at 1217 and 1195 are at disposal. In the 2D-spectrum 
the corresponding possibilities are 1212 and 1149. It 
seems difficult to make a rational choice between the 
two possibilities for an assignment. If one considers the 


TABLE III. Summary of observed (strong) lines in the 3020- 
3080 cm region in the pyridine and the monodeuterated 
pyridine spectra. 











Pyridine 4D-Py 3D-Py 2D-Py 
3025 3019 3022 No strong line 
3032 3033 3038 3040 
3053 No strong line 3053 3051 
3079 3069 3077 3068 


3075 
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TABLE IV. Possible assignments for overtones. 

















Pyridine 4D-pyrid. 3D-pyrid. 2D-pyrid. Pyridine-ds 
Assignment Obs. Calc. Obs. Calc. Obs. Calc. Obs. Calc. Obs. Calc. 
2X 16b 810  —810 we 780 796 808 [814] 810 soe 742 
16a+11 [1068]* 1077 980 998 [980 ] 982 997 998 see 859 
2X16a [749 ] 748 tee 730 688 700 707» 720 see 658 
16a+6a inact. 979 inact. 962 938 949 [970] 960 inact. 911 
16b+11 tee 1108 1012 1023 1033 1036 [1029} 1043 baee 901 
16a+10b cee 1123 [1086] 1108 1086 1067 1103 1108 886 896 
16b+10b [1148] 1154 1121 1133 1128 1121 1149 1153 tee 938 
2X6a 1207 1210 1193 1194 1200 1198 tee 1200 1143¢ 1164 
6a+11 1296 1308 1237 1230 1242 1231 tee 1238 tee 1112 
16b+5 [1357] 1347 [1215] 1224 see 1306 1294 1306 1143¢° 1133 
16b+17a 1375 1386 [1347] 1358 1367 1369 1378¢° 1375 ee 1169 
2X11 1407¢ 1406 1269 1266 1262 1264 ae 1276 1043 1060 
4+10b 1407¢ 1424 1390° 1403-13 1390 1387 1400 1408-18 tee 1192 
16b+12 [1441] 1434 1390°¢ 1405 1438 1437 1436 1434 1364 1377 
11+10b [1441] 1452 1374 1376 [1337] 1349 1378¢° 1386 tee 1097 
16a+3 [1583] 1592 [1575] 1580 [1570] 1567 [1576] 1572 1228 1237 
6a+1 1599 1597 1591 1586 1586°¢ 1579 1590° 1589 1550 1544 
6a+12 1633 1634 1604° 1612 1632 1632 1629 1629 1581° 1588 
11+17a 1682 1684 1604° 1601 1586° 1597 1590¢ 1608 [1322] 1328 
14+-16a tee 1731 tee 1712 tee 1687 1716 1717 1645 1651 
10b+12 eee 1778 1744 1758 1760 1750 1783° 1777 1581°¢ 1573 
1+10a inact. 1878 inact. 1879 1785 1803 1798 1803 inact. 1652 
16b+19a 1872 1887 1861 1866 1869 1872 1867 1866 tee 1711 
9a+11 1923 1921 1825 1848 tee 1827 1783° 1787 1414 1417 
9a+10b 1947 1967 1948¢ 1958 1896 1912 1894 1897 , 1450 1454 
8a+16b 1987 1985 1948¢ 1965 1976 1974 1960 1981 1918 1901 
10a+15 2038° 2034 tee 1976 1928 1931 1927¢ 1926 1581° 1577 
6a+19b 2038° 2044 tee 2010 2013 2015 eee 2024 1863 1883 
1+15 2136 2140 2074¢ 2075 niet 2088 see 2101 1850 1849 
6a+8b eee 2177 2153 2156 cee 2169 2165° 2170 2117 2124 
15+18b 2212 2216 1948¢ 1948 1949 1956 1927¢ 1946 tee 1720 
9a+12 2258 2247 2225 2230 2234 2228 2165° 2178 see 1893 
8a+11 2269 2283 2198 2208 tee 2202 tee 2214 2042 2060 
9a+18b 2293 2286 2074° 2077 2029 2043 1987 1983 tee 1720 
9a+15 2365 2366 2300 2301 [2289] 2303 [2258] 2261 tee 1774 
2X3 2426 2436 2399 2430 2439¢ 2434 2412 2424 1806 1818 
8b+10a 2454¢ 2458 2425 2449 2389 2393 2362 2384 + ie 2232 
1+19a 2454* 2474 2473° 2465 2439° 2448 2445 2450 [2285] 2302 
18b+19b 2487¢ 2507 2270 2275 2253 2264 2235 2258 2117° 2134 
18a+19b 2487° 2507 2473° 2481 2458 2466 2483 2483 2117° = 2124 
18b+19a tee 2550 2335 2338 [2289] 2316 2300 2295 tee 2173 
1+8a oo 2572 2545 2564 2542 2550 2534 2565 2460 2492 
8b+12 2600 2601 2563 2574 2595¢ 2603 2596¢ 2599 2566 2548 
8b+18a 2628° 2640 2625 2627 2595* 2620 2596¢ 2629 tee 2365 
8a+18a 2628° 2648 2641 2643 2595* 2620 tee 2635 tee 2353 
9a+19a vee 2700 2686 2691 tee 2663 2596° 2610 ee 2227 
8a+15 tee 2728 2657 2661 tee 2678 see 2688 2389 2417 
19a+19b 2908 2921 2872° 2889 2855 2884 2859¢ 2885 ee 2641 
6a+13 2872° 2882 
6a+7b 2876 2888 
6a+20a 2859° 2858 
8b+14 2921 2929 2920 2906 2918 2907 2911° 2927 tee 2864 
8a+14 2931 2937 2920" 2922 2904 2907 2928 2933 tee 2852 
2X 19a 2960 2964 2940 2952 2927 2936 2911° 2922 oes 2680 
8b+19b 2987 3011 2968 2972 2976° 2986 2977 2994 vee 2843 
8a+19b 3004 3019 2992 2988 2976° 2986 2989 3000 tee 2831 
8b+19a [3032] 3054 3008 3035 3004 3038 3000 3031 tee 2882 
8a+8b 3145¢ 3152 3125 3134 3133 3140 3137 3146 cee 3072 
2X8a 3145° 3160 3140 3150 3151 3140 3165 3152 tee 3060 
* The symbol [ ] indicates obscured by normal vibration frequency. 
> Obscured by impurity of pyridine. 
° More than one combination assigned to this frequency. 
corresponding frequencies in the benzene series it is V15 


noted that v9, is the more sensitive to isotopic substitu- 
tion. Based on this and remembering that 1195(3D) 
and 1149(2D) are both strong while 1217(3D) and 
1212(2D) are weak the assignment in Table II has been 
chosen. 


Corresponding to the three experimental frequencies 
1086, 1108, and 1128 we can place two combination 
tones in addition to the fundamental in this spectral 
region. The combinations are 16a+10b= 1067 (or the 
almost coinciding 16b+4= 1074) and 16b+10b=1121. 
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Therefore, either 1108 or 1128 must be a fundamental. 
Since 1108 is by far the stronger we put v:;= 1108. 


Vi6a 


Its position may be estimated in much the same way 
as done for 4D-pyridine. Also, we think that the line 
observed at 688 may be the first overtone, so that 
Viga=ca 350. 

In the spectrum of 2D-pyridine assignment of the 
frequencies number 1, 6a, 8a, 9a, 12, 18a, 19a, 3, 6b, 8b, 
14, 15, 18b, 19b, 10a, 17a, 4, 10b, 11, and 16b (20 lines) 
is not subject to discussion because of criteria (1), 
(2), (3), and arguments already presented. It remains 
to discuss v16, and v5. The magnitude of vi, is in- 
ferred from the observed combinations 16a+11= 997, 
16a+10b=1103, and 11-+10b=1378. The reason for 
mentioning vs separately is not dictated by its position, 
which is quite suitable, but by its measured intensity. 
The line observed is strong compared with the corre- 
sponding weak lines in pyridine, 4D- and 3D-pyridine. 
We are unable to explain this sudden increase in in- 
tensity but we are forced to maintain the interpretation 
given because it is impossible to place a combination 
frequency in this spectral interval. Also, no alternative 
line which could be called v; is observed. The phenom- 
enon that isotopic substitution has a great effect on 
spectral activity is by no means unparallelled. To take 
the present material it suffices to refer to the observed 
great intensity of the deuterium stretching frequency 
in 2D-pyridine as compared with the corresponding 
lines in the 3D- and the 4D-compounds. The great 
intensity of the combination 16b+5 in 2D-pyridine is 
another but may be less convincing example. 

In the assignment of the hydrogen and deuterium 
stretching frequencies one suffers from the lack of a 
rational guidance for a definite choice. The observed 
frequencies which we (somewhat arbitrarily) want to 
use in the discussion are summarized in Table III. 
First, our choice between fundamentals and combina- 
tion tones is a matter of observed intensity. Secondly, 
we want to make use of the fact that no hydrogen 
stretching frequency in the isotopic benzenes has been 
put lower than about 3040. In the pyridine spectrum, 
the 3040-3100 region may be expected to be rather 
free of overtones. Both intensity relationships and the 
criterium (4), therefore, indicate that the fundamentals 
are to be found in the upper parts of the line-rich regions 
of the hydrogen stretching vibrations. 


In pyridine and 4D-pyridine, v7, and v2, must be 
expected to be of highest frequency because of their 
low symmetry. Since the line 3069 in the 4D-spectrum 
has a comparatively isolated position we put v= veo, 
= 3069 while, in pyridine, v»=3053 and vo9,=3079 
(or vice versa) provided nothing else indicates (compare 
below) that in pyridine v7,= v2. From the spectra of 
the deuterated benzenes it follows that v2 is rather 
insensitive to isotopic substitution, so that we can 
choose v2= 3032, 3033, 3038, and 3040 in pyridine and 
the 4D-, 3D-, and 2D-derivatives. Now, from the vibra- 
tion pictures for CsHsD and CsH,.D2(para) given by 
Ingold* it seems to follow that it must be 73 which is 
most sensitive to isotopic substitution in the 4-position. 
Therefore, v13(4D)=2285. As a consequence, 73(Py) 
= 3053, v13(3D) = 3053, and »13;(2D)=3051. This again 
forces one to assume that vy,(Py)=ven(Py) =3079. 
Then, v20a(Py)=3025, — v29a(4D)=3019, —_ v20,(3D) 
= 3022, and v29,(2D) = 2258. We must then set vn,(2D) 
= 3068 and vo,(2D)=3075 (similar to the benzenes), 
voop(3D)=3077 and vn,(3D)=2289. Of course this 
consideration ignores possible effects of Fermi resonance 
and other interactions which make any attempt to an 
assignment almost hopeless. 

Generally, the assignment of overtones for a particular 
compound may be possible in a variety of ways. This is 
also the case for the spectra here studied but if the 
principle be accepted that corresponding fundamentals 
must preferably be used when spectra of isotopic mole- 
cules are analyzed for overtones, the number of ac- 
ceptable combinations decreases very rapidly. In 
Table IV our proposal for the interpretation of over- 
tones in our observed pyridine, 4D-, 3D-, and 2D- 
pyridine spectra and the pyridine-d; spectrum given by 
Lord is stated. Only one intensity irregularity is worth 
while pointing out. In the 2D-spectrum the strong line 
at 1294 has been assigned to 16b++5 although the corre- 
sponding combinations in the remaining isotopic 
species are weak. We are unable to explain this irregu- 
larity, but it has its parallels as already mentioned. 
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The infrared spectrum of a mixed crystal containing NH;, NH2D, ND-2H, and ND; was observed at 
— 190°C. All of the fundamental frequencies of NH2D and ND2H were assigned. A calculation of the 12 
frequencies of these two molecules was made, using the four nonzero force constants previously obtained 
from NH; and ND3. The average deviation from the observed frequencies was 0.6 percent and the maximum 
deviation 1.6 percent. It is shown that the coupling between the motions of the various molecules can be 


neglected. 





N previous papers the infrared and Raman spectra 
of crystalline NH; and ND; have been reported.!? 

Both the infrared and Raman spectra showed effects 
which are characteristic of crystalline spectra, (a) a 
change in the internal frequencies of vibration from the 
gas values, (b) evidence of coupling between the mo- 
tions of the molecules, and (c) the presence of lattice 
frequencies. However, the splitting of vibrational lines 
amounted only to a few wave numbers, and the fre- 
quency separation between lattice and internal fre- 
quencies was so great that in the normal coordinate 
analysis of the internal modes of vibration effects (b) 
and (c) were neglected. This analysis resulted in a 
potential function for the ammonia molecule in the 
crystalline state which reproduced all of the eight fre- 
quencies of the two molecules within one percent. 

Certain problems remained however. It is always 
possible to obtain more than one potential function 
which can reproduce the frequencies equally well. 
Each of them corresponds to a different allocation of 
frequencies to normal modes of motion. A choice be- 
tween them can only be made if further frequencies from 
isotopically substituted molecules can be checked. In 
the case of the ammonia molecule, the most general 
potential function contains six independent force con- 
stants. The two molecules, NH; and ND3;, have eight 
frequencies between them, but since those frequencies 
are connected by two Teller-Redlich ratios, only six 
independent frequencies are available to determine the 
six independent force constants. Hence no checks were 
possible from NH; and ND; alone. The twelve fre- 
quencies of NH2D and NHDz, however, provide a very 
strong check on the potential function proposed. 

In addition, a study of a mixed crystal provides a 
check on the previous conclusion that coupling between 
NH; molecules may be neglected. Coupling between 
molecules has the effect that to each vibration of an 

* Based on a thesis submitted by F. P. Reding in partial ful- 
fillment of the requirements for the Ph.D. degree, Brown Uni- 
versity, 1951. This work was supported by the Office of Naval 
Research. 

} Present address: Research and Development Department, 
Carbide and Carbon Chemicals Company, South Charleston, 
West Virginia. 

'F. P. Reding and D. F. Hornig, J. Chem. Phys. 19, 594 (1951). 

* F. P. Reding and D. F. Hornig, J. Chem. Phys. 22, 1926 (1954). 


isolated molecule there corresponds a band of frequen- 
cies. In a pure crystal only those members of the band 
for which all unit cells vibrate in the same phase may 
give rise to spectral activity.*4 In an isotopically mixed 
crystal the potential function should be the same as in 
the pure crystal but the concept of a unit cell breaks 
down; instead the spectrum may be thought of as a 
superposition of spectra of single molecules, pairs, 
clusters of three and so forth. Consequently, if the 
effects of coupling are of any consequence we should 
find that (a) the frequencies of the NH; and ND; mole- 
cules will differ slightly in the mixed crystal from their 
value in the pure crystals, (b) the line widths for dilute 
components, which exist chiefly as single molecules, 
should be less than in the pure crystal, and (c) the 
widths of the lines from more concentrated components 
should be greater than in the pure crystal. 

With these things in mind we have studied the infra- 
red spectrum of crystals containing about 10 percent 
NH3;, 40 percent NH2D, 40 percent NHD», and 10 
percent ND;. We have compared the frequencies ob- 
served with those calculated from the potential func- 
tion previously derived! and have studied the spectrum 
for the other effects mentioned. 


EXPERIMENTAL 


The spectrum of a mixed crystal of the four am- 
monias, NH;, NH2D, NHDz2, and ND; was obtained 
at —190°C using a cell similar to that described by 
Wagner and Hornig.® The results are shown in Fig. 1 
and Table I. The curves are experimental and have not 
been corrected for scattering nor has the noise level 
been appreciably smoothed. The resolution of the spec- 
trometer used,® is indicated in three different spectral 
regions by the vertical parallel lines. The spectrum from 
800 to 2000 cm was obtained from a film approxi- 
mately one and a half times thicker than that from 2000 
to 3500 cm“. 

The sample was prepared by admitting one part ND; 


8D. F. Hornig, J. Chem. Phys. 16, 1063 (1948). 

4H. Winston and R. S. Halford, J. Chem. Phys. 17, 607 (1949). 

5E. L. Wagner and D. F. Hornig, J. Chem. Phys. 18, 296 
(1950). 

6 Hornig, Hyde, and Adcock, J. Opt. Soc. Am. 40, 497 (1950). 
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Fic. 1. The infrared spectrum of a mixed crystal containing 
approximately 10 percent NH;, 40 percent NH:2D, 40 percent 
ND2H, and 10 percent ND; at — 190°C. 


and one part NH; into an evacuated storage flask. To 
insure complete mixing the gases were frozen and 
evaporated several times. The mixed gases were then 
allowed to exchange for a week at room temperature 
after which time the composition, as determined from 
the spectrum, was approximately 10: 40: 40; 10 of 
NH;, NH2D, ND2H, and ND; respectively. 

The bands at 824 and 1069 cm™ which arise from the 
symmetrical bending vibration, v2, in ND; and NH; 
are 7 cm™ and 9 cm™ higher in frequency than the 
infrared active components in their respective pure 
crystals and 15 cm™ higher than the lowest-frequency 
Raman-active component. Similarly, the antisymmetri- 
cal bending frequency, v4, occurs at frequencies 3 cm™ 
higher in ND; and 5 cm™ higher in NH; than in the 
pure crystals. The experimental error in determining 
the band centers in this region is less than one wave 
number. Since both these molecules are present in the 
mixed crystal lattice to the extent of only 10 percent 
each, the resultant breakdown in vibrational coupling 
between like neighboring molecules probably accounts 
for the small shift. The ND2H frequencies at 905, 1255, 
1476, 2389, and 3338 cm differ from those found 
when ND32H is present as a dilute solution in ND; by 
+4, +8, —1, +4, and +3 cm. This evidence further 
suggests the absence of much coupling in the present 
crystal. 

The bands at 2500 and 3378 cm™ are at the same fre- 
quencies as the antisymmetrical stretching vibration 
v3 in the spectrum of crystalline ND; and NHs3, respec- 
tively. However, in the spectrum of pure crystalline 
ND; v2 at 815 cm™ is more intense than v3 at 2500 cm™ 
and in NHsz; v2 at 1060 cm™ is more intense than v3 at 
3378 cm. In the mixed spectrum it is seen that the 
bands at 2500 and 3378 cm“ are much more intense 
than those at 824 and 1060 cm™ and must arise pri- 
marily from NH2D and ND>H vibrations. We attribute 
the weak absorption around 2350 cm™ to atmospheric 
carbon dioxide, since the intensity of this band de- 
creased when dry nitrogen was blown into the spec- 
tometer. 
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The widths of v2 from both NH; (10 cm) and ND, 
(16 cm™) are definitely less than in the pure substances. 
This result is similar to that found in dilute solutions of 
HCl and DCl.’? However, the lines from NHDz» and 
NDR; are also surprisingly sharp. All bending vibra- 
tions of both molecules have a width of about 25 cm 
and the stretching vibrations have widths ranging 
from 10 cm to 30 cm. 


NORMAL COORDINATE ANALYSIS 


In the spectra of crystalline NH; and ND; the hy- 
drogen atoms have been shown to conform to the re- 
ported x-ray structure®® with cubic-space group sym- 
metry 7‘ (P2,3) containing four molecules per unit 
cell. In the mixed crystal only the nitrogen lattice com- 
plex will retain the cubic symmetry. Undoubtedly, the 
type of molecules surrounding a given molecule in the 
crystal will be completely random as will be the orienta- 
tions of the hydrogen and deuterium atoms in the three 
possible “hydrogen” positions for a given NH2D or 
ND2H molecule. Since the mixed crystal has a com- 
position of approximately 10 percent NHs, 40 percent 
NH.D, 40 percent ND2H, and 10 percent ND; most of 
the neighboring molecules of a given molecule will on 
the average be of a different type. This should result 
in an almost complete breakdown in the coupling be- 
tween the internal modes of like molecules. Conse- 
quently the different frequencies of vibration for a given 
internal mode arising from the various phases of coup- 
ling between like molecules will largely disappear and 
only one spectral line should be observed for each in- 
ternal mode. Since both NH.D and ND2H are present 
to the extent of 40 percent, however, it is possible that 
some structure may appear on the shoulders of their 
bands due to coupling. 


TaBLeE I. Vibrational frequencies of a mixed crystal 
of NH;, NH2D, NHDz, and ND3.* 














Observed Observed 
frequency frequency 
cm-! Assignment cm7! Assignment 

824 ».(NDs) 1651 »4(NH3) 

854 vo(ND;)+lattice 1890 ? 

905 v2(ND2H) 2350 atmos CO, 

936 vo(ND2H)-+lattice 2378 ? 

953 vo(ND2H)+ lattice 2389 vi(ND2H) 

993 ve(NH2D) 2420 vi(ND2H)-+ lattice 
1039 v2(NH2D)-+lattice 2444 vi(NH2D) 
1069 vo(NHs3) 2453 ? 
1113 vo(NH;3)+lattice 2487 2v4(ND2H) 
1202 va(ND3) 2500 v3""(NDe2H) 
1255 vy (ND2H) 3188 2vq(NH2D) 
1393 va (NH2D) 3307 v3 (NH2D) 
1476 vy (ND2H) 3338 v3'(ND2H) 
1609 vy (NH2D) 3378 v3""(NH2D) 


3450 Various possibilities 





® Here vir and v7 refer to the A’ and A” vibrations of NH2D and ND:H 








under the point group Cs. 


7G. L. Hiebert and D. F. Hornig, J. Chem. Phys. 20, 918 
(1952). 

8H. Mark and E. Pohland, Z. Krist. 61, 532 (1925). F 

® J. de Smedt, Bull. Class. Sci. Acad. Roy. Belg. 11, 655 (1925). 
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INFRARED SPECTRUM, NHsz, 


Since there is such a complete breakdown of crystal 
symmetry, no unit cell group exists and the crystalline 
selection rules** do not apply. It is probable that the 
selection rules for the free molecules approximate the 
present situation. Vibrations of all symmetry species 
may give rise to an infrared spectrum in both point 
groups C3, (NH; and NDs;) and C, (NH2D and ND2H); 
consequently, 20 fundamentals may be observed in the 
mixed crystal spectrum. 

The point group C, contains the irreducible represen- 
tations A’ and A”. In both molecules there are four 
vibrations of symmetry A’ corresponding to »; and v2 
and one component each of the split degenerate vibra- 
tions v3 and v4 (hereafter designated as v3 and vy). 
There are two vibrations of Species A’ corresponding 
to the second two components of the split degenerate 
vibrations (hereafter designated as v3 and vy). Con- 
sequently, following the method of Wilson," six sym- 
metry coordinates, four which transform like A’ and 
two like A’’, are required. A satisfactory set of sym- 
metry coordinates is: 


S,=d 
Ss=a 
S3= (ritre)/2! 
S4= (81+ B2)/2! 


Species A’ 


(1) 
S5= (81—Be)/23 


Se= (r1;—12)/23. 


In these equations d represents the change in the bond 
distance between the nitrogen and the odd atom (the 
N-—H bond in ND.H and the N—D bond in NH.D), 
r, and r2 the change in bond distances between the 
nitrogen and the two like atoms, a the change in the 
angle defined by the two like atoms and the nitrogen, 
and 8; and @2 the change in the angles between the two 
different atoms and the nitrogen. 

If the potential function is not affected by isotopic 
substitution, the most general potential function for 
these molecules is!+!”: 


W= falPW+re+r?)+de fale +br+B2) 
+2 faa(dritdro+rire) + 2d0" faa(aBi1t+a82+B 182) 
+2dof’ va(ad+Bir1+ Bere) +2do fad 
XLa(ritre)+61(d+r2)+82(d+n)]. (2) 


Species A’”’ 


TABLE II. Force constants of the most general valence force 
potential function for the internal vibrations of crystalline am- 
monia and 3-deutero-ammonia (X10** dyne/cm). 








fa=6.130 faa= —0.0492 
faa=—0.0712 faa=0.00 
fa=0.5835 F’aa=0.00 


aati 











z E. B. Wilson, Jr., J. Chem. Phys. 7, 1047 (1939); 9, 76 (1941). 
(1936), Hemptinne and J. Delfosse, Ann. Soc. Sci. Brus. 56, 373 


” J. Duchesne and J. Ottelet, J. Chem. Phys. 17, 1354 (1949). 


NH:D, ND:H, ND; 








MIXED CRYSTAL 1055 


TABLE III. Calculated and observed values of the special A” 
fundamental frequencies of crystalline 1-deutero-ammonia and 
2-deutero-ammonia. 








NH2D frequencies (cm) ND32H frequencies (cm~) 





Vibration Calculated Observed Calculated Observed 
V3!" 3381 3378 2497 2500 
var 1413 1393 1478 1476 








After transforming to symmetry coordinates and 
noting that faq and f’aa were found to equal zero in the 
previous work we have for species A’: 


fa 0 23 faa 0 
2 44,2 

Fya= 0 do Ne 0 2 dy fue (3) 
2 faa 0 (fat faa) 0 


0 2 do faa 0 de? ( fat faa) 


and for species A” 


(fa— faa) 0 
F = 9 ° 4 
. 0 do (fa— faa) ( ) 
The G-matrix for NH2D for species A’ is 
ga? Lad 2 gad 21" aa 
a att 2} rai 2} ak ~ 
a : d § hy 1 ; g (5) 
2 8dd 238 ad (ga + gaa) (g adt £aa) 
239" aa 1) a (g’ eat Zad) (ga#P+- gaa?) 
and for species A” is 
Bin (ga?— gaa) (g’ aa— Lad) (6) 


- (g’ ad— Zad) (gal? — gaa!) ; 


The g-elements, except for g.4", are the same as those 
used in the normal coordinate treatment of crystalline 
NH; and ND;.! Those elements with the superscript 
D or H indicate that the deuterium or hydrogen mass, 
respectively, was used in their calculation; those ele- 
ments without superscripts involve only the nitrogen 
mass. The G-matrices for ND2H may simply be ob- 
tained by interchanging the superscripts H and D. 
The element g," is given by the expression,” 


1 
ga =—[untunt2(1 — cosa) un ] 
’ = 9.800 10” g cm. 


The numerical values of the force constants, taken 
from NH; and NDs, which were used in calculating the 
frequencies are given in Table II. The secular equation, 
| FavGar—EX|=0, for the A” vibrations is a quad- 
ratic expression and is simply solved. The values of 
v3 and vy for both NH.D and ND2H are listed in 
Table III; the experimental frequencies which most 
nearly correspond to the calculated frequencies are 
listed for comparison. 

The secular equation, | 4-Ga4,—E\|=0, for the A’ 


13 J. C. Decius, J. Chem. Phys. 16, 1025 (1948). 
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TABLE IV. Calculated and observed values of the species A’ 
fundamental frequencies of crystalline 1-deutero-ammonia and 
2-deutero-ammonia. 








NH2D frequencies (cm™) ND2H frequencies (cm~) 





Vibration Calculated Observed Calculated Observed 
V1 3283 3307 2372 2389 
v2 986 994 891 905 
V3! 2431 2444 3331 3378 
vy 1615 1609 1251 1255 








vibrations had a dimensionality of four. This determi- 
nant was expanded into minors, which were in turn 
expanded and the terms collected into a quartic equation 
in the d’s. It was solved by trial and error. The calcu- 
lated values of the fundamental frequencies of species 
A’ for both molecules are listed in Table IV; again the 
experimental frequencies which most nearly correspond 
are listed. 

The average deviation of the calculated from the 
experimentally observed frequencies in Tables III and 
IV is only 0.6 percent and the maximum deviation is 
only 1.6 percent. From this excellent agreement it must 
be concluded that the force constants for the crystalline 
ammonias given in Table II are the true force con- 
stants of the system and the potential function given by 
Eq. (3) describes the system quite well. 

It is of interest that there is such excellent agreement 
between the observed and calculated frequencies when 
the cross-term force constants faa and f’«q are zero. 
However, these two force constants cannot be de- 
termined with any precision since they enter the equa- 
tions for the frequencies either as squares or with very 
small coefficients so that the calculated frequencies are 
very insensitive to these constants. This same difficulty 
occurs in determining these cross terms in the potential 
function of gaseous NH; or any other similar molecule 
such as AsH;. Consequently, the conclusion of Duchesne 
and Ottelet!! that in gaseous NH; and AsH; the cross 
term faa is small whereas faa is quite large is doubtful. 


ASSIGNMENT OF THE OBSERVED SPECTRUM 


The excellent agreement between the calculated fre- 
quencies of NH2D and ND:2H and the frequencies 
observed in the mixture spectrum permits an assign- 
ment of the bands. The assignment of the six funda- 
mental frequencies of both NH2D and ND2H on the 
basis of the calculated frequencies is open to little 
doubt. It is most improbable that the excellent correla- 
tions for all twelve frequencies can be coincidental. 


F. P. REDING AND D. F. 


HORNIG 


On the basis of the spectra of pure NH; and ND,! 
the bands at 824, 1069, 1202, and 1651 cm” certainly 
arise from the NH; and ND; vibrations assigned to 
them in Table I. As mentioned before they vary slightly 
in frequency from the bands in the pure crystals because 
of the breakdown in crystalline coupling in going to the 
mixed crystal. In addition some of the intensity of the 
bands at 2500 and 3378 cm arises from v3 in ND; and 
NHs, respectively. The spectrum of the mixed crystal 
removes any remaining doubt as to the frequency of », 
in crystalline NH; and ND3; in the pure crystals v4 was 
overlapped by the strong combination of v2 with the 
torsional lattice modes. 

The bands at 854, 936, 953, 1039, and 1113 cm™ on 
the high-frequency shoulders of the four bands arising 
from the symmetrical bending vibration v2 are appar- 
ently combination bands of these fundamentals with 
very low-frequency lattice vibrations such as those 
found in NH; and ND3;. However, it is possible that they 
arise instead from reflection maxima or impurities in 
the ND; (perhaps N2D,). In this connection it should 
be pointed out that extra peaks of medium intensity 
were observed in the spectrum of the pure ND; at 849, 
934, and 950 cm“ although the amount of ND.H 
present was very small. 

The band at 3188 cm“ has been assigned to the first 
overtone of v4, NH2D, at 1609 cm“. The corresponding 
first overtone of vy in ND2H at 1255 cm“ may be the 
band near 2487 cm on the low-frequency shoulder of 
the strong band at 2500 cm“. This absorption may also 
arise from v3 of ND; or from an intermolecular coupling 
component of adjacent ND2H molecules. It is probable 
that such coupling of like neighboring molecules ac- 
counts for the absorption near 2378 and 2453 cm™ on 
the low- and high-frequency shoulders of the peaks at 
2389 and 2444 cm“. 


CONCLUSION 


The potential function of the crystalline ammonia 
system is adequately and accurately described by the 
force constants listed in Table IT. In terms of these four 
force constants it is possible to calculate the twenty 
fundamental vibrations of the ammonia systems and 
accurately assign the spectrum of the mixed crystals. 
The coupling between ammonia molecules is certainly 
weak. It is probable that potential functions which 
neglect intermolecular coupling and lattice vibrations 
are adequate to describe internal vibrations in many 
simple molecular crystals. 
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Calculation of Thermodynamic Properties of Polyelectrolytes 


R. A. Marcus 
Department of Chemistry, Polytechnic Institute of Brooklyn, Brooklyn 1, New York 


(Received October 7, 1954) 


Expressions are derived which introduce an appreciable simplification into the calculation of the thermo- 
dynamic properties of solutions of polyelectrolytes in certain cases. For example, for a certain class of theo- 
retical models of these systems it is found that the square of the mean ion activity coefficient of a uni- 
univalent salt in the presence of polymeric ions is V?/ fe~°/*7dV - fe®/*TdV, the integration of the potential 
y being over a region whose volume is the volume of solution per macro-ion, V, and whose symmetry is that 
assumed for the polyelectrolyte. The osmotic pressure of a salt-polyelectrolyte system is, ignoring the 
contribution of the macro-ion, estimated to be 2; ¢;*kT, where D; c;* is the sum of the concentrations of all 
ions at the surface bounding the previously defined volume V. Other relations and various applications are 
given. The activity coefficient of salt in the presence of polyelectrolytes, calculated by extending the “parallel 
rod” picture of polymeric ions, is found to be in reasonable agreement with the experimental data. The use 
of the Poisson-Boltzmann equation to estimate y in these systems is shown not to render inconsistent several 
alternative expressions for the electrostatic contribution to the free energy. 





INTRODUCTION 


HE strong electrostatic fields in the neighborhood 
of polymeric ions have been established experi- 
mentally and their theoretical description '~* has been 
the subject of a number of recent communications. 
Relevant thermodynamic data include osmotic pres- 
sures, activity coefficients of salts, and titration be- 
havior of polymeric acids and bases. Usually these 
properties are calculated theoretically by differentiation 
of a free-energy expression into which parameters of 
the models have been introduced. Because of the fre- 
quent complex dependence of these parameters on the 
thermodynamic variables such as the moles of the com- 
ponents and the volume of the solution, the differentia- 
tion may become a lengthy process. A somewhat differ- 
ent procedure is employed here for a certain class of 
models, in that the last two steps are reversed—expres- 
sions are set up for various thermodynamic properties 
by differentiation of the free energy, these are then 
simplified and the parameters are introduced as a final 
step. This procedure effects a considerable simplifica- 
tion of the calculation in various cases. 


THEORETICAL 
1. General 


A number of theoretical models of polyelectrolytes 
have been advanced!~; several of these have in common 
the following assumptions: 


(1) The interaction between polymeric ions is neg- 
lected except insofar as the concentration of these ions 


asin Kiinzle, and Katchalsky, Helv. Chim. Acta 31, 1994 


(1983 J . Hermans and J. T. G. Overbeek, Rec. trav. chim. 67, 761 
* Alfrey, Berg, and Morawetz, J. Polymer Sci. 7, 543 (1951). 
_, Fuoss, Katchalsky, and Lifson, Proc. Natl. Acad. Sci. U. S. 37, 
579 (1951). 
* Kimball, Cutler, and Samelson, J. Phys. Chem. 56, 57 (1952). 
*P. J. Flory, J. Chem. Phys. 21, 162 (1953). 
: Osawa, Imai, and Kagawa, J. Polymer Sci. 13, 93 (1954). 
F. E. Harris and S. A. Rice, J. Phys. Chem. 58, 725 (1954); 
R. A. Marcus, J. Phys. Chem. 58, 621 (1954). 
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determines the size of the electrically neutral volume V 
assigned to each polymeric ion (total volume of solution 
divided by number of such ions). 

(2) The electrostatic interaction between all ions in 
this subvolume obeys the Poisson-Boltzmann equation 


Ar 


v= —— 
D 


(o+pp) (1) 


where the charge density of mobile ions p equals >); cie;. 
The charge of ions of the ith type is e;, and c;, their local 
concentration, is given by 


7” n; exp(—ew/kT) (2) 


fev ew/kT)dV 





where n; is the number of these ions in V. The volume 
charge density of ions fixed on the polymeric ion py, is 
sometimes replaced by a surface charge density. That 
is, Vy= —4np/D is used instead of (1) and a boundary 
condition relating the potential gradient and the charge 
per unit area at the surface of the polymeric ion is 
given. The present approach will apply to both treat- 
ments. The subvolume V and the model are chosen with 
a certain degree of symmetry such that on the boundary 
of the electrically neutral volume V the potential 
gradient is zero. 

In Eq. (2) the concentration c; and the potential 
acting on a mobile ion are assumed to be a function 
only of the three coordinates defining the position of the 
ion in space, the macro-ion being held fixed in this space. 
Actually, more rigorously, the potential is a function 
not only of these three coordinates but also of the 
instantaneous configuration of the other mobile ions. 
Similar remarks may be made about the concentration 
c;; the local concentration gradients about each mobile 
ion should be considered explicitly. The assumption 
made here thus treats the mutual interaction of the 
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mobile ions in a more or less approximate manner.’ 
Correspondingly, the Poisson-Boltzmann equation, as 
used here, will give best results when the mobile ion 
interacts more with the macro-ion and the many distant 
mobile ions than with a local mobile ion. This will occur 
when the mobile ions are dilute, which does not imply 
that |e//kT| must be small compared with unity. 

This viewpoint may also be inferred from the be- 
havior of the activity coefficient of added salt calcu- 
lated on the basis of Eqs. (1) and (2). At a given poly- 
electrolyte concentration it tends toward unity as the 
salt concentration is increased, inasmuch as a given 
mobile ion is increasingly shielded by the salt from the 
influence of the macro-ion. In dilute solutions experi- 
mental data support this expectation. Nevertheless, for 
a given polyelectrolyte concentration, as the salt con- 
centration increases the magnitude of the activity 
coefficient should ultimately approach that observed 
for the same salt solution containing no polyelectrolyte, 
rather than unity. This discrepancy is due to the fact 
that the local concentration gradients in the vicinity 
of each ion are but approximately taken into account. 

(3) Calculations of the electrostatic potential are 
frequently made for some average configuration of the 
polymer rather than for all possible ones. This assumes 
that all important configurations of the polymer have 
about the same electrostatic free energy arising from 
the interaction of the charges fixed on the polymer with 
each other and with the mobile ions in solution. 

(4) It will be assumed that the configurational en- 
tropy of the polymer chain S, and the average local 
concentration C,(r) of groups, neutralized plus un- 
neutralized, fixed on the chain depend upon only one 
quantity, /#, the configurational variable. This variable 
may be an average end-to-end distance or the average 
radius of the polymer, assumed coiled, and its value 
will depend on the thermodynamic state of the system. 
It will, for example, increase with increasing charge 
density along the chain, i.e., with increasing degree of 
neutralization, and will decrease with increasing shield- 
ing of these charges from each other, i.e., with increasing 
salt concentration. The effect of using a different as- 
sumption will be discussed at the end of this section. 


In treating this class of models the following contri- 
butions to the free energy of a macro-ion and its ac- 
companying mobile ions present in V will be considered : 


(a) S,, the configurational entropy of the polymer 
chain, which is related! to the number of configurations 
of the polymer consistent with a given value of h. 

(b) Sm, the entropy of mixing of the charged and 
uncharged groups along the chain. 

(c) Sja, the ideal entropy of mixing of the mobile ions. 

(d) F,, the free energy associated with the reversible 
charging of the mobile ions and of the macro-ion, during 
which process the polymer configuration and the number 
and spatial distribution of ionized groups on the macro- 
ion are held fixed. 


R. A. MARCUS 


(e) >>. mmu.°, where yu,’ is the standard free energy of 
the mobile ion of the ith kind while ; is the number 
of such ions in V. 

(f) ml op 49+ (1—a)uyza° |, where pa® and bya are 
the standard free energies of the neutralized and un- 
neutralized groups, respectively, a is the degree of 
neutralization, and m is the total number of groups on 
the polymer chain. 


The expression for the free energy may therefore be 
written as 


F=—- TSy— TSatFe— TSiatdi nips? 
+mLapa°+(1—a@)una®] (3) 


where S,, is given by 
Sn=—k { Cola, Ina,+(1—a,) In(1—a,) ]dV_ (4) 


where C, is the local concentration of the groups on the 
polymer while a, is the local fraction of these groups 
which are neutralized. Furthermore, a, is related to the 
charge density p, due to ions fixed on the polymer by 
the relation, a,Cy,¢,=pp, where e, is the charge of an 
ion attached to the polymer. 

If the simplifying assumption is made that the neu- 
tralized and unneutralized groups are randomly mixed 
then a, becomes independent of position and equal to a, 
the degree of neutralization. Thus, S,, becomes 


Sm= —mkLa Ina+ (1—a) In(i—a) J. (5) 


While the calculations given below will, in general, be 
performed without making this assumption, the effect 
of employing it will be discussed. 

Various expressions may be used to estimate the 
electrostatic contribution F, to the Helmholtz free 
energy. Neglecting electrostriction the equations given 
below also represent the corresponding contribution 
to the Gibbs free energy. F, may be calculated in the 
following way® from the reversible work to charge the 
entire system in V at constant configuration and 
charge distribution of the macro-ion, constant volume, 
and temperature. The charging process is performed 
in a manner such that at any stage all ions have the 
same fraction \ of their final charge. The corresponding 
values of W, p, pp, Ci, etc. are indicated by the super- 
script, ’. The charge per unit volume, p’+p,’, is 
(>, c,/eA+a,C pep). When the charge on each ion is 
increased by a fraction dd, the charge of those ions 
in a volume element dV is increased by (Di ciei 
+a,Cp€p)dddV; that is, by (p’+p,)(dd/A)dV. Since 
the local value of the potential is y’, an element of 
work W(p’+p,’)(dd/A)dV is done. Summing this work 
over all ions, i.e., integrating over V, the total work 
done during the complete charging process from \=0 


9 See E. J. W. Verwey and J. T. G. Overbeek, Theory of Stability 
of Lyophobic Colloids (Elsevier Publishing Company, Inc., New 
York, 1948), p. 58. 
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to \=1 is 


dt dn dd 
F.= f f v(0'+p,")—aV = f 2E/— (6) 
10 Yy d r \ 


where £,’ is the electrostatic energy [see Eq. (7) ]. If 
the polymeric ion had been regarded as forming a sur- 
face charge density ¢ over its surface instead of a volume 
density p,, then the integral of yp,’ over the volume 
would become an integral over the surface A of the 
polymer, J, /ay’o’ (dd/X)dA. Similar remarks will apply 
to all electrostatic expressions throughout this paper. 
The final equations for the thermodynamic properties 
will be the same regardless of which picture is used. 

A second expression for F, may be obtained from the 
Gibbs-Helmholtz equation together with an equation 
for the electrostatic energy, E.. 


E.=} f V(ot+p,)4V (7) 


T=T 1 
F.=T f ea(—). (8) 
T=0 T 


The integration in (8) is performed at constant dielec- 
tric constant, and at constant average configuration 
and charge distribution of the macro-ion. We note that 
the lower limit arises from the condition that F,/T=0 
when T=, 

A third expression for F, may be found by combining 
the equation for E, with a suitable equation for the 
entropy of mixing, S, of the mobile ions in V. 


S=—-—k>; fi Inc;—c,)dV (9) 


where the summation is over all mobile ions. If the 
total number of ions of type i in the volume V is 7;, then 
the ideal entropy of mixing is 


Ny 
Sia=—kD: («. In—m)) (10) 


This equation follows from Eq. (9) when one sets ¢; 
equal to its average value n;/V. The deviation of the 
entropy of mixing from its ideal value is (S—S,a) and 


A few remarks concerning this restriction of integration at 
constant dielectric constant are perhaps in order. If EZ, were the 
total electrostatic contribution E to the energy of the system, then 
the restriction would be unnecessary, but £, is actually only a 
ay, of £. It can be shown that while 0(F./T)/d(1/T)=E, 

9(F./T)/a(1/T)]po=E.. Conversely, in order to obtain F, from 

e by integration with respect to 1/T, it is necessary to hold D 
constant. The difference between E and E£, has been discussed by 
N. Bjerrum, Z. physik. Chem. 119, 145 (1926). E may be calcu- 
lated by imagining an isothermal process in which the ions are held 
motionless throughout and estimating the reversible work done 
w, by the system and the heat absorbed q, by the system in bring- 
ing the ions from infinity to their final equilibrium positions. w, is 
simply — E, while g, was computed by Bjerrum from the tempera- 
ture dependence of w, using the second law of thermodynamics to 
be —w,d InD/d InT whence E=q,—w,= E.(1+0 InD/d InT). 


THERMODYNAMIC PROPERTIES OF POLYELECTROLYTES 





we may write as a third expression for F,, 
F.=E.—T(S—Sia). (11) 


In view of the questions which can be raised concern- 
ing the internal consistency of solutions of the Poisson- 
Boltzmann equation, it is of interest to examine the 
extent to which the various expressions for F, are ex- 
actly equal when solutions of this equation are intro- 
duced into them. In Appendix I it is shown that they 
are equal. 

The third expression for the electrostatic free energy, 
Eq. (11), is the most convenient one for the present 
purposes and will be used. Before proceeding it is first 
observed that Poisson’s equation (1) may be written" 
in the integral form: 


1 pe(e")-+09(e") 
¥(r)= —f dV. (12) 


[r—r”| 





Equation (12) will be used in some of the proofs given 
in Appendix I. 

In general a thermodynamic function of the system 
can be expressed in the terms of partial derivatives of 
the free energy, and a first partial derivative can for 
example be calculated by estimating the change in free 
energy corresponding to an appropriate change in the 
thermodynamic state. The calculation is simplified by 
observing that in any reversible change of thermo- 
dynamic state the contributions to the free energy 
change arising from a change in configurational variable 
h, a change in the fraction a of the groups on the macro- 
ion which are neutralized, and a change in the relative 
distribution of the charges over the chargeable sites on 
this polymer are each equal to zero. This circumstance 
arises since the change in h, a, and in the relative dis- 
tribution of the charges, occurs automatically with the 
reversible change of state and so contributes nothing to 
the work done and therefore nothing to the free energy 
change. The statement concerning / and a is readily 
established by observing that the equilibrium values 
of # and a satisfy the equations (0F/0h).=0 and 
(0F/da),=0, all thermodynamic variables being held 
constant. Thus the change in free energy corresponding 
to a reversible change of state equals that calculated at 
a given h and a, for 


OF OF 
6F =—ba+—6h+ (6F) a, h= (6F ) a, he (13) 
0a Oh 


The statement concerning the relative distribution 
function, a,/a, of charges on the polymer is verified 
rigorously for the present model in Appendix II. This 
has the consequence that the free-energy change equals 
that estimated at fixed h, a, and a,/a. Equations are also 
derived in Appendix II for a,/a and for the relation 
satisfied by the equilibrium value of h. 

1 E.g., J. C. Slater and N. H. Frank, Introduction to Theoretical 


— (McGraw-Hill Book Company, Inc., New York, 1933), 
p. 217, 
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We shall conclude this section with an amplification 
of the assumptions (3) and (4) made earlier, and with 
a brief inquiry into the extent to which the equations 
deduced here for various thermodynamic properties 
remain valid when assumption (4) concerning S, and 
C, is either dropped or replaced by another. First it is 
observed that for a given polymer molecule many 
polymer configurations are important and contribute 
to the configurational entropy S>. If these all have sub- 
stantially the same electrostatic free energy (really, 
the same F+7'S,), as postulated in assumption (3), 
then S, will depend only on the same parameter, 
here h, which characterizes S, for the uncharged 
polymer. That is, assumptions (3) and (4) are not 
mutually inconsistent. If, further, many of these con- 
figurations are substantially different so that ap- 
preciable fluctuations of the configuration of a polymer 
molecule from the average configurational distribution 
function, C,(r), occurs in time, then it is the parameter 
h, rather than the function C,(r) which maximizes the 
free energy. That is, in the expression for 6F, the coeffi- 
cient of 64 rather than of 6C, is set equal to zero at 
equilibrium. 

Consider now a different model, one in which all the 
important configurations of a polymeric molecule are 
very similar so that only small fluctuations from the 
distribution function C,(r) occur. It is expected that 
these configurations will have substantially the same 
electrostatic free energy, and assumption (3) thus 
remains valid. In this model C, is calculated by maxi- 
mizing the free energy. That is, C, describes that dis- 
tribution of groups on the polymer which maximizes the 
free energy. This has the immediate consequence that in 
a reversible change of state this spatial distribution 
function of groups on a polymer will automatically 
adjust itself and, like the redistribution of the charges 
on these groups, contribute nothing to 6F. This may be 
verified by writing, in contrast to the previous model 
where S, and C, were only indirectly related (through 
h), for this case Sp»= /-g(C,)dV, where g is a function of 
C, alone and introducing this into Eq. (56) for the free 
energy in Appendix II. The procedure used there is 
then followed except that the variation of the free energy 
is computed in terms of 6C, instead of 5%. As before 
0F/da=0 and it is concluded that in this alternative 
model the free-energy change equals that estimated at 
fixed a, a,/a and Cy. These restrictions are equivalent 
to constant a, a,/a, and h, since when / is constant, Cp 
is constant. Thus, the various equations deduced below 
for the thermodynamic properties remain valid if this 
alternative model of polyelectrolytes be assumed. 


2. Calculation of Activity Coefficients 


The chemical potential, and hence the activity coeffi- 
cient, of added salt may be calculated by differentiating 
the sum of all contributions to the free energy with 
respect to amount of salt. According to the discussion 


in the previous section, only the derivative at constant 
degree of neutralization, at constant polymer configura- 
tion, and fixed distribution of polymer charges need be 
calculated. When these variables are held constant S, 
and S, do not change and, as seen from Eq. (3), it is 
sufficient to calculate the changes in F,, —7TSja and 
>: Nii. 

Inasmuch as (F.—T7Sja) equals (E.—TS), Eq. (11), 
the changes in EZ, and S will be determined rather than 
the changes in F, and Sa. According to Eq. (7) the 
change in E, with amount of added salt at constant 
volume V may be written as 


SE,=3 f [v(5p+8p,)-+ (p-tp»)by AV 


=f wtonivdv= [Hertéie)aV. (14) 


The second equation may be established by writing y 
and é6y in terms of the p’s and ép’s using Eq. (12). At 
constant polymer configuration and distribution of 
polymer charges 69,=0 so that 


5E.= J Pod V. (15) 


The change in S at constant volume may be esti- 
mated from (9) to be 


6S= —k>; f Incjéc,dV. (16) 


Using the Boltzmann expression (2) and denoting 
S exp(—ew/kT)dV by V,, it follows that 


ew Nj 
s5——AE f (- +n )ocav 
kT V; 


1 i 
=— | vipdv—#E. (i) focav (17) 
T V; 


1 


since do=)_; e6c;. It is noted that n;/V; is independent 
of position and hence has been removed from the 
second integral. 

At constant volume 6n;= f6c,dV so that from Eqs. 
(14) and (17) we have 


Ny 
5(E.— TS)=kT>; — (18) 


4 


The change in the term >>; m,u,° caused by the addition 
of salt is >>; u,°6n;. 

Thus the chemical potential of any mobile ion of the 
type j in V is 


te) nj 
pj=—(E.— TS+D nae) =n P+kT In—. (19) 
N; j 
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The chemical potential of any salt, one mole of which 
dissociates into v, moles of cations and v_ moles of 
anions in this sytem, is therefore 


N+. Vy nN a 
B= vy y+ v_p+kT in) (=) (20) 
Va Fas 


where the subscripts + and — correspond to the cat- 
ions and anions, respectively. 

Defining the mean ion activity coefficient f, by the 
equation 


N+. V4. n— a 
B= vy py? + v_p°+kT in(~) (-) fx” (21) 
V V 


where v=v,+v_, it follows that 


V\%+/V\"- 
HG): = 
Vi Ve 

It may be verified that making an additional assump- 
tion of random mixing of neutralized and unneutralized 
groups on the polymer, i.e., setting a, =a everywhere and 
so using Eq. (5) for S,, instead of (4), leaves Eq. (22) 
unaltered. 

It is interesting to observe that this equation can also 
be obtained in a somewhat different, though less rigor- 
ous, way. Let us assume that this salt-polyelectrolyte 
solution is in equilibrium with an ideal salt solution 
containing no polyelectrolyte, where the concentration 
of ions of the 7th type is é,;, the two phases being sepa- 
rated by a membrane impermeable to the macro-ion in 
order to maintain equilibrium. That is, a type of 
Donnan membrane equilibrium is set up. Then it is 
reasonable to expect that the concentration of ions of 
type 7 in any local region of the subvolume V in the poly- 
electrolyte phase will be given by c;=é,; exp(—ea/kT) 
since c;=é,; in the ideal solution where Y=0. Thus 
n=: fexp(—ew/kT)dV. At equilibrium the activity 
of a salt is the same in both phases. That is, 


Fa.?(n4/V)"+(n_/V)'-= (€4)'+(€_)"-. 


Since, as just stated, 7;=¢;V;, Eq. (22) immediately 
follows. 

That the mean ion activity coefficient, calculated on 
this basis, is always equal to or less than unity when 
both ions of the salt have the same valence, may be 
shown by application of Schwarz’s inequality”: 
SPdV- Sf dV > (SfgedV)*. Setting f=exp(—e,y/2kT) 
and g=exp(—e_y/2kT) it follows that fg=1 when 
é;=—e_. The integral on the right-hand side of the 
inequality then becomes V? while the product on the 
left-hand side is ViV_. That is, V;V_> V? and, since 
v4=v_ here, f, is seen from Eq. (22) to be equal to or 
less than unity. 





” H. Margenau and G. M. Murphy, The Mathematics of Physics 
and Chemisiry (D. Van Nostrand Company, Inc., New York, 
1943), p. 130. 
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A few applications, considered below, may serve to 
indicate the ease of a calculation based on Eq. (22) as 
compared with one involving a differentiation of the 
free energy into which parameters of the models have 
been previously introduced. 


Applications 


A coiled model of polyelectrolytes—The Poisson- 
Boltzmann equation has been solved’ for a spherically 
symmetrical model of a polyelectrolyte, using the ap- 
proximation that a large number of mobile ions lie 
within the coils such that this region is about electri- 
cally neutral. The result obtained by these authors for 
the chemical potential of added salt [their Eqs. (32) 
and (33)] may also be obtained in a very straight- 
forward manner by using Eq. (22) here and their Eqs. 
(23) and (24). This procedure avoids an awkward inte- 
gration and differentiation. Actually these two values 
for uw differ roughly by an additive constant due to a 
slight difference in the definition of the entropy." 

“Parallel rod” model of polyelectrolytes —Recently the 
Poisson-Boltzmann equation has been solved** ex- 
actly for the cylindrically symmetric case, no added 
salt, in which the polymeric ion assumed to be rod-like 
lies along the axis. No exact solution for y is available 
for the important case of added salt. Nevertheless the 
solution of these authors can also be applied to the 
calculation of the activity coefficient of infinitesimal 
amounts of such salt, inasmuch as such minute traces 
do not affect y. These authors, however, did not con- 
cern themselves with added salt and did not calculate 
any activity coefficient. Using their expression for 
y [Egq. (33) of reference 4], the product ViV_ was 
calculated and it is found after considerable simplifica- 
tion that for a uni-univalent salt 


fat=2 or (23) 
NAL f— (a/R) fo] 


where a=radius of the rod, R=radius of the cylinder 
(xR? is the volume of solution per macro-ion per unit 
length of the macro-ion), \*=e’v*/DkTh*, there being 
v* ions fixed on a macro-ion of length h*, 8 is the solution 
of A*= (1+?)/{1—8 cot[@ In(a/R) }} and f; and f. are 


functions of 8. Thus 
. 13-6? (N*—3)2+4+4+8" 
(4407146) ~ (4+69CA*-1"+6] 


Depending on the magnitudes of the parameters \* 
and a/R, 8 may become imaginary. When 6 becomes 











24) 


13 Osawa et al. use a definition of the entropy of mixing based on 
mole fractions while here a definition based on concentrations is 
used. The latter is more simply related to the definitions of Z, and 
F, while the former is more exact but also more awkward. In 
dilute solution they differ by an additive constant. In very con- 
centrated solutions where a significant difference occurs neither 
presumably is especially correct, the effect of hydration and re- 
stricted volume on this entropy becoming very important then, 
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Fic. 1. The dependence of the activity coefficient f; of vanish- 
i ngly small amounts of added salt on the charge parameter \* of 
the polyelectrolyte: theoretical, —— calc for a/R=e™ and for 
a/R=e*; experimental, -G- data of f, vs @ are plotted on this 
graph using A*=5.9a as the conversion factor (see text). 


imaginary it should be replaced in all these equations 
by i|8| and we observe that 


cot(i|8| Ina/R)=—i coth(|8| Ina/R). 


Reasonable estimates of \* and of a/R may be made 
although some uncertainty arises because of the kinked 
nature of the polymeric ion. As the degree of neutraliza- 
tion a of polymethacrylic acid, say, increases, the poly- 
meric ion becomes more highly charged and stretches 
due to the repulsion of its charges. When a exceeds 
about 0.35 viscosity and light scattering measure- 
ments" indicate that the dimensions change relatively 
little with increasing a. The viscosity data suggest 
that for these values of a the head-to-tail length of the 
molecule is about half that of the linear chain length; 
that is, half the value it would have were it fully 
stretched. The question arises as to which length to use 
for h*. The effective surface charge density acting on 
mobile ions at appreciable distances from the macro-ion 
should be that corresponding to the value estimated 
from observed head-to-tail length while the effective 
density acting on mobile ions very near the macro-ion 
might approximately be that estimated from the total 
linear chain length. 

This uncertainty in / introduces a corresponding one 
in a/R and X*. The calculated values of f,. are relatively 
insensitive to such errors in a/R while the effect of fx 
of an uncertainty in A* of a factor of 2 may be inferred 
from Fig. 1. In the present calculation we shall use the 
observed head-to-tail length, so that 4/v*=1.25 A. 
When the concentration of polyelectrolyte is co equiva- 
lents per liter, then 1R?h*co=v*, so that when R and h 
are in A, we find R= 20.6/4/co A. When co=0.05 M, as 
in the following data, when R=92 A. The radius, a, 
of the cylindrical, charged rod is essentially the distance 
of closest approach of the mobile ions to a carboxyl 
ion fixed on the polymer chain. If a is about 6 A, then 


4 See A. Oth and P. Doty, J. Phys. Chem. 56, 43 (1952). 


a/R=e~*-”, Other reasonable choices of a will have only 
a minor effect on the calculated values of the activity 
coefficient. When a@ exceeds 0.35 we estimate from the 
previously mentioned head-to-tail length A*=5.7a, 
approximately. 

In Fig. 1 the mean ion activity coefficients of traces 
of salt in the presence of polyelectrolyte, estimated 
from Eq. (23), are given as a function of \* for a/R=e™ 
and a/R=e~*. In performing these calculations, \* 
was calculated for various values of 8, for these two 
values of a/R, using the equation relating \* to 8, 
rather than solving this transcendental equation for £. 
A graphical representation for the dependence of \* 
on 8 has been given by Lifson and Katchalsky.'® 

Experimental activity coefficients!® have been de- 
termined for various amounts of added salt as a func- 
tion of the degree of neutralization. These data extra- 
polated to zero concentration of added salt are plotted 
in the form fs vs A* in Fig. 1 assuming A*=5.7a. The 
agreement with the curve for a/R=e~ is reasonably 
good considering the nature of the approximations and 
the fact that no adjustable parameters were used. To 
obtain exact agreement an arbitrary choice of \X*=9.5a 
is necessary. 


3. Calculation of Osmotic Pressure 


The osmotic pressure of a salt-polyelectrolyte system 
may be calculated by differentiating the free energy, 
as given by Eq. (3), with respect to volume keeping the 
amounts of polyelectrolyte and added salt constant. 
Recalling from the discussion in Sec. 1 that this deriva- 
tive equals that at constant polymer configurational 
variable 4, fixed polymer charge distribution and fixed 
degree of neutralization, the contributions to the free 
energy which may change with volume under these 
restrictions are —7S,, E, and —TS as defined in 
Eqs. (4), (7), and (9), respectively. The changes in 
these quantities will now be calculated. The contribu- 
tion of the motion of the macro-ion to the osmotic pres- 
sure will, however, be neglected for the present purposes. 

A change in volume 6V will change the potential, 
the charge density and the upper limit of integration 
of the expressions for S,,, E., and for S. The contribu- 
tion to 6S, arising from a change in the upper limit of 
integration in (4) is zero since the polymer lies within V 
rather than on the bounding surface S of this volume. 
At fixed distribution of polymer charges, a, does not 
change so that the change in the integrand of the ex- 
pression for S,, is also zero. That is, 5S, is zero. 

Indicating the values of y and p on the surface of the 
volume V by a superscript s we have 


26E,= J V(50+8,)dV 


+ f (o+p,)oVdV-+¥"('+p,4)8V. (25) 


16S. Lifson and A. Katchalsky, J. Polymer Sci. 13, 43 (1954). 
16 A. Katchalsky and S. Lifson, J. Polymer Sci. 11, 409 (1953). 
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By expressing dy and y in terms of the p’s using Eq. (12), 
it is found that 


sE,= f (o-tp,)opdV 


= J ¥Go-+ie )avtyr(ortep"V. (26) 


At fixed polymer configuration and polymer charge 
distribution 6p,=0 and since p, lies within V rather than 
on its surface S, p,*=0. Thus it follows that 


5E.= [vavtypsr. (27) 


We also have from (9) 


6S=—k>; (c,8 Inc;*—c*)—k>; f Inc,éc,dV. (28) 
Using the Boltzmann expression for c;, we obtain 


Ni 
T6S=p'y*6V—kT>; (<sv+ facav ) “"S 


+ f YipdV+kTD: c:6V. (29) 


The change in the number of mobile ions of the ith 
type 62; is equal to (c,*6V-+ fscdV) and is zero. It 
thus follows that 


6F =6E,—T8S=—kTD; c,*5V. (30) 


The introduction of solvent to increase the volume also 
results in another free-energy change which in dilute 
solution becomes y..°62~ to a good approximation, p,.° 
being the chemical potential of pure solvent. Inclusion 
of this in (30) and division of the equation by én, yields 
for the chemical potential of the solvent pwo=p." 
+(dF/8V)V~, Vo being the partial molar volume of 
solvent. Inasmuch as the osmotic pressure a equals 
(uu°—pw)/V» in dilute solutions, we have 


OF 
=——=hkT); ce. (31) 
OV 


It may be verified that the additional assumption of 
random mixing of the neutralized and unneutralized 
groups on the polymer chain leads to the same equation 
for 7. 

The result (31) for the contribution of the mobile ions 
is quite reasonable. The potential gradient at the 
boundary of the volume V is zero so that the ions there 
are, according to the present formalism, not acted on 
by any electrostatic forces. That is, the solution at the 
boundary is an “ideal solution,” and the osmotic pres- 
sure of an ideal solution is kT multiplied by the total 


concentration of its solute.!7 Since the concentration at 
the boundary is >>; c;* the osmotic pressure is kT); c;*. 
This sum is, at least in the absence of added salt, less 
than the average total concentration in the solution 
so that the osmotic pressure is less than the value it 
would have if the solution were everywhere ideal. When 
the solution becomes ideal the concentration of an 
ion at the boundary becomes equal to its average con- 
centration, ”,;/V, and the osmotic pressure assumes 
its ideal value >>; (m;/V)RT. 

As an application of (31), we consider the derivation 
of an expression obtained for the osmotic pressure 
using the “parallel rod” picture. By computing the 
electrostatic free energy in terms of the parameters, 
a/R and i*, of this model and differentiating it with 
respect to the volume, Katchalsky and Lifson'® calcu- 
lated the osmotic pressure. The differentiation is, 
however, a particularly tedious one and an equation 
for the osmotic pressure can be obtained much more 
simply using (31) and their expression for the concen- 
tration. Thus we find immediately 


a= v*kT (1—6?)n,/2d* (32) 


where ”»=1/mRh*, the number of macro-ions per cc, 
and 6, v*, and \* have been defined earlier. Actually this 
equation is slightly different from Eq. (34) of their 
paper. This difference arises from a minor error in the 
definition there of the osmotic pressure of the un- 
charged system, 7; [their Eq. (30) ] which does not 
take into account the volume of the solution unavail- 
able to the mobile ions. Their value of 2; should be 
multiplied by the factor R?/(R?—a’). 

Finally it is to be observed that Eq. (31) is inde- 
pendent of Eq. (22) which was derived in the previous 
section. These equations are related to the chemical 
potentials of solvent and added salt, respectively, 
and these are independent. However, any expression 
derived for the chemical potential of the polyelectrolyte 
would not be independent of these since the Gibbs- 
Duhem equation connects all three chemical potentials. 


4. Calculation of Titration Curves 


It will be assumed for simplicity in this section that 
the protons attached to some of the basic groups in 
these polybasic acids (or bases) are randomly dis- 
tributed among all groups. That is, Eq. (5) for S,, will 
be used rather than Eq. (4). This may be regarded as a 
type of Bragg-Williams approximation used in the 
treatment of order-disorder phenomena. The error 
inherent in this assumption for the case where nearest 
neighbor interaction between the charged groups of 
polyelectrolytes predominates has been considered 
elsewhere.'® Under the experimental conditions dis- 
cussed there (appreciable added salt present) it ap- 
peared to be a fairly good approximation. In the present 

17This argument was suggested to the writer by Dr. H. 


Morawetz. 
18 R, A. Marcus, J. Phys. Chem. 58, 621 (1954). 
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model the assumption will be the more appropriate the 
less y (and therefore, according to (65), a,) varies over 
the space occupied by the macro-ion. 

It will be recalled that the equilibrium value of the 
degree of neutralization a is determined by setting the 
variation in the free energy equal to zero, the volume, 
salt, number of available protons, and polymer con- 
figuration being held fixed. The change in the various 
contributions to F, listed in Eq. (3), will now be esti- 
mated. At constant polymer configuration S$, is con- 
stant. The term (F.—TS;a) equals (E.—TS). At con- 
stant volume, 6E, and 6S are given by Eqs. (14) and 
(17), respectively. With the added restriction of con- 
stant salt concentration it thus follows that 


6(E.—TS)= [verav+er Inn, (33) 
H 


At constant polymer configuration and assumed random 
distribution of neutralized and unneutralized groups 
P» Changes only because of a change in the total number 
of ionized groups. Since the ionized groups are assumed 
to be randomly distributed the local concentration of 
the ionized groups on the polymer is proportional to 
the sum of the concentrations of all groups, neutralized 
plus unneutralized. Therefore the fractional change in 
the charge density 5p,/p, with change in a is constant 
throughout the polymer and is, in fact, equal to the 
over-all fractional change in the number of ionized 
groups, da/a. That is, 6p, in Eq. (33) is related to da 
according to the equation 


bpp ba 
———, (34) 
Pp @ 
The change in S,, given by (5) is 
5S m= —mk{(In(a/1—a) léa, 


while the variation in }>; 2,u,° at constant salt is uy°dny. 
Observing that /6p,dV =e,méa=—eybny it then fol- 
lows, if the individual ions on the polymer are univalent 
anions, say, (¢)= —ey), that 


a 
6F= RT \In——+ (un +u0°— x0") 


== 
f pip»dV 
nH 
+kT in fon (35) 


ma H 


ati “a f YppdV 
i, 


n _ + a . 
(1—a)V_x kT = makT 





+ 


i.e., 


(36) 





Equation (36) may be used, in conjunction with Eq. 
(22) for the mean ion-activity coefficient, to estimate 
the activity of some acid such as HC] in the presence 


of a polymeric acid as a function of the latter’s degree 
of neutralization, a. For example, the logarithm of the 
activity of HCl is 





nyNncifs? 
Inage.=ln—_ 
VaVe 
¥p,dV 
Ap® J (1—a)nc1 
_— +n] (37) 
kT makT aVenr 


where Voi.= fexp(ey/kT)dV. 

Alternatively, Eq. (36) may be used to obtain an 
expression for the dependence of pH on a but there is 
some uncertainty arising from the liquid junction 
potential, Ez, present in the electrochemical cell used 
to define the pH. If in the presence of salt E, is reason- 
ably independent of the degree of neutralization, a, of 
the polymeric acid or base, then a calculation of the 
change of pH with a only involves an estimate of the 
change in —logay with a, for then the pH=—logay 
+constant. According to Eq. (19) previously given for 
the chemical potential of an ion, —logay = —logny/V x 
and it therefore follows from (36) that 


- J veav 
a a 


pH=log + 


+ + +constant. (38) 
1—a 2.3kT 2.3makT 





Defining the pK of the polymeric acid as pH—loga/1—a 
we have to the same degree of approximation 


fvesav 
Ap? 
K 4 


_ oe 
2.3kT 2.3makT 





+ constant. (39) 


p 


When the ions fixed on the polymer chain are regarded 
as forming a surface charge density o rather than a 
volume charge density p», the integral in (38) and (39) 
should be replaced by the surface integral {yyodA. 

When no added salt is present, it is possible that 
depending upon the conditions the change of ionic 
concentration accompanying neutralization may have 
a somewhat larger effect on the liquid junction poten- 
tial than is the case when salt is present. However, in 
the absence of added salt the repulsion of the like 
charges on a macro-ion is usually poorly shielded and the 
change of pK with a is generally quite large. Changes in 
E, with a are presumably of a smaller order of mag- 
nitude. In that case Eq. (39) may again be used. 

If in this treatment the simplifying assumption of 
random mixing of neutralized and unneutralized groups 
had not been made, then an equation similar to (38) 
would have been obtained, but with the exception that 
(S bp pdV)/(ma)+kT In(a/1—a) would have been re- 
placed by kT InD where D is defined in (66). 
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5. Note on the Equilibrium Configuration 


In the calculation of the various thermodynamic 
properties a knowledge of the polymer configuration is 
necessary. Making certain assumptions, a parameter 
roughly defining this configuration may be estimated 
from viscosity or light scattering measurements, say. 
This parameter may, for example, be the radius of the 
polyelectrolyte, assumed to be coiled. If, instead, the 
polymer is assumed to be rod-like no such additional 
information is necessary. 

On the other hand, the equilibrium value of a con- 
figurational variable such as radius of polymer or 
average end-to-end distance may be calculated by 
setting the change in the free energy F equal to zero 
for any deviation of this variable from its equilibrium 
value, at constant composition, volume, temperature, 
and degree of neutralization. In Appendix II it has been 
shown in this manner that the equilibrium value of h 
satisfies the relation 


dC, dS, 
kT f In(1—a,)—-dV = T—. (40) 
dh dh 


A knowledge of the dependence of a, and y on posi- 
tion and on f, and of C, and S, on f, is needed to solve 
this equation. Thus a, is related to y by the relation 
(65), a-= De~@¥!/*T/ (1+ De-*¥/*T), which can be intro- 
duced into the Poisson-Boltzmann equation. This latter 
equation may then be solved for (r,h). Estimates of 
the dependence of C, and S, on # for the uncharged 
polymer can be made and, according to assumption (3), 
of the first section, these could be used for the macro-ion 
in order to solve Eq. (40) for h. 

When random mixing of the neutralized and un- 
neutralized groups on the polymetric molecule is as- 
sumed, then it may be verified by using the same pro- 
cedure as in Appendix II, only setting a,=a in Eq. (56) 
for the free energy there, that / is the solution of 


dC, dS p 
$—d V= Pmt, (41) 
dh dh 


Alternatively, it can readily be shown with the aid of 

(65) that (40) reduces to this equation when y varies 

but little over the space occupied by the polymer. 
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APPENDIX I 
Comparison of Various Expressions for Fe 
(i) Comparison of Eqs. (6) and (8). 


When the degree of charging of the entire system is \ 
the corresponding value of the electrostatic free energy 


will be denoted by F,’. That is, F.’=F, when \=1. 
Accordingly, we may rewrite these equations in terms 


of F,’: 
A=1 dx 
FJ= J 2B, (6) 
A=0 


“aw 


where the integration in (8’) is to be performed at 
constant dielectric constant D. The superscript ’ will 
be used to signify the values of y, p, etc. when +1. 
Differentiating the first expression with respect to A 
we have 


F=r f 








(=) ; _2E, 4 


fasta 2E,! 
an ) T 


Deriving the second with respect to.1/7 at constant D 


we have 
(<= T) 
0(1/T) 


To show the equivalence of Eqs. (6) and (8) it is 
sufficient, therefore, to show that 


(=) 2 (== 

a Jy xT\ a(1/T) Jp 

If at constant D, F,’ depends on d and T only through a 
variable \?/7, then this equation can readily be derived 


by expressing each partial in terms of the derivative 
with respect to \?/T: 


-GHFs). 


and therefore 





, 


























2n F/T 
— | (42) 
T on:/T 
(—") (—") (~~) 
ai/T Jip \oan/T/p\ 01/T/, 
aF!/T 
= _ (43) 
an2/T 


The elimination of dF ,’/T/0\*/T from these equations 
yields the desired equation. As expected, at constant D 
the statistical mechanical expression for F,’/T, 


Nee; 
P/=—aT iol [ few(-z ———_-) 
>j \rs— r;| DkT 


XdVi-- avy/V"| (44) 
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depends on A and T only through a dependence on \?/T 
and so fulfills this equation. The integration is over the 
coordinates of all mobile ions in V but the z and j refer 
to the coordinates of all ions. 

The Poisson-Boltzmann equation can be shown to 
yield the same dependence of F.’/T on X and T. We 
first observe that 


v@)-—— ~f ee te ye an 


|r—r’”| 





where p’=A)>_; e:c;’. Since c,;/ depends on A and 
T only through the variable Ay’/7, according to 
the Boltzmann expression, c,’/=n;exp(—Aew’/kT)/ 
JS exp(—)ew’/kT)dV, it follows that p’ equals \ times 
a function of A¥’/T. Let p’=df(Ay’/T). Throughout, 
regardless of the value of \ and 7, the polymer configu- 
ration and its charge distribution are held constant 
in integrating these expressions for F,’; that is, p»’/d 
=a,C, is independent of \ and of 7. Thus it follows from 


! 2 '/T a 
Ay oe ae )+p “ev (45) 





oo" 
that A~’/T depends only on ?/T at constant D. 
Since E,’=3 fw’ (p’+p,')dV we conclude from 





=f “L/0W'/T)-+o,' AMV (46) 


that E,'/T is a function only of Ay’/T and therefore, 
at constant D, only a function of A?/7. Since 


> 2E 4! dd 
Fi/T= ke 


F.'/T is, at constant D, only a function of \?/T, since 
dd/X can for integration purposes be expressed in terms 
of the derivative of a function (logarithm) of \?/T. 
This establishes the statement that the assumption of 
the Poisson-Boltzmann equation does not affect the 
equality of Eqs. (6) and (8). 


(ii) Comparison of Eqs. (6) and (11) 


It has been established in the previous section that 
the use of the Poisson-Boltzmann Eq. (1) does not 
affect the identity 


OF ./T OF, 
2n() -o-(2), 
01/T D OT / p 
where F, is given by Eq. (6). Using this result it may be 
concluded that it is sufficient to show that [dF./dT ]p 
= —(S—S,a) in order to demonstrate that the use of 
Eq. (1) does not render Eqs. (6) and (11) inconsistent. 


The entropy difference (S—S;a) is computed from 
Eqs. (9) and (10). In the following proof all differentia- 











tions with respect to T will be performed at constant \ 
and D, and those with respect to A, at constant 7 and D. 
We have from the differentiation of (6) 


—= f f [ote ty (= (Cav, (47) 


Expressing y’ and dy’/dT in terms of p’ and dp’/dT 
with the aid of (12’), it may be verified that Eq. (47) 


becomes 
Op’ Phe. dn 
“=2f fo '(—+ )rav. (48) 
oT OT oT/x 


Since the polymer configuration is kept constant in 
integrating the expression for F,, dp,'/9T=0 and 


aT =f for ow, (9) 


Since p’ is \ times a function of \?/7, it may be verified 
that 











1dp’ 2a d 
il = (50) 
NOT OT 2T 


by expressing each partial derivative in terms of a 
derivative with respect to \*/T. Substituting this into 
Eq. (49) and integrating by parts, we have 


pydV . 
(4 aay. (51) 
T a XT 








oT 


This expression may be simplified by employing the 
following identity [established by carrying out the 
differentiation on the left-hand side of (52) and then 
introducing the Boltzmann expression for c,’ |: 


U 


d p’ oy’ py’ 
k—> 1; nv/=— f ([—+— Jav, (52) 
Or T oX’U 6UNT 


Integrating this from \=0 to A\=1 the left-hand side 
becomes k>>; n; In(V;/V) since V;/= V; when \=1 and 
V,{=V when A=0. Thus from Eqs. (51) and (52) it 
follows that 











f ovav 
OF, V; 
=— = kD; nN; In—. (53) 
oT T V 
Since according to (2) 
py p ecw ciVi . 
om enone oo =>): ¢; ln— (54) 
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it follows that from (53) 





OF, n; 
=k>; fo IncdV —k>_ ; n; In— 
oT V 


Ny 
=k fi Inc;—c,)dV — AXA m — n) ; 


=— (S—Sj4). (S5) 


APPENDIX II 


Calculation of Distribution Functions and of 
Effect of Redistribution of Groups on iF 


It will be shown here that the redistribution of the 
charges on the polymer and, incidentally, the change in 
the configurational variable 4, both of which accom- 
pany a reversible change in state, contribute nothing 
to the calculated free-energy change 6F, so that 6F 
equals that estimated at fixed relative distribution, 
a,/a and at fixed h. 

On the basis of Eq. (3) for F and the various equa- 
tions given in the text for the terms which occur there, 
we may write 


F= f KdV-TS, (56) 
where 
K=kTC,[a, Ina,+(1—a,) In(1—a,) J 
+2W(Lii cei taC pep) +kT YL: (ci Inci— ce) 
+X cmP+Cylamat+(1—a,)una’]. (57) 


It follows from a,Cy=(a,/a)Cpa and ¢;= (c;/n,)n; 
that 6(a,C») =aC,6(a,/a)+ (a,/a)C,6at+a,5C, and bc; 
=n,6(c;/ni)+ (c:/n:)én;. That is, the change in c¢; for 
example may be written as the sum of a change in n; at 
fixed relative distribution c,/n;, plus a change in the 
relative distribution. We may then write for 6F, 


ar f 5 5°(=) 


OK Cy OK dC» 
+>; (—)+— —on av 
0(c;/n;) Ny OC p dh 








dS'y 
+5 f (KartaciiniseylV— (58) 


where in the partial derivative 0K/0(a,/a), for ex- 
ample, a, c;/n:, 2;, Cp and all thermodynamic variables 
are held fixed. The variation in the second integral 
is performed at fixed a,/a, c;/n;, and Cp, as indicated 
by the subscripts, and only differs from zero when there 
isa change in a or in the thermodynamic state. Actually, 
because of the equilibrium relation 0F/da=0, it follows 








therefore, that in a given thermodynamic state it equals 
zero. At equilibrium in a specified thermodynamic state 
6F equals zero and the variations in a,/a, c;/n; and Cy 
are subject to the restrictions of constant number of 
each type of ion, and constant number of neutralized 
and of unneutralized groups on the polymer. Therefore, 
in a given state 


1 
_ f 5(a,C,)dV =0 


a 


{ 
bs J ScdV=0 for all i$. (59) 
nN; 


fecsav =o 


Multiplying these equations by the constants A, B;, 
and C, the Lagrangian multipliers, and adding to (58), 
where the second integral and 6F are set equal to zero, 
it follows that the coefficients of 6(a,/a), 5(c;/n,;) and 
5h are zero since this new equation is obeyed for arbi- 
trary variations in a,/a, c;/n;, and h. [At least these 
variations in a,/a and c;/n; are arbitrary subject to 
(59) and this limitation may be removed by imagining 
V spanned by cells, the integral of K over V becoming a 
sum over cells, and choosing A, and B; so that the coeffi- 
cient of the variations in a particular cell is zero. The 
variations in a,/a and c;/n; in the other cells are arbi- 
trary so that the coefficients of these variations must 
equal zero in these cells too if the equation is to be 
obeyed for all variations. ] By this process Eqs. (60), 
(61), and (62) defining the equilibrium a,/a, c;/n;, and 
h are obtained 











OK 
+C,A=0 (60) 
0(a,/a) 
OK 
-+ B;=0 (61) 
d(c,/ni) 
OK ar dC y dS » 
[+444 —dV —T—=0. (62) 
dC » a dh dh 


Introducing these results for 0K /0(a,/a) and dK/dC, 
etc., into (58) it follows that 


aC » 
sp=—A fo Jav—c f scav 
a 


+6 f (K)arla.cpdV (63) 





where we have combined the term involving 0K /0(c;/n;) 
with the last term in Eq. (58). In Eq. (63) the first term 
is really —A multiplied by mé(a/a), which always 
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equals zero’ while the second term is also always zero. 
Therefore, 


sF=8 J (Karta.clV=8(Farlacy (64) 


which establishes the desired result. 

Introducing expression (57) for K into (60), (61), 
and (62) it follows that a is given by Boltzmann expres- 
sion (2), that a, is given by (65), where D is a constant 


19 Actually, 
O= mi(a/a)=5S (Cypar)/adV =a*C pV /at+ Sb (arCp/a)dV 


and C,* equals zero since the polymer lies within V and not on 
the bounding surface, 5, of this volume, so that this expression for 
mé5(a/a) becomes f5(a,Cp/a)dV. 
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estimated by multiplying 


De~en¥lk T 


(65) 


ee ee 
1+De-ervlet 
both sides of (65) by C,dV and integrating over V, 


e-ewvIkT 


ma= { CyadV=D f ————_av (66) 
1+ De-e¥/kt 


and that / is the solution of 


dS, 


dC» 
J Gr ina,-+epb)—av =T (67) 
dh dh 
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An examination of the kinetics of the photoreduction of zinc tetraphenylporphin by benzoin is reported. 
The products are successively the dihydro- (chlorin) derivative; a tetrahydro-derivative and possibly a 
hexahydro compound as well. It is demonstrated that the primary requirement is the photoactivation of the 
benzoin; a secondary reaction, involving photoactivated porphyrin as well, is also demonstrated. The quan- 
tum yield based on light absorbed by benzoin varies between 0.01 and 0.06. 


ORK has been previously reported from this 

laboratory’ on the photochemical oxidation of 
zinc dihydrotetraphenylporphin, also known as zinc 
tetraphenylchlorin. Due to interest in the role of 
chlorophyll in photosynthesis, and the possibility that 
reduction or oxidation of chlorophyll may have a 
function in that role, we have continued study of photo- 
chemical reactions of simple porphyrins. 

Since zinc tetraphenylchlorin had been quantita- 
tively oxidized to the porphin by quinone,’ when 
irradiated by light absorbed by the chlorin, we sought 
to reverse this reaction by photochemically reducing 
zinc tetraphenylporphin. It was found that, using the 
following reducing agents in deoxygenated benzene, 


* This paper was abstracted from the thesis of Gilbert R. Seely, 
submitted in partial fulfillment of the requirement for Doctor 
of Philosophy, University of California, Berkeley, February, 
1954. Present address: 9771 TSU, Det. 3, Dugway Proving 
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Berkeley, 1947; M. Calvin and G. D. Dorough, J. Am. Chem. 
Soc. 70, 699 (1948); G. D. Dorough and M. Calvin, Science 105, 
433 (1947). 
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3F, M. Huennekens, Ph.D. thesis, University of California, 
Berkeley, 1948; F. M. Huennekens and M. Calvin, J. Am. Chem. 
Soc. 71, 4024, 4031 (1949). 


alcohol, or pyridine solutions, reduction could be de- 
tected spectroscopically after exposure to sunlight: 
benzoin, p-dimethylaminobenzoin, ascorbic acid, di- 
hydroxyacetone, dioxymaleic acid, reductone, hydrazo- 
benzene, semicarbazide, m-hexyl mercaptan, 1,2-ethane- 
dithiol and arabinose. The rapidity and extent of reduc- 
tion varied greatly with the reducing agent used; with 
benzoin, reduction was spectroscopically complete 
after 15 or 20 minutes of sunlight. The mercaptans and 
arabinose produced only a trace of zinc tetraphenyl- 
chlorin after days of exposure to sunlight. The hydra- 
zines worked very little faster, and the hydroxyketones 
listed (except benzoin), required several hours, or even 
days for significant reduction. 

In general, reduction was found to occur in two steps. 
At first, a band near 625 my, indicative of zinc tetra- 
phenylchlorin, was seen to emerge. Later, a band near 
600 my intensified, which is indicative of a compound 
which will be identified as a zinc tetraphenyltetrahydro- 
porphin. On prolonged exposure to light, this band, too, 
fades, leaving a washed-out spectrum. 

The reduction by benzoin was the only one fast 
enough to permit kinetic measurements under artificial 
illumination, so this reagent was used throughout, for 
determination of the quantum yield and the mechanism 
of the reduction. 
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EXPERIMENTAL 


Zinc tetraphenylporphin was prepared directly by 
heating 5 cc pyrrole, 10 cc benzaldehyde, and 5 g zinc 
acetate in 15 cc of pyridine for four days at 180°C in a 
sealed tube. On cooling, the product separates as purple 
crystals, which may be filtered from the tarry by- 
products, and washed with a mixture of acetone and 
ether." 

Before use, this crude material must be purified by 
chromatography. The most convenient way was found 
to be as follows: crude porphin is dissolved in benzene, 
and put onto a column composed of a mixture of ignited 
magnesia and Hy-flo Super Cel. Development is con- 
tinued with benzene until the purple, fastest moving 
layer, which is porphin, is sufficiently separated from 
the green layer of zinc chlorin. Sometimes a trace of 
pyridine in the developer was found helpful in later 
stages. The column is then extruded, and the part 
containing the porphin treated with water. Slaking 
releases a solution of zinc porphin in benzene, which is 
decanted, filtered, and evaporated. Stock solutions were 
made up in benzene, and were stable indefinitely, kept 
dark. If pyridine is used in the development, the zinc 
porphin pyridinate complex crystallizes out, which 
can be made to lose its pyridine by drying in a vacuum 
oven above 100°C. The benzoin used for the reductions 
was recrystallized from alcohol-water. 

In order for reduction to take place, oxygen must be 
completely absent; if present, a side reaction occurs. 
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Standard solutions of zinc porphin and of benzoin in 
benzene are measured into a square pyrex tube, of 1 cm 
sides, having two opposite faces ground optically flat. 
Extra benzene is added, the spectrum is taken, and the 
contents of the tube are flushed, near the boiling point 
of benzene, with nitrogen which has been freed of 
oxygen by passing it through two bottles containing 
Fieser’s solution and one containing sodium benzo- 
phenone kety] in toluene. The tube is cooled, covered 
with a head, and evacuated as an extra precaution. 
During this procedure, the volume «! the contents of 
the tube is reduced by about one-third. 

The concentration of zinc porphin is obtained from 
the spectrum, taken after flushing and evacuation. 
From the concentration of the benzoin before flushing, 
and the spectra of porphin before and after flushing, the 
concentration of benzoin after flushing may be ob- 
tained. Such a large excess of benzoin is used that its 
concentration remains essentially constant during the 
course of the reaction. 

The contents of the tube are now irradiated, and at 
intervals the spectrum is taken, for from the rate of fall 
of the absorption bands characteristic of the porphin 
the rate of reduction may be found. Light from a 
General Electric Reflector Sunlamp is passed through a 
large aperture, focused by a condensing lens onto the 
receptive surface of a Kurlbaum large area bolometer, 
and the reaction tube placed in a water thermostat 
equipped -vith a diaphragm, so that all light reaching 
































Fic. 1. Spectra of zinc tetraphenylporphin in three_solvents: 
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Fic. 2. Density-time plots for some of the experiments as listed in Table I. 


the bolometer must first pass through the tube. In this 
way, a high level of light intensity could be obtained 
and measured. The bolometer was calibrated against a 
primary standard lamp furnished by the National 
Bureau of Standards, and showed linear response in the 
range of operation. The intensity of light incident on 
the tube could be decreased by the use of screens over 
the aperture between the sunlamp and the condensing 
lens and a place was provided between aperture and 
lens for interposing color filters. The temperature of 
the water in the thermostatted jacket, which was just 
wide enough to allow the reaction tube to fit inside, 
was maintained at 25° for all of the runs. 

Spectra were taken at convenient intervals of the 
region from 450 to 650 my, on a Cary Recording Spec- 
trophotometer (Fig. 1). This region provides enough 
information to enable calculation of the concentrations 
of all the principal porphyrins present. Spectra thus 
obtained show, in addition to the absorption of zinc 
porphin, bands characteristic of zinc chlorin, zinc 
tetrahydroporphin, and traces of oxidation products 
formed by side reactions involving the remnant of 
oxygen present. The quantity desired is the optical 
density due to porphin at 550 my, which, divided by 
the extinction coefficient, 22 200, yields the concentra- 
tion of porphin. Since all the other compounds men- 
tioned absorb at this wavelength, their contribution to 
the measured optical density must be taken into ac- 
count. This correction is straightforward, for their 
spectra are all known, and they all have characteristic 
intense absorption bands elsewhere in the region 450 
to 650 mu. 

The optical density of zinc porphin at 550 my was 
plotted as a function of time (Fig. 2), at constant inci- 


dent light intensity, and the initial rate of reduction 
found from the slope at zero time by dividing the rate of 
change of optical density by the molar extinction coeff- 
cient of zinc porphin at 550 mu, which is 22 200. Only 
initial rates were used, owing to the complication of the 
spectrum as the reaction progresses, and consequent 
uncertainties introduced into the amount of light use- 
fully absorbed. 


RESULTS AND DISCUSSION 


The mechanism of the photo-oxidation of chlorin by 
quinones is well established. Absorption of light by the 
chlorin may be followed by a nonradiative transition 
from the short-lived singlet state to the long-lived 
triplet state, in which it has time to donate hydrogens 
to a quinone molecule. It was expected that the reduc- 
tion of zinc porphin might proceed similarly, and that 
the rate would therefore depend on the amount of light 
absorbed by the porphin, and be practically independent 
of the benzoin concentration. The results, however, 
showed a behavior almost opposite to this. 

The light energy of the General Electric Sunlamp in 
the visible and ultraviolet region is concentrated almost 
entirely in the six mercury emission lines at 365, 405, 
436, 545, 576, and 622 mu. It could be shown beyond a 
doubt by means of appropriate colored filters, that 
no reaction whatsoever occurred unless light of the 
365 my line was permitted to reach the cell, and that 
light of this wavelength alone is sufficient for relatively 
rapid reaction. Both porphin and benzoin absorb at 
this wavelength, the former rather more than the latter, 
and it could be demonstrated that the rate of reaction 
was directly proportional to the amount of light ab- 
sorbed by the benzoin over a fairly wide range of 
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Fic. 3. Quantum yield against total light absorbed by porphin. 


benzoin and porphin concentrations. The quantum 
yield for the reaction was therefore defined as the rate 
of reduction divided by the rate of light absorption by 
benzoin. 

It had been shown that light in the lines at 405, 436, 
545, and 576 mu, which are absorbed by porphin, is 
insufficient for reaction. However, by experiments in 
which the light intensity of the unfiltered mercury lamp 
was varied by means of screens, the rate of reduction 
was found to be of order greater than first with respect 
to the light intensity, that is, the quantum yield in- 
creased with increasing light intensity. Experiments 
in which the aperture was covered half by a yellow filter, 
which passed light absorbed only by the porphin, and 
half by a filter passing only ultraviolet light in the 
region of absorption by benzoin, showed that although 
light absorbed by the porphin was ineffective alone, 
when used in conjunction with light absorbed by the 
benzoin, the quantum yield was augmented. A few more 
experiments were run in which the amount of light 
absorbed by the porphin was varied, and from a plot of 
quantum yield against rate of absorption of light by 
porphin (Fig. 3) it could be seen that at zero light 
absorption by porphin, the quantum yield falls to about 
0.02. At high light absorption by porphin, the quantum 
yield rises to about 0.05. 

The tabulation of the results is shown in Table I. 
In it are listed the concentrations of zinc porphin and 
of benzoin, the flux in watts per liter through the tube 
(F), the initial rate of reduction of zinc porphin (R), 
the light absorbed by benzoin in einsteins per liter per 
second (Ff), the light absorbed by porphin in the same 
units (F,) and the quantum yield (¢) based on light 


absorbed by benzoin. ¢ is found by dividing the reduc- 
tion rate by the light absorbed by the benzoin. This 
tabulation also includes runs during which high and low 
light intensities were used alternately, the initial rates 
obtained by extrapolation to zero entered as separate 
rows for the two light intensities. One of the experi- 
ments in which the aperture was covered by two filters 
is also included. 

The behavior described suggested that reduction was 
taking place by two parallel mechanisms, one linear in 
light intensity, and the other quadratic; more pre- 
cisely, a rate law of the form: 


R=aF,+0F,F, 


where F, and F, are respectively the rates of light 
absorption by benzoin and porphin. The implication of 
this law is that benzoin reacts, when in a long-lived 
excited state, both with porphin in its ground state, and 
in its long-lived excited state, the latter reaction pre- 
dominating at high light intensities. It has been possible 
to derive a rate law based on this implication, which 
fits the data as well as can be expected, considering the 
experimental accuracy. 

Two data are the foundations of the derivation. 
Even though the concentration of excited porphin is 
minute compared with that of unexcited porphin, 
about two-thirds of the reaction, at the high light 
intensities, goes via excited porphin. Second, at a given 
level of light intensity, the reduction rate is apparently 
independent of the porphin concentration. The first 
datum implies that an excited benzoin molecule may 
collide with hundreds, or perhaps thousands, of un- 
excited porphin molecules without either reacting, or 
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TABLE I, Summary of results of rate runs on reduction of zinc porphin by benzoin. 




















watts einsteins einsteins 
Run Porphin conc. Benzoin conc. 4 Fy p” R, initial rate ¢ quantum 
No. molar molar liter liter -sec liter -sec moles/sec yield R/F» 

I 5.1 Xiv 3.3 ie 6.9 6.7X 10-8 1.40 1075 37 Xi0° 0.055 
II 4.5 X10-5 320 X10 6.7 55.0 10-8 1.24 10-5 21.00 x10 0.038 
III 5.75X 10-5 0.75X 10-3 8.8 1.9X 10-8 1.85 10-5 1.03 10~° 0.054 
IV 4.7 1075 18.2 K10-3 8.8 43.0 10-8 1.73 10-5 17.1 <X10° 0.040 
V 5 Kid 9.6 X10-3 8.1 21.0 10-8 1.64 10-5 14.2 10° 0.068 
VI 5.4 1075 6.2 1073 8.0 13.7 10-8 1.651075 7.6 X10 0.055 
VII 5.15105 1.0 X10-% 6.9 3.6X 10-8 1.46 10-5 2.0 X10 0.056 
VIII 6.94 10-5 5.3 K1I0* 7.0 9.41078 1.56 10-5 4.8 X10~° 0.058 
IX 6.6 10-5 6.9 «10-3 7.2 13.0 10-8 1.59 10-5 6.8 X10 0.052 
xX 2.4 X1075 7.9 10-3 7.9 21.5X10-* Lizxivs 12.4 X10° 0.058 
XI 2.25X 10-5 7.9 1073 6.8 19.0 10-8 0.93 10-5 ti xX 0.058 
XII 5.55X 1075 9.2 X10-3 8.1 18.0 10-8 1.68X 10-5 7.8 X10 0.043 
XIII 5.6 1075 26.1 10-3 6.8 42.0 10-8 1.42 10-5 21.0 X10 0.050 

5.6 X10-5 26.1 K10™ 2.05 12.6 10-8 0.43 X 1075 3.8 Xi0* 0.030 
XIV 5.1 X10-5 16.5 1073 seed 12.9 10-8 0.04X 10-5 1.76X 10° 0.014 

5.1 x10 16.5 X10-3 + +€ 12.9X 10-8 0.38 10-5 5.2 X10° 0.026 
XV 4.85X 1075 18.0 K10™3 7.8 37.5X 10-8 1.55X10-5 17.3 XxI0 0.046 

4.85X 107-5 18.0 K10™3 1.55 1.0610°° 0.311075 214 xiv 0.027 
XVI 11.4 K10-5 15.0 «10-3 ia 20.0 10-8 1.781075 9.4 X10° 0.047 
XVII 2.44X 10-5 1.30X 10-3 6.7 4.5X 1078 0.96X 10-5 2.07 X 10 0.046 
XVIII 2.63 X 1075 7.9 K10-3 245 7.4X 10-8 0.4110-5 33 X10 0.046 
XIX 5.0 K10~5 16.1 X10™3 2.9 12.3K10°° 0.58 10-5 3.3 X10 0.027 








® Determined for \ =365 mu, from the incident wattage and the absorption coefficients of benzoin and porphin at this wavelength. 

b Determined as a sum over the wavelength lines 365 (7.6 percent), 405 (6.9 percent), 436 (15.2 percent), 545 (22.3 percent), 576 (22.7 percent), 622 
(3.2 percent) which constitute the bulk of the incident beam intensity, and the absorption coefficients of the porphin at each of these wavelengths. 

e Color filters were used during this run, and the calculation modified accordingly. 


becoming deactivated. The second implies that in the 
absence of excited porphin molecules an excited benzoin 
molecule has a long enough life-time that it will ulti- 
mately almost surely react with porphin in the ground 
state. These, in turn, suggest that we may postulate 
an activated complex involving excited benzoin and 
ground-state porphin, formed by collision, in which, 
upon decomposition, either the porphin has been re- 
duced, or the benzoin has been deactivated without 
reduction of porphin. Not every collision between ex- 
cited benzoin and ground-state porphin leads to an 
activated complex, but only, on the average, one in 
some number “n.’”’ We may well assume that every 
collision between excited benzoin and excited porphin 
leads to an activated complex, for if nothing else 
happened, the two molecules in their paramagnetic 
triplet states would quench each other. 

We wish first to calculate the steady-state concentra- 
tion of benzoin in its triplet excited state. If F, is the 
light absorbed by the benzoin, expressed in einsteins 
per liter per second, and az is the fraction of singlet 
excited benzoin molecules passing over into the triplet 
excited state, then the rate of formation of triplet 
excited benzoin is a,/;. Excited benzoin decays by 
three paths: (1) natural decay, with lifetime 7, and 
rate B’/7,, where B’ represents the concentration of 
excited benzoin ; (2) collision with ground-state porphin 
to form an activated complex; (3) collision with excited 
porphin. 

The number of collisions between excited benzoin and 
ground-state porphin, expressed in “moles” per liter 
per second, Z=cB’P, where P is the porphin concentra- 
tion, and “‘c’” a kinetic constant with the proper dimen- 


sions. The number of collisions between excited benzoin 
and excited porphin, Z’=cB’P’, where P’ is the con- 
centration of triplet excited porphin. Remembering 
that only one in “”’ of the former collisions leads to an 
activated complex, for steady-state conditions, 


dB’ B’ cB'P 


The steady-state concentration of excited benzoin is 
therefore 








RB ap, 
1 cP 
—+—+cP" 
Tb nN 


Now let 6 be the fraction of activated complexes in- 
volving ground-state porphin which decompose with 
reduction of the porphin and 8’ be the fraction of colli- 
sions between excited benzoin and excited porphin 
which lead to reduction. Then the rate of reduction of 
porphin will be 


dP BZ BcB'P 


——=— + 0'2' =———_+f'cB’ P’. 
dt wn n 


The concentration of triplet excited porphin is 
r ' = Opt pF Pp) 


where 7, is the lifetime of triplet excited porphin and ap 
is the fraction of singlet excited porphin molecules 
which pass into the triplet state. 
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Fic. 4. Quantum yield vs specific absorption by porphin. 


We may now write the expression for the quantum 
yield, as it has been defined: 


BcP 
au(—+6'cayr5F) 


1 dP n 
F, dt law 


—+—+caz7,F > 


Tb nN 





Now the observed essential independence of the quan- 
tum yield of the porphin concentration means that the 
term involving the life-time of excited benzoin is small 
compared to the rest of the denominator. Considerable 
simplification may be obtained by dropping this term: 


ar(B+nP'apt pF p/P) 
1+napt pF p/P 





The quantum yield is now seen to be a function of only 
one variable, F,/P, and a plot of quantum yield against 
this variable is shown (Fig. 4). The expression for the 
quantum yield is of the form: 


a+bc(F,/P) 
Oe hc(F,/P) 


The scatter of the points makes it difficult to obtain 
reliable values for the constants a, 6, and c, but for sake 


of illustration a curve has been drawn through the points 
with a=0.015, b=0.075, and c=5.8. 

The scatter of points is explicable on three grounds. 
The primary data are differences between optical 
densities after successive intervals, and these were 
subject to random machine error of the Cary spectro- 
photometer, amounting perhaps to 10 percent of the 
difference. This leads to an uncertainty of the rate at 
all times during a given run. Further, the presence of 
oxygen in traces gave rise to a side reaction which 
increased the apparent rate. Again, accumulation of 
reaction products and by-products which absorb in the 
visible region retard the apparent rate of reduction. 


The Hydrogenated Porphyrin Series 


It has been possible, by photochemical hydrogena- 
tion, to prepare three identifiable reduction products of 
zinc tetraphenylporphin, and arrange them uniquely 
according to extent of reaction. 

The first reduction product has been identified by its 
spectrum as zinc dihydrotetraphenylporphin (zinc 
tetraphenylchlorin) (Fig. 5). Its presence can be de- 
tected in all reductions of the porphin. It is the first 
product to form, but is usually reduced rapidly to the 
second reduction product. If a base such as pyridine 
is present in the solution, chlorin tends to accumulate, 
being reduced more slowly. It has been previously 
reported that quinones can oxidize chlorin photo- 
chemically back to porphin. 
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Fic. 5. Spectra of zinc tetra- 
phenylchlorin : benzene; 
—-—-- pyridine. 














If reduction of porphin proceeds to any extent, the 
second reduction product is always the most abundant, 
the highest yield of 60 percent having been obtained 
with dihydroxyacetone in alcohol plus a trace of piperi- 
dine, after an hour’s sunlight. Formed this way, it is 
apparently free from contaminants absorbing in the 
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Fic. 6. Spectra of zinc tetrahydrotetraphenylporphin : 
benzene; — — — — pyridine. 


visible region, and its spectrum may be obtained with 
some accuracy. This compound undergoes slow photo- 
reduction, faster in the absence of base. In the presence 
of air and light, the compound is rapidly destroyed, its 
bluish-green solution, with red fluorescence, fading to 
a straw-colored solution without distinct absorption 
bands. It is stable for short periods in the dark, in 
contact with air, but is slowly destroyed with formation 
of a small amount of chlorin. This oxidation is more 
rapid on an absorbing surface, and attempts to purify 
the compound by chromatography failed for this 
reason. Both the spectra of the zinc complex and of the 
free base agree with those of a compound which has 
been prepared by catalytic hydrogenation of porphin‘ 
(Fig. 6). It was also found that the quinones, phenan- 
thraquinone and o-naphthoquinone, oxidize the reduc- 
tion product quantitatively back to porphin. The 
mechanism of this reaction is apparently the same as 
that of the well-known photo-oxidation of chlorin, that 
is, the rate was found to depend linearly on the rate of 
light absorption by the porphyrin, and to be otherwise 
independent of porphyrin and quinone concentrations. 
The quantum yield was found to be about 3.6X 10%, 
and thus quite a bit smaller than that for oxidation of 
chlorin, ca 0.02. This accounts for the fact that no 
chlorin can be observed as an intermediate in the 
oxidation. 

4G. D. Dorough and J. R. Miller, J. Am. Chem. Soc. 74, 6106 
(1952). 
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Fic. 7. Photoreduction of zinc 
tetraphenylporphin by benzoin in 
benzene plus } percent piperidine, 
in sunlight: at start; 
--—-- 3} minutes sunlight; 
tate 12 minutes more sun- 
light; emergence of hexahydro- 
porphin band; -------- overnight 
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350 ~—«390 
The third reduction product of this series is extremely 
evanescent, and has only been observed occasionally 
when porphin is reduced by benzoin in benzene con- 
taining a trace (about 0.5 percent) of piperidine. This 
compound, whose spectrum is characterized by a band 
at 642 muy, is apparently a further (third) reduction 
product of the second reduction product, for its band 
has been observed when a solution of the second reduc- 
tion product is reduced by benzoin in benzene plus 
pyridine (see Figs. 7 and 8). The compound, on ex- 
posure to air in the dark for a day, is cleanly oxidized 
to the second reduction product which, in turn, is 
oxidized much more slowly. A qualitative spectrum 
for this compound could be obtained by differences 
during the air oxidation. 
These three compounds, which are connected so 
intimately by oxidations and reductions, also have 
spectral characteristics in common (Fig. 9). All exhibit 
the two-band systems typical of porphyrins, the intense 
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system near 400 my and the system of spaced bands in 
the green and red regions. If we are correct to attribute 
these band systems to the presence of conjugation 
throughout the great ring of the porphyrins, all these 
compounds must have this conjugation essentially 
intact. The successive formation of these compounds by 
hydrogenation suggests that they differ by successive 
additions of two hydrogen atoms to the ring. Since 
chlorin is dihydroporphin, the second reduction product 
should be a tetrahydroporphin, and the third reduction 
product should be a hexahydroporphin. In this last 
compound, if we disregard the unlikely possibility that 
the benzene rings have become hydrogenated under the 
conditions of the reaction, the only way hydrogens may 
be added to the porphin ring, and still maintain an 
essential type of conjugation for the ionic forms is to 
put them on the beta positions of the pyrrole rings. 
Resonance structures can be drawn for such a hexa- 
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Fic. 8. Sketch of spectrum of zinc hexahydroporphin in benzene plus } percent piperidine. 

hydroporphin (Fig. 10); some of these are shown, and The Benzoin-Catalyzed Degradation of Zinc 
indicate that some degree of stability might be expected Porphin by Oxygen 
for the compound. No such resonance structures can It has been previously mentioned that presence of 
be drawn for an octahydroporphin, so such a compound oxygen in tubes containing a solution of zinc porphin 
should not be expected to absorb in the visible. and benzoin leads to a side reaction. The course and 
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Fic. 9. Redox relations among the zinc tetraphenylporphyrins. 





| 
He 


kine 
as th 


is slc 


light 
The 


0.8 


o 
. 
oa 


o 
. 
eS 


optical density 





Fic 
benze 
sunlig 
days | 
destrc 
produ 
with | 


> of 
yhin 
and 








PHOTOREDUCTION OF A PORPHYRIN BY BENZOIN 1077 


He 








Hp He 
He He 


H, He 


Fic. 10. Hexahydroporphin. 


kinetics of this reaction have been investigated as well 
as the reduction. 

It has been long known that zinc porphin in solution 
is slowly decomposed by oxygen in the presence of sun- 
light over a period of many days (Figs. 11 and 12). 
The first product, or products, formed by this degrada- 
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Fic. 11. Reaction of zinc tetraphenylporphin with oxygen in 
benzene solution. At start; -------: after 14 hours 
sunlight through filter No. 9782; - - - — after standing several 
days in darkness. At start, the porphin has already been partially 
destroyed. Irradiation brings about build-up of first degradation 
products at A. Standing in the dark, these change into a product 
with band at B. 
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Fic. 12. Spectrum of free base of blue oxidation product 
of zinc tetraphenylporphin. 


tion absorb in the blue part of the spectrum, with 
maximum near 490 my. This product would be de- 
stroyed by further exposure to sunlight, but if it is 
allowed to stand in the dark for two or three days, it is 
converted into a blue compound, with an intense peak 
at 628 mu. This blue compound is not very sensitive to 
light, and its concentration may be built up by alter- 
nately exposing the tube to light and letting it stand 
in the dark. A drop of pyridine added to a benzene 
solution of the blue compound shifts the absorption 
peak from 628 to 632 mu; the compound is stable to 
3 N HCl, but 6 VN HCl liberates a beautiful purple free 
base, stable to alkali. The original compound, a zinc 
complex, may be regenerated by adding a solution of 
zinc acetate to the free base, in pyridine. The easy 
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Fic. 13. Destructive oxidation of zinc tetraphenylporphin 
catalyzed by benzoin. Light source : AH-4 mercury lamp. ---— At 
start; -—------- after 5 minutes; after 12 minutes. 
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TABLE IT. Rate run results: benzoin-catalyzed degradative oxidation of porphin. 
einsteins 
Run Porphin conc. Benzoin conc. Oz pressure Init. rate Fo, Quantum 
No. molar molar atmos. moles/sec liter -sec yield 
I 5.5 X10" 7.2 X10-3 0.2 1.46X 10-8 13.0 10-8 0.112 
II 4.351075 3.15X 10-3 0.2 0.63 X 10-8 6.4X 10-8 0.098 
III 4.2 K10-5 114 X10" 0.2 3.0 X10-8 26.2 10-8 0.115 
IV 4.5 10-5 10.1 X10™3 0.2 0.64 10-8 6.0 10-8 0.107 
V 13 i 7.4 10-3 0.2 1.64 10-8 16.7X<10-° 0.089 
VI 6.65 X 10-5 9.1 X10-3 0.2 1.21X10-* 15.310°% 0.079 
VII 4.9 X1075 9.1 10" 1.0 1.84 10-8 18.0 10-8 0.102 
VIII 4.251075 1.571073 0.2 0.38 10-8 3.4X 10-8 0.112 
Av. 0.103+0.011 
Cu porphin 
IX 5.4 X10-5 10.4 X10™% 0.2 3.75X 10-8 21.5X10-* 0.174 








interconversion between complex to free base indicates 
that the cyclic structure is still intact, but the absence 
of a Soret band near 400 my indicates that the porphyrin 
conjugation is probably broken. 

The course of degradative oxidation in the presence 
of benzoin seems to be different. The most prominent 
oxidation product (or products), in this case, have peak 
absorption at 530 my when formed in benzene, and at 
510 my, when formed in the presence of pyridine 
(Fig. 13). There is nothing corresponding to the blue 
compound mentioned above. Benzoin shares the ability 
to “induce” oxidative destruction of zinc porphin with 
benzil, acetophenone, benzaldehyde, desoxybenzoin, 
butyl phenylketone, p-dimethylaminobenzoin, anthra- 
cene, phenanthraquinone, and possibly some mercap- 
tans. No such catalyzed degradation was observed in 
the presence of benzophenone, naphthalene, diphenyl 
disulfide, and p-azoanisole. Rate of destruction varied 
considerably among the effective ones, and the colors 
of the products were not the same in every case. Many 
of the “catalysts” are seen to possess the COC,H; 
radical. The copper and nickel porphin complexes are 
as susceptible to this degradation as is the zinc complex. 

Because benzoin had been used in rate of reduction 
experiments, this reagent was also used in experiments 
on rate of degradation of zinc porphin. The setup for 
these experiments was the same as for the reductions, 


except that the tubes were neither evacuated nor flushed 
with nitrogen, so that a fifth of an atmosphere of oxygen 
remained. It was found that light absorbed by the 
benzoin was necessary and sufficient for maximum rate 
of reaction, light absorbed by porphin had no effect, 
and the quantum yield was independent of porphin and 
benzoin concentrations (see Table II). 

The interpretation of this reaction rests on papers 
recently published by Schenck. He cites evidence that 
many compounds, including some which catalyze the 
degradation of zinc porphin, are able to form addition 
compounds with oxygen when irradiated, and, more- 
over, are able to transfer this oxygen to other com- 
pounds on collision. Applied to this reaction, benzoin, 
irradiated, forms an oxygen addition product, and on 
collision with a molecule of zinc porphin transfers that 
oxygen to the porphin ring. The kinetics can be under- 
stood, if we acknowledge that every benzoin molecule 
passing into the triplet state will have ample oppor- 
tunity to pick up oxygen, and the compound so formed 
is sufficiently stable to have ample time to react with 
porphin. Thus the reaction rate depends only upon the 
number of benzoin molecules excited into the triplet 
state. 


5 Schenck, Kinkel, Mertens, Eggert, Denk, Schmidt-Thomee, 
and Ziegler, Liebig’s Ann. 584, 126-219 (1953). 
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It is shown that the logarithmic rate law is found very widely in chemisorption and oxidation. A theory 
of this law is offered, and comparison with experiment leads to reasonable values for the parameters. 
Although the theory is very elementary, it is hoped that the physical interpretation it provides of experimen- 
tally determined parameters will encourage a more detailed study of these, for instance as a function of 


temperature and ambient pressure. 





I. INTRODUCTION 


HE purpose of this paper is to unify the study of 
those phenomena relating to the chemisorption 
of gases on solid surfaces and the oxidation of metals, 
which can be described by logarithmic rate laws. A 
study of the experimental facts reveals some striking 
analogies between these two fields of study, which 
have often been treated separately. By offering an 
elementary theory of such rate laws, it is hoped that a 
physical interpretation of the parameters which occur 
in them will emerge, and that further study of these 
parameters under varying external conditions will 
thus be encouraged. 


Il. THE LOGARITHMIC LAW IN CHEMISORPTION 


The chemisorption of gases on solid surfaces has been 
the subject of considerable study in recent years. In 
spite of some doubts, it does appear that a large 
portion of the experimental data can be represented by 
the equation 


t+ to 
bg=log—. (1) 


to 





q is the number of particles chemisorbed per unit area 
at time ¢ after the beginning of the experiment. b and 
fp are constants for given conditions. Other rate laws 
are also known, but (1) is one of the most common ones. 
A difficulty with regard to (1) is the lack of a satisfactory 
theoretical basis. A semiquantitative attempt to arrive 
at (1) has been made by some Russian workers,” 
but they do not claim to have given a satisfactory proof. 
More recently some German workers’ have attempted 
a deduction on the basis of barrier layer theory, but 
they arrive at different rate laws for adsorption on 
n-type as against adsorption on p-type semiconductors. 
There does not appear to be any evidence at this time 
to bear out this conclusion. A simple theoretical model 
which leads to (1) will be given later. It is, however, of 


some importance to show first that the published 


* Westinghouse Electric Corporation, Research Laboratories, 
East Pittsburgh, Pennsylvania. On leave of absence from the 
University of Aberdeen, Aberdeen, Scotland. 

1K. J. Laidler, in Catalysis (Reinhold Publishing Corporation, 
New York, 1954), Vol. I, p. 189-191. 

*F. Characorin and S. Elowitz, Acta Physicochim. U.R.S.S. 
5, 325 (1936). 

* H.-J. Engell and K. Hauffe, Z. Elektrochem. 57, 762 (1953). 


literature reveals (1) as a reasonably well-established 
empirical relationship. 

Equation (1) was first shown to apply to the catalytic 
oxidation of CO on MnOz between —78°C and 39°C.4 
The effect of pressure on the oxidation of CO by oxygen 
on MnO, was discussed later,5 and a study was made of 
the chemisorption of CO and CO, on MnO, at low 
pressures.* Again, Eq. (1) was verified. By now these 
workers had recognized that the central stage in the 
catalytic oxidation of CO was the adsorption of CO 
on MnOs, and experiments were next made at higher 
initial pressures of the gas mixtures (30 mm to 500 mm 
Hg), and at temperatures from —38.8°C to 17°C.’ 
Equation (1) was again obeyed. In more widely known 
papers*} the validity of Eq. (1) was established for the 
chemisorption, between — 23°C and 50°C, of hydrogen 
and of ethylene on a catalyst of reduced NiO. Again, it 
was found that oxidation of CO by oxygen at room 
temperatures below 2 mm Hg pressure was accelerated 
by the presence of NiO, and that for very active 
catalysts the amount of material oxidized satisfied 
Eq. (1).° A law (1) was again observed in the catalytic 
oxidation of propylene on Pt. The subject was taken 
up in the United States, Britain, and Germany. 

In the United States, Taylor and Thon" found that 
the law (1) is valid in many other chemisorption 
experiments, and they analyzed a great deal of pre- 
viously published information. They found the law to 


4 J. Zeldowitch, Acta Physicochim. U.R.S.S. 1, 449 (1934-35); 
S. Roginsky and J. Zeldowitch, ibid. 1, 554 and 1, 559 (1934-35). 

5 Characorin, Elowitz, and Roginsky, Acta Physicochim. 
U.R.S.S. 3, 502 (1935). 

6 F, Characorin and S. Elowitz, Acta Physicochim. U.R.S.S. 5, 
325 (1936); S. Elowitz and L. A. Kachur, J. Gen. Chem. (U.S.S.R.) 
9, 714 (1939). 

7§. Elowitz and S. Roginsky, Acta Physicochim. U.R.S.S. 7, 
295 (1937). 

8S. Y. Elovich and G. M. Zhabrova, Zhur. Fiz. Khim. 13, 1/61 
and 1775 (1939). 

T It is on the basis of these papers that the name ‘“‘Elovitch 
equation” has been given to Eq. (1) in the Anglo-Saxon literature. 
In view of the papers in reference 4, this would appear to be a 
misnomer. It should also be noted that the person whose Russian 
name is currently translated in the West as “Elovich,”’ wrote his 
German papers (see references 5 and 6) under the name “‘Elovitz.” 
( ° aaa and T. F. Tselinskaya, Zhur. Fiz. Khim. 22, 1360 

1948). 

1 P. Y. Butyagin and S. Y. Elovich, Doklady Akad. Nauk. 
S.S.S.R. 75, 711 (1950). 

11H. A. Taylor and N. Thon, J. Am. Chem. Soc. 74, 4169 (1952); 
N. Thon and H. A. Taylor, J. Am. Chem. Soc. 75, 2747 (1953). 
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be valid in the chemisorption of Hz on 2MnO- Cr,0:;,” 
Hz on Pt,!* H, and Dz on Ni, CsHy, on Ni,!® O2 on 
CoO,'® Hz on Cu,!”7 CH, on Ni,!* Ne on Fe,!® He on 
ZnO,” and Hz on ZnO: MoO;.”! Melnick” found recently 
that the law applied also to the chemisorption of O2 on 
ZnO, and gave a simple model for this process. In the 
references 20 and 21 some discontinuities in the slope 
of the graph of qg against log ¢ were noticed. In Britain, 
Porter and Tompkins” studied the kinetics of chemi- 
sorption of H, and of CO on evaporated iron films 
at liquid-air temperatures and again verified Eq. (1). 
They also gave a theoretical discussion assuming (a) 
variation of activation energy with coverage and (d) 
surface heterogeneity. 

In Germany, Engell and Hauffe* found that the law 
(1) also applied to the chemisorption of O2 on NiO 
between the temperatures of 300°C and 700°C, and 
an oxygen pressure of 60 mm of Hg. For /ower tempera- 
tures, however, a discontinuity developed in the slope of 
the curves. On the other hand, Taylor and Thon 
observed" that in references 19 and 20 there was 
evidence that the law (1) would fail as the temperature 
was increased beyond a certain critical range. 


III. LOGARITHMIC LAW IN OXIDATION 


A logarithmic rate law of the form (1) is also known 
in the oxidation of metals. The situation here is not 
unlike that in chemisorption. The original work is in 
this case of German origin,“ and is older than the 
corresponding Russian work on chemisorption.{ Again 
the work was taken up in other countries only after a 
considerable time-lag when earlier work by Vernon?> 
on the oxidation of iron between 50°C and 195°C was 


2A. T. Williamson and H. S. Taylor, J. Am. Chem. Soc. 53, 
2168 (1931). 

18 B. Maxted and C. H. Moon, J. Chem. Soc. 1542 (1936). 

4S. Iijima, Rev. Phys. Chem. Japan 12, 1 (1938). 

15S. Iijima, Rev. Phys. Chem. Japan 14, 68 (1940). 

16 J. C. W. Frazer and L. Heard, J. Phys. Chem. 42, 865 (1938). 

1” T, Kwan, J. Research Inst. Catalysis, Hokkaido, Univ. 1, 
95 (1949), 

18M. Kubokawa, Rev. Phys. Chem. Japan 12, 157 (1938). 
034) H. Emmett and S. Brunauer, J. Am. Chem. Soc. 56, 35 

1934). 

TD). V. Sickman and H. S. Taylor, J. Am. Chem. Soc. 54, 602 
(1932); C. D. Strother and H. S. Taylor, J. Am. Chem. Soc. 
56, 586 (1934). 

*1G. Ogden and H. S. Taylor, Trans. Faraday Soc. 30, 1178 
(1934); M. V. C. Sastri and K. V. Ramanathan, J. Phys. Chem. 
56, 220 (1952). 

21D. Melnick, Ph.D. thesis, University of Pennsylvania, 1954. 

3 A. S. Porter and F. C. Tompkins, Proc. Roy. Soc. (London) 
A217, 529 (1953). 

24G. Tammann and W. Késter, Z. anorg. u. allgem. Chem. 123, 
146 (1922); Tammann, Stahl, and Eisen, 42, 615 (1922); Z. anorg. 
u. allgem. Chem. 124, 25 (1922); G. Tammann and Schréder, Z. 
anorg. u. allgem. Chem. 128, 179 (1923); G. Tammann and 
i — Z. anorg. u. allgem. Chem. 148, 297 (1925) and 152, 149 

1926). 

t Should the two rate laws turn out to be independent dis- 
coveries of the same basic physical process, a case could then be 
made out to name the statement (1) “the Tammann Rate 
Equation.” 

26 W.H. J. Vernon, Trans. Faraday Soc. 31, 1668 (1935). 
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found”® to satisfy the law (1). The same was found to 
be true for the oxidation of zinc?* in air between 25°C 
and 400°C. The fit to Eq. (1) was not always perfect, 


_and in some instances the experimental results could be 


represented better by two intersecting straight lines. 
Nonetheless, since gravimetrical methods were used, 
the work was regarded as more reliable than Tammann’s 
original work, which depended on a method utilizing 
interference colors. In view of the later confirmation 
of some of his results, it may be mentioned that the 
law (1) was found to apply to the oxidation in air of 
Fe, Co, Ni, Mn, Cr, Cu, Sb, Bi, Sn, Pb, Zn, Cd. In 
iron, for example, it was valid at least between 0.1 and 
1.0 min and between 252°C and 385°C. In nickel it 
applied at least between 0.1 and 10 min and between 
485°C and 645°C. Sometimes intersecting straight lines 
were obtained. However, this was regarded as an 
exception. Early experiments by Steinheil on the oxida- 
tion of aluminum?’ were also found to be in agreement 
with (1).28 Lustman and Mehl*8 found that the oxidation 
of copper at about 118°C satisfied the Eq. (1). They 
used a polarimetric method, as did also Winterbottom”® 
who verified (1) for the oxidation in dry air, and at 
14°C, of Cu, Fe, and Al. Some of these results have been 
confirmed by an electron diffraction technique® and an 
electrolytic reduction method.*! 

More recently, it has been found that the logarithmic 
law held in the case of oxidation of stainless steel® 
and of zinc foil between 300°C and 350°C, by measuring 
the volumetric intake of oxygen; in the case of the 
oxidation of tantalum between 220°C and 320°C,* 
using both a spectrophotometric and a gravimetric 
method; and in the case of the oxidation of titanium 
near 325°C.% 

In the case of oxide films, as in the case of chemisorp- 
tion, if a logarithmic relationship has been found, 
increase of temperature tends to destroy its validity. 
Zn, Ta, and Ti are cases in point, which have been 
studied in the references cited above. Another example 
is Ni, which has been shown to follow a logarithmic 
up to 302°C.* In this paper, using data of Gulbransen 
and Andrew* on high purity Ni, the law will be shown 


26 Vernon, Akeroyd, and Stroud, J. Inst. Metals 65, 301 (1939). 

27 A. Steinheil, Ann. phys. 19, 455 (1934). 

28 B. Lustmann and R. F. Mehl, Metals Technol., April, 1941, or 
Am. Inst. Mining and Met. Engrs., Tech. Publs. No. 1317 (1941); 
B. Lustmann, Trans. Electrochem. Soc. 81, 359 (1942). 

22 A. B. Winterbottom, Trans. Electrochem. Soc. 76, 326 (1939). 

3% A. H. White and L. H. Germer, Trans. Electrochem. Soc. 
81, 305 (1942). 

31 A. L. Dighton and H. A. Miley, Trans. Electrochem. Soc. 
81, 321 (1942). 

8 W. E. Campbell and N. B. Thomas, Trans. Electrochem. 
Soc. 91, 623 (1947). " 
Mt ok J. Moore and J. K. Lee, Trans. Faraday Soc. 47, 501 

1951). 

% Waber, Sturdy, Wise, and Ripton, J. Electrochem. Soc. 99, 
121 (1952). 

35 J. T. Waber, J. Chem. Phys. 20, 734 (1952). 

86 E. A. Gulbransen and K. F. Andrew, J. Electrochem. Soc. 
101, 128 (1954). 
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to be valid up to 500°C; at higher temperatures the 
parabolic rate law holds.* 

As in the case of chemisorption, when the logarithmic 
law had been found, the question has occasionally 
been asked whether some other law might not express 
the data equally well. For instance, Gulbransen found 
the logarithmic law for the formation of thin oxide 
films on iron between 300°C and 400°C,*” but could not 
be sure that it was the only likely law to correlate his 
data. It is also relevant to observe that Rhodin** found 
that the logarithmic law was satisfied in the oxidation 
of copper between —95°C and 62°C, although his 
primary purpose was to check a theoretical equation, 


dq/dtx exp(A/q), 


which was derived by Cabrera and Mott.* He found 
reasonably good agreement with both Eq. (1) and Eq. 
(2). Thus, while there is room for doubt in some 
individual cases as to whether law (1) is really valid, 
its simplicity and the weight of evidence in its favor 
make its study desirable. 

It has been remarked (for instance, by Evans“ and 
by Gulbransen*) that the logarithmic growth of oxide 
films has not so far received an explanation which will 
satisfactorily account for its widespread occurrence. 
The theoretical situation is here therefore similar to 
that of the logarithmic law in the field of chemisorption. 
There are certain theories, believed to be outdated, 
which depended on the existence of an exponential 
concentration gradient of ions in the film. There is 
also the important point, first made by Mott,”.*.% 
that growth of a film by tunnel effect would follow a 
logarithmic law. He also proposed that in the case of 
thicker films a logarithmic growth law might be due to 
a continuous recrystallization of the oxide film. Evans“ 
has advocated repeated mechanical breakdown as a 
mechanism that might account for the logarithmic 
rate law. It appears, however, that these explanations, 
in spite of their undoubted relevance, have not so far 
commanded general agreement, or at least are not 
believed to represent physical mechanisms which are 
at work in the majority of instances quoted above. 


A independent of ¢, (2) 


37 FE. A. Gulbransen, Trans. Electrochem. Soc. 81, 327 (1942); 
Cf. also B. Lustmann, Trans. Electrochem. Soc. 83, 313 (1943). 

%T. N. Rhodin, J. Am. Chem. Soc. 72, 5102 (1950); see also 
T. N. Rhodin, Advances in Catalysis 5, 40 (1953). 

(19405 Cabrera and N. F. Mott, Repts. Progr. Phys. 12, 163 

“U. R. Evans, Trans. Electrochem. Soc. 91, 547 (1947). 

“FE. A. Gulbransen, Trans. Electrochem. Soc. 91, 575 (1947). 

©N. F. Mott, J. Inst. Metals 65, 333 (1939); Trans. Faraday 
Soc. 35, 1175 (1939). 

*N. F. Mott, Trans. Faraday Soc. 36, 472 (1940). 

“U. R. Evans, Trans. Electrochem. Soc. 83, 335 (1943); 
Trans. Faraday Soc. 41, 365 (1945); Nature 157, 732 (1946); 
Metallic Corrosion, Passivity and Protection (Edward Arnold, 
London, England, 1948), p. 136; Introduction to Metallic Corrosion 
(Edward Arnold, London, England, 1948), p. 194. 


IV. AN ELEMENTARY THEORY OF THE 
LOGARITHMIC RATE LAWS 


It appears from the striking similarity between the 
evidence from chemisorption and the evidence from 
the formation of oxide films on metals, that 


(a) the logarithmic rate law is not too sensitive 
either to the nature of the gas or to the nature of the 
surface ; 

(b) the logarithmic rate law in oxidation may occur 
under conditions when the chemisorption of the oxygen 
on the surface is the rate-controlling factor, so that 
the basic mechanisms in the two cases may in fact 
be essentially the same. 


In this section tentative suggestions will be presented 
to account for the general form of the rate law. These 
suggestions are sufficiently general to be applicable 
perhaps to other systems having similar features. For 
instance, the corrosion film formation of copper in 
aqueous solution satisfies also the logarithmic law.*® 

Suppose that at time ‘=0 we have a surface with 
adsorption sites in contact with a gas. The nature of 
these sites, and their mode of generation, is not specified 
by the theory, nor is the amount of gas already adsorbed 
on the surface at time ‘=0 of importance. The sites 
may be due to the properties of that part of the surface 
which has not yet been covered by adsorbed molecules, 
they may be produced by the action of the already 
adsorbed molecules on the surface,*® and they might 
even be offered by adsorbed molecules themselves. 
At this time let there be so sites per unit area, and let 
there be s sites per unit area at an arbitrary time /. 
Let there be NV impacts by gas molecules with the 
surface, expressed per unit area and per unit time. Let a 
be the effective contact area between a molecule and 
the surface upon collision, so that as is the fraction of 
impacts that could be effective in trapping a molecule. 
One may expect a to be roughly of the order of a 
molecular cross section. The probability that a molecule 
sticks upon impact is proportional to as, i.e., 


p=Cas, (3) 


where C is a constant. The number of molecules sticking 
per unit area per unit time is 


dq/dit=CasN. (4) 


Let 6 be the effective area over which sites become 
invalidated by the adsorption of a single molecule. 
b is not necessarily of the same order as a. The actual 
area b, over which sites become invalidated is presum- 


45 G. R. Hill, J. Electrochem. Soc. 100, 345 (1953). 

46 F, F. Volkenstein, Zhur. Fiz. Khim 23, 917 (1949); see also 
H. S. Taylor, Discussions Faraday Soc. 8, 9 (1950); D. J. M. 
Bevan and J. S. Anderson, Discussions Faraday Soc. 8, 238 (1950); 
Gatner, Gray, and Stone, Discussions Faraday Soc. 8, 246 (1950); 
M. J. Boudort, J. Am. Chem. Soc. 74, 1531 (1952); S. R. Morrison 
“05 4 H. Miller, Tech. Rept. No. 6, Contract N6-onr-24914 

1952). 
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ably larger, or of the same order, as a.§ However, b; 
must be reduced by an area bz to yield 6. The origin of 
bp resides in the fact that an adsorbed molecule may 
sometimes be expected to generate some new sites 
(though not as many as it has invalidated) by one of 
a variety of mechanisms. In particular, it is liable to 
cause a displacement of atoms, and other changes in the 
electronic structure of the surface, which lead to the 
formation of new sites. The density of newly created 
sites over the area 5» is unlikely to be very different 
from the average areal density of already existing sites, 
at the time when the sites are generated. It is reasonable, 
therefore, to put bos for the number of sites generated 
by an adsorbed particle. While this will be assumed, 
extensions of this procedure will be studied on a 
subsequent occasion. The number of sites invalidated 
per unit area per unit time is therefore 


ds 
——=CNas-bs. (5) 
dt 
Integration of the differential equation for s, yields 
50 
—=1+CNabso. (6) 
s 


Inserting this into the differential equation for g, yields 


- (1+—) (7) 
=— log —f, ho= : 
ae” uF  Ciéln 


This is the required law. 





V. DISCUSSION OF THE THEORY 


The above deduction in spite of its extreme simplicity, 
introduces a somewhat novel feature by taking explicit 
account of cooperative effects among the sites. They 
cooperate to retain a molecule, and if one site is 
occupied, other sites are affected. The basic assumptions 
are the constancy of C and of } with time, although all 
parameters may be expected to depend on the tempera- 
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Fic. 1. Adsorption at constant pressure. Number of sites inval- 
idated per absorbed particle as a function of time (bs9= 10). 


§ The idea that an area with the properties of 5; may play a 
ih in chemisorption phenomena is due to Melnick (see reference 
22). 


ture. It is to be hoped that the dependence of 6 and t, 
(which are susceptible of direct experimental determina- 
tion as will be discussed below), on pressure and 
temperature will be tested, and throw some light on 
the tentative suggestions made here. So far, no extensive 
study has been made of these factors. The considerations 
of the previous section suggest that ¢) should decrease 
as the pressure of the gas phase is increased, since V 
occurs in the denominatorZof f. This appears to be 
borne out by experiments‘? on the chemisorption of 
H, on Cr.O3. In this case the law (1) holds again with 
the parameters given in Table I. However, since pf, 
is not a constant, it would appear that (if the theory of 
Sec. IV is a reasonable approximation) the product 
Cabso decreases as the pressure is increased. 

A comparison between the present suggestions and 
current theory would be premature and may be reserved 
for a future occasion. It suffices to point out that current 
theory leads to the result 


dO E 
—=aP(1-6)" exp(-—), (8) 
dt kT 


where n=1 or 2, P is the pressure of the gas phase, E 
is the energy of activation, and © is the coverage. 


TABLE I. Parameters of logarithmic law (1). 
Hz on Cr2O; after H. A. Taylor.* 








p (atmos) 0.125 0.25 0.5 1.0 
to (min) 32 32 22 18 
pto (atmos-min) 4 8 11 18 








aH. A. Taylor, private communication. 


© is the fraction of occupied sites to originally valid 
sites, and can be related to our g by O=4q/5o, provided 
the generation of sites is neglected (b2=0). 

However, the notion of ‘‘coverage”’ is modified even 
if there is no site generation. To illustrate this, define 
an efficiency n= (so—s)/q which measures the number 
of sites invalidated per absorbed particle. 7 is propor- 
tional to bs) and Fig. 1 shows its dependence on time 
for bso= 10. If bso= 100, the point n= 10 becomes n= 100. 
As adsorption proceeds, areas of inhibition (b) start 
to overlap until the adsorbed layer is packed as closely 
as is compatible with the lattice parameter of the solid 
surface and the atomic or molecular diameter of the 
adsorbed particles. Although there is nothing in the 
mathematics to indicate this, the process must then 
terminate. For at this time the effect of desorption will 
become non-negligible and would have to be introduced 
into the differential equations for s and g. Now, n=)50 
at t=O, so that if the sites were regularly arranged and 
there were no generation of sites, no amount of over- 
lapping of areas of inhibition could reduce 7 below 


(1/2)bso or, perhaps, (2/5)bso, and for the theory to be 


47 R. L. Burwell and H. S. Taylor, J. Am. Chem. Soc. 58, 697 
(1936). 
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consistent, adsorption should then cease. The times at 
which this effect should occur are given by 4f) and 
8.5f9 respectively. In fact, however, logarithmic rate 
laws are known to extend beyond such periods. 

In order to account for this fact, it is sufficient to 
assume that the sites are not quite uniformly arranged, 
while retaining the assumption that no sites are 
generated. The chance () of a molecule sticking in an 
area with a relatively large density of sites is, by (3), 
relatively large. A site in such an area will therefore 
tend to be occupied first, and a comparatively large 
number of sites will be invalidated. Hence the high 
value of n at the beginning of the experiments. Particles 
absorbed late in the experiment will settle in areas in 
which the density of valid sites is small, since p is small 
for such areas, and there will then be a depression of ». 
The small density of sites in these remaining areas may 
be due either to an initial small density, or else because 
areas of inhibition have already protruded into this 
region in virtue of previous adsorption. 

The distribution of sites must not be too non-uniform, 
however. For instance, if all valid sites were concen- 
trated within an area of inhibition, there would be 
practically no adsorption, and a discrepancy would 
develop between our physical picture and the mathe- 
matical equations. The reason is that our variables 
are assumed to be continuous functions of the time, 
and the distribution of sites must be sufficiently uniform 
to validate this assumption. 

It is clear that in the absence of generation of sites, 
n can reach unity only in exceptional cases, and can 
never decrease below this value since each absorbed 
particle uses up at least one site. According to conven- 
tional ideas of adsorption, however, 7 is always unity, 
since each adsorbed atom invalidates exactly one site: 


s+q=50. (9) 


Since n<1 if bso<1, it follows that such cases have no 
physical meaning in the absence of site generation. This 
can be understood by noting that the relation bs)<1 
implies that an area of inhibition is smaller than the 
average area surrounding one site on the original 
surface. If bso>1, however, there is in general one 
single time ¢;, in addition to the time ‘=0, at which (9) 
is satisfied. It is clear that, in the absence of site 
generation, the length of time for which a logarithmic 
rate law can be valid must be smaller than ¢;. For 
we have 


stgq<so for t<h, stgq>so for t>h, 


and, in the absence of site generation, the second case 
is clearly impossible. By (6) and (7) the equation 
for ¢, is 


(bso) ty 
—=1+—. 
(1+¢0/t1) to 





(10) 


exp 
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Fic. 2. Adsorption at constant pressure. The graph gives the 
solution curve of Eq. (10), showing how the ratio of the times 
to/t:1, depends on the parameter bso of the system. 


The solution of this equation is shown in Fig. 2 and may 
be supplemented by the approximate formulas 


hy 2[bso—1] (1<dso< 1.05), 
—= (10a) 
to  lexp(bso)—1 (4.5< ds). 


We have ¢;> fp if, and only if, bso> 1.386. 

The idea that (9) is violated at almost all times, even 
in the absence of generation of sites, may seem strange. 
However, a logarithmic rate law contradicts at least 
one of the more usual ideas of adsorption. We shall 
regard as “usual” the two relations 


stq=50, dgq/di=As. (11a,b) 


(11a) stipulates constancy in time of the number of 
occupied sites plus the number of available sites, (11b) 
stipulates a rate of adsorption proportional to the 
available number of sites. If, then, a logarithmic rate 
law (7) is supposed to be valid, and (11a) is supposed 
to hold, it follows that 


1 t 
so—s== log( 1+—), 
b to 
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and 


dt bto1+t/to 


where B is independent of time. Hence (11b) fails. 
Similarly, if (7) and (11b) both hold, it follows that 


b(s+q) =A (t+ to) 1+log(1+¢t/to), 


so that (11a) is violated. Thus a logarithmic rate law 
must violate (11a) or (11b), and our present suggestion 
is based on the idea that (11b) is valid, but (11a) fails. 

We have seen that, in the absence of site generation, 
the mathematical equations may be expected to apply 
for times smaller than /;. Suppose, however, that the 
equations are found to be valid over a longer period. 
One then has s+q>5o for t>t,, so that adsorption 
sites must have been generated,|| and },>0. In this 
case mechanisms which have been discussed else- 
where*®:! must operate. In particular, if there is a 
diffusion of ions as a result of chemisorption, and a 
chemical reaction occurs, it is conceivable that adsorp- 
tion sites are supplied for considerable periods. The 
constant 6=6,—. would then presumably be rather 
small. This is the situation which one would expect in 
the growth of oxide films. Empirical evidence in favor 
of these ideas is presented in Sec. VII. 

Some inadequacies of current ideas, as based on (8), 
may also be shown up on purely empirical grounds. For 
when a law (1) holds, and (8) is applied to the data, 
it is often found that such a considerable dependence 
on “coverage” is contained in @ and in £. that the 
variation implied by the term (1— ©)” can be neglected 
in comparison. This suggests that one may in these 
cases be attempting to force experimental results into 
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Fic. 3. Oxidation of pure nickel between 400°C and 500°C at an 
oxygen pressure of 76 mm of Hg.** 


|| Even if the logarithmic law holds only for periods of the 
order of ¢;, it is clear that sites must have been generated. 


comparison with a theory which is not well adapted to 
explain them. 

Comparison with the absolute reaction-rate theory® 
would also be premature. However, it may be observed 
that in the cases where a logarithmic law holds, the 
agreement with that theory is not always very satis- 
factory.” 


VI. REMARKS ON RELATED FIELDS OF STUDY 


If Eq. (1) is differentiated with respect to time, it is 


found that 

ee 
—=— exp(—)q). 12) 
di Ddto 


It was just a law of this type which had to be postulated 
to the account for the rate of formation of ammonia,” 
assuming that the rate-controlling step was the adsorp- 
tion of nitrogen on the iron catalyst. The law (12) 
is equivalent to the law (1), since either can be deduced 
from the other. Its approximate validity in this case 
has been confirmed by other workers.**:*! Together with 
a rate of desorption 8 exp(yq),*? (12) forms an empirical 
basis for the derivation of an adsorption isotherm due 
to Slygin and Frumkin, and evidence coming from 
work related to these fields may therefore also be 
relevant to the range of validity of the law (1). 


VII. NUMERICAL CONSIDERATIONS 


In order to plot experimental results so as to obtain 
a simple evaluation of the constants, one may use 
either of two methods. One may either plot gq as a 
function of log(¢+/o) as indicated by Eq. (1); this has 
the disadvantage that it is not easy to obtain a unique 
value of fo. Or, one may plot log(dg/dt) as a function of 
q; in this case intercept and slope yield } and fo, but a 
graphical differentiation is involved. 

As an example we consider recently published data 
for the chemisorption of nitrogen on iron (reference 50, 
Fig. 4, Sample I, 199°C). The straight-line law is not 
exactly obeyed in this case. But by concentrating on the 
earlier stage of the adsorption, a straight line may 
definitely be drawn (adsorption up to 1 cc). The rate 
of adsorption at the beginning of the experiment (i.e. 
at t=0, g=0) can be estimated to be about 0.2 cc of 
gas adsorbed per minute, or 4.1910" molecules 
adsorbed per cm? per second. Since the number of 


( 48 ee Glasstone, and Eyring, J. Phys. Chem. 8, 659, 667 
1940). 

4 P. Zwietering and J. J. Roukens, Trans. Faraday Soc. 
50, 178 (1954). 

% M. Temkin and V. Pyzhev, Acta Physicochim. U.R.S.S. 12, 
327 (1940). 

5 For instance, by the work of Brunauer, Love, and Keenan, 
J. Am. Chem. Soc. 64, 751 (1942), on the earlier experimental 
data obtained by P. H. Emmett and S. Brunauer, J. Am. Chem. 
Soc. 56, 35 (1934). Compare also P. H. Emmett and J. T. Kummer, 
Ind. Eng. Chem. 35, 677 (1943). 

52 J. Langmuir, J. Am. Chem. Soc. 54, 2798 (1932). 

53 A. Slygin and A. Frumkin, Acta Physicochim. U.R.S.S. 3, 
791 (1935). 





the 
site 


me 
as 
nit 


tio’ 
sur 


ads 


be 
unl 


the 
anc 
mo 
law 
In 

tim 
am 


agr 
Th 
det 
hoy 
site 
exc 
ma. 
the 
hur 


for 


d to 


yry’8 
rved 

the 
atis- 


it is 


(12) 


ated 
‘ia ,>° 
orp- 
(12) 
uced 
case 
with 
rical 
due 
rom 
» be 


tain 

use 
aS a 
_ has 
ique 
mn. of 
uta 


data 
> 50, 
not 
1 the 
may 
rate 
(i.e. 
c of 
‘ules 
r of 


, 667 


Soc. 
5s ae 


nan, 
ental 
hem. 
mer, 


S. 3, 





LOGARITHMIC RATE LAW IN CHEMISORPTION AND OXIDATION 1085 











TABLE II. 
Temperature Slope 
ci to (Min) (u gm/cm?) b(A2) 
400 1.20 0.77 0.34 
450 1.55 1.17 0.23 
500 1.40 1.73 0.15 








molecules of gas striking a square cm of the surface per 
second should in the case of this curve be about 2.98 
X 10", it follows that the probability (fo) per impact of 
a molecule sticking at the surface at the beginning of 
the experiment is 1.41X10~-”. This figure depends only 
on the experimental results and kinetic theory, and is 
independent of our more specialized model of adsorp- 
tion. Using Eq. (3), therefore, pp=Caso=1.41X10-. 
Since aso may be expected to be of order unity, this is 
also a rough estimate for the dimensionless constant C. 
This deals with the intercept of the straight line. The 
slope of the line is approximately —1.72 reciprocal cc 
of gas adsorbed, or, equivalently, 1.37 10-" reciprocal 
number of atoms adsorbed per cm? of surface. The 
constant 6=6,— 02 has therefore the value 1.3710" 
cm’, so that the radius of an area of influence of an 
adsorbed atom turns out to be r=6.59 A, or, if b.>0, 
then r>6.59 A. This inequality would hold if there was 
site-generation. 

This figure may be checked as follows: Taking the 
mean distance between iron atoms somewhat arbitrarily 
as \/(12) A, the mean distance between adsorbed 
nitrogen atoms on a fully covered surface is 3.46 A. 
However, at the end of the experiment under considera- 
tion only a fraction 1.6/6.5=0.25 of the available 
surface was covered, so that the mean distance between 
adsorbed nitrogen atoms at the end of the experiment 
must have been equal to d=6.92 A. This figure cannot 
be expected to be accurate, however, since the sites are 
unlikely to form an exact lattice. Thus the inequality 
d>r, which is required by our model, is still fulfilled at 
the end of the experiment (¢~600 min). However, d 
and r are not very different at this stage, so that our 
model would predict a breakdown of the logarithmic 
law at this time, and this is borne out by the experiment. 
In fact, since it appears to have already failed at this 
time, one may in fact have ¢>6.59 A, so that a small 
amount of site generation cannot be excluded. 

The value of ¢) is found to be 2.9 min, in general 
agreement with the kind of values given by Taylor and 
Thon." We do not therefore wish to give here an equally 
detailed analysis of other available data. It may, 
however, be observed that if the number of available 
sites per cm? at the beginning of the experiment (so) 
exceeded 10", then the time ¢; satisfies 4;>¢9. If we 
make the arbitrary assumption that so~7.3X 10" cm, 
then t;~6.4X10' min, which represents about a 
hundred times the length of the actual experiment. 

Figure 3 gives a plot of g as a function of log(#+¢o) 
for the oxidation of pure nickel at elevated temperatures, 


using data given by Gulbransen and Andrew.** The 
values of the parameters are given in Table II, and 
show that the efficiency of site generation increases 
with temperature. 

A possible physical picture for the formation of oxide 
films is therefore as follows: there are two basic mecha- 
nisms which tend to promote film growth: chemisorption 
and ionic motion. Now, chemisorbed layers are liable 
to give rise to an electric field near the surface, due to 
attendant charge separation, and these fields may 
eventually be strong enough to cause ionic motion. 
On the other hand, ionic motion tends to remove ions 
from chemisorption sites, and tends to generate new 
sites. In this way it encourages additional chemisorp- 
tion. It is clear therefore that the two mechanisms aid 
each other. At lower temperatures chemisorption is 
liable to be dominant and to cause by the attendant 
electric fields, ionic motion in excess of what one would 
expect on the grounds of temperature alone.{/ As the 
temperature is raised, desorption increases in impor- 
tance, and opposes chemisorption, while ionic motion 
becomes easier. At this stage the logarithmic law tends 
to go over into the parabolic law, since a diffusion 
mechanism*®:”:48 begins to control the rate of the 
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Fic. 4. Adsorption at constant volume. The graph shows the 
increase in the number of adsorbed molecules per unit area, and 
the fractional decrease in the number of available sites with lapse 
of time. It is assumed that (6/A)X the total number of molecules 
which were present in the fixed volume V at time /=0 has the 
value 10, and that b=10~" cm?. 


{| This effect should show up in a plot of the parabolic rate 
constant against 1/7, and is found for instance in the oxidation 
of nickel (reference 36, Fig. 5). 
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reaction. The transition region deserves careful study 
as it is not clear at present how the two factors cooperate 
in this range of temperatures. It is hoped to return 
to this question in the future. It seems likely that the 
probability of sticking, Eq. (3), ceases to be proportional 
to the number of available sites s, at the higher tempera- 
tures when there are plenty of sites. 

This view appears to differ from that of Mott and 
Cabrera only in its emphasis on the chemisorption 
stage of the growth process. It depends crucially on 
the assumption that some understanding of the logarith- 
mic growth law of chemisorption can be gained along the 
lines indicated in Sec. IV, and it then relies on a modifi- 
cation of this mechanism. A statement of the merits of 
this point of view would include its simplicity, its ability 
to correlate data on oxide films with chemisorption data, 
the circumstance that the theoretical treatment is 
susceptible of considerable generalization, and the 
circumstance that it leads to logarithmic rate laws of 
oxidation for films thicker than those covered in 
Cabrera and Mott’s treatment. Thus the maximum 
thickness of film attained in the experiments illustrated 
in Fig. 3 is about 7ug/cm?, or about D=440 A, and 
growth was still continuing, whereas Cabrera and Mott 
state that their theory can be expected to apply only to 
thicknesses DX, where X;~100A to 1000 A. The 
main drawback of the present suggestions is that the 
constants which occur are not at present related to 
atomic constants, as they are in Cabrera and Mott’s 
treatment, but such developments should also be pos- 
sible. 


VIII. GENERALIZATIONS 


The theory of Sec. IV must be criticized for utilizing 
rather crude assumptions. It is, for instance, unlikely 
that all sites within a circle of area 5; will be equally 
and completely invalidated by the adsorption of an 
atom. In a better theory 5; may be replaced by a 
probability distribution function, which states the 
probability that a further molecule can be adsorbed 
at a distance y from a molecule which has already been 
adsorbed. It might be thought at first sight that this 
procedure would be equivalent to introducing an 
activation energy which depends on coverage. But this 
has already been done, in effect, since by (8) and (12), 
putting O=q/so, 


dO E 1 
—=aP(1—0)" exp(——) =—— exp(—)s,0). 
dt kT/  dsoto 


In terms of the conventional model this identification 
leads immediately to the linear dependence of activation 
energy on coverage. Our interpretation of this effect is 
that the exponential factor arises from an overlap of 
areas of inhibition brought about by increasing 
adsorption. 

The theory of Sec. IV can also be criticized for 
neglecting the influence of molecular velocities on the 
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probability of sticking, and for the lack of an atomic 
theory of the factor C. These and other mathematical 
complications would however tend to confuse a basically 
simple point of view, and may therefore be held over. 
We shall, however, deal at the same elementary level 
with another physical situation that may arise, in 
order to illustrate our belief that the treatment of 
Sec. IV can be generalized in several directions. 
Consider the case of chemisorption at a surface from 
a gas which is not kept at constant pressure (as in 
Sec. IV) but at constant volume, so that the number 
of collisions with the surface decreases as gas becomes 
chemisorbed. Equations (4) and (5) remain valid, but 
N is now a function of the time. Nonetheless, by taking 
the ratio of (5) to (4), so that N disappears, one finds 


ds/dq=—bs, 


equations which hold also in the constant pressure case. 
As an additional equation for NV, we take 


$= 50 exp(—)q); (13) 


pV+qA=constant, (14) 


which expresses conservation of the number of mole- 
cules. p is the number of molecules per unit volume, 
and may be equated to 6N/c, c being the most probable 
molecular velocity, since in this elementary theory, we 
neglect the velocity distribution of the molecules. V 
has the previous significance (Sec. IV). V is the fixed 
volume of the gas phase, A the effective area of the 
surface.** If No be the value of NV at ‘=0, (14) becomes 
simply 

No—N=(cA/6V)q. (15) 


Differentiating (15) with respect to time, and using 
(4), (13), and (15), one finds 


exp(—AVo) 
Bi(—1\N)— Ei(—\ N= —____—__, 
AoN (16) 
where 
x 
Ei(x)= f (et/t)dt, N=6bV/cA. (17) 


—o 


Under ordinary conditions the dimensionless quantity 
XN is of order 10 to 1000 for a volume V of order 10 cc 
to 1000 cc. For large positive x, the asymptotic 
expansion 

rita 3 

Ei(—x) ~- eo] --— 4-4 | 

2 ae ge 
holds. Using this in (16), the solution of the problem can 
be summarized by (13) and the equations 


v exp(yv)=e7/(1+7), (18) 
q= (y/b)(1—»), (19) 

where 
v= N/No, T= t/to, y= ANo= (b/A)poV. (20) 


** 4 must contain a correction factor if the gas is chemisorbed 
in atomic form. 
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For given parameters, (18) gives N (and hence the 
density p of the gas phase) as a function of time, and 
then (19) and (13) give g and s as a function of time. 
Since the exponential term dominates in (18), the 
multiplying factor vy can often be neglected, when (19) 
is again a law of the precise form of (1), with the same 
constants, except that now 


lo= 1/(CN abso), (21) 


in obvious generalization of (7). 

To illustrate these equations, Fig. 4 shows typical 
curves for g and s as a function of 1+7 using (13), (18), 
and (19). It is clear that it is impossible, for the 
parameters chosen, to distinguish experimentally the 
curve of Eq. (1) from that of Eq. (19). The rate of 
adsorption is therefore in effect again logarithmic, in 
agreement with experiment. It is seen from Fig. 4 that 
the number of sites s does not obey a logarithmic law 
In particular, it shows that after the pressure has fallen 
by 10 percent due to adsorption, the number of available 


sites has already decreased to one-third the original 
value. 
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The calculation of cross sections for slow inelastic collisions of molecules, such as occur in chemical reac- 
tions, shows an interesting combination of classical and quantum-mechanical features. The de Broglie 
wavelength is small compared with the range of the intermolecular potential so that there exists a rela- 
tively well-defined quasi-classical orbit; but in some cases the coupling constant is small compared with 
unity, and this gives the problem certain quantum-mechanical characteristics. On account of the condition 
relating to the de Broglie wavelength, a calculation of the total collision cross section requires the knowledge 
of the partial waves for a large number of values of the angular momentum /h. 

A method is devised to suit these different features. The WKB method lends itself well to this application, 
with a quasi-classical amplitude and a quantum-mechanical phase for the wave function. We also use the 
concept of an impact parameter } rather than the orbital quantum number /: this is well suited to describing 
a quasi-classical orbit, and hence for calculating the total cross section in a case like the present one. As an 
example of the method, the cross section for excitation of the first vibrational state of a hydrogen molecule 
resulting from collision with another hydrogen molecule is calculated. 


I, INTRODUCTION 


E wish to calculate the cross section for the ex- 
citation of molecular vibrations by collision be- 

tween two molecules, or an atom and a molecule, at 
energies so low that the translational and vibrational 
energies are of the same order of magnitude. Processes 
of this kind are basic to many gas phase chemical 
reactions!” and also to phenomena such as the “‘vibra- 





*This work was supported in part by Contract No. AF- 
19(122)-463 with the U. S. Air Force through sponsorship of the 
Geophysics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command. 

‘Mott and Massey, Theory of Atomic Collisions (Oxford Uni- 
versity Press, London, England, 1949), second edition, p. 294. 

owler and Guggenheim, Statistical Thermodynamics (Cam- 


bridge University Press, Cambridge, England, 1939), ch. 12. 


tional relaxation” that has been suggested as a mecha- 
nism for the large absorption of high-frequency sound 
in gases.’ 

Numerous quantum-mechanical calculations of this 
kind of process have been made*-* and the correct order 


3 W. T. Richards, Revs. Modern Phys. 11, 36 (1939). 

‘Excitation of molecular vibration and rotation by collision: 
one-dimensional treatment of the translational motion. C. Zener, 
Phys. Rev. 37, 556; 38, 277 (1931); J. M. Jackson and N. F. Mott, 
Proc. Roy. Soc. (London) A137, 702 (1932); Schwartz, Slawsky, 
and Herzfeld, J. Chem. Phys. 20, 1591 (1952); K. Takayanagi, 
Progr. Theoret. Phys. (Japan) 8, 111 (1952) ; H. Aroeste, J. Chem. 
(1963) 21, 870 (1953); J. C. Beckerle, J. Chem. Phys. 21, 2034 

1953). 

5 Vibrational dissociation by collision: one-dimensional treat- 
ment of the translation. E. Bauer, Phys. Rev. 84, 315 (1951); 85, 
277 (1952). 

6 Chemical reactions: one-dimensional treatment of the transla- 
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of magnitude for the cross section has been obtained. 
The problem of measuring cross sections for this kind 
of process experimentally is a very difficult one be- 
cause of the low energy of translation, so that no de- 
tailed numerical data such as angular distributions can 
be expected; from a theoretical standpoint there are 
serious difficulties connected with the form of the 
intermolecular potential, and also with the mathe- 
matical treatment of the translational motion. 

On account of the complexity of the problem, which 
arises from the large number of electrons and nuclei 
involved, it has not been possible to give convincing 
quantitative calculations of the intermolecular (van der 
Waals) potential for any but the very simplest systems.° 
The quantitative knowledge that is available on the van 
der Waals potentials of most molecules” has been derived 
from a knowledge of macroscopic properties of the gas, 
such as the viscosity and the second virial coefficient, by 
means of various statistical-mechanical models. From 
a logical standpoint this is a very unsatisfactory method 
of proceeding, both because many different models 
could give the same value for the macroscopic constants, 
and also, more specifically, because viscosity and other 
such properties depend on the behavior of a gas in 
near-equilibrium, when the molecules are mostly far 
apart from one another; in studying collisions, on the 
other hand, we are interested in the characteristics of 
the intermolecular potential at the opposite extreme, 
namely when the molecules are in close proximity." In 
the present work we shall make heuristic assumptions 
regarding the form of the potential, similar to those 
that have been made previously.® As far as this aspect 
of the problem is concerned, it seems that at present one 
cannot hope for any radically improved results. How- 
ever, with a reasonably reliable and rapid method of 
calculation it might be possible to consider a program 
of determining the potential from the value of the cross 
section, by varying the parameters involved in the 
potential in a systematic way, or conceivably even by 
more sophisticated methods. 

The central aim of this work is the presentation of a 
relatively rapid method for calculating the cross sec- 
tions for slow inelastic collisions in which the Born 


nO83)" Bauer and Ta-You Wu, J. Chem. Phys. 21, 726, 2072(L) 
1953). 

7 Vibrational excitation: three-dimensional classical treatment 
of the translation. B. Widom and S. H. Bauer, J. Chem. Phys. 21, 
1670 (1953). 

8 Vibration and rotation: three-dimensional quantum mechani- 
cal treatment of the translation. K. Takayanagi, Progr. Theoret. 
Phys. (Japan) 8, 497 (1952); K. Takayanagi and T. Kishimoto, 
Progr. Theoret. Phys. (Japan) 9, 578 (1953); Schwartz and 
Herzfeld, J. Chem. Phys. 33. 767 (1954); R. Brout, J. Chem. 
Phys. 22, 934, 1189 (1954). 

*A. A. Evett and H. Margenau, Phys. Rev. 90, 1021 (1953). 

10 Hirschfelder et al. Chem. Revs. 44, 205 (1949). 

11 A typical example is the Lennard-Jones 6-12 form (a/r’—b/r®) 
normally used for the van der Waals potential; while this is ade- 
quate at large intermolecular separations and does reproduce the 
known minimum in the potential, it is entirely unsatisfactory at 
small separations, where the potential is known to behave like 
1/r rather than like 1/r™ (see reference 6). 
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approximation is not valid and where it is not possible 
to restrict oneself to the calculation of a relatively 
small number of partial waves. 

The problem is this. We wish to make a perturbation 
calculation of the cross section for the transfer of energy 
between two degrees of freedom.” The Hamiltonian H 
of the system consists of an unperturbed part 


W=T+V 


(T=kinetic energy; V=potential energy), and a small 
perturbation V’ that provides a coupling between the 
different degrees of freedom." 

Now we must be more specific. We consider the 
transfer of energy between translational (“external”) 
and internal degrees of freedom of the system. The 
internal motion considered here is vibration, but one 
could equally well consider rotation. In any case, the 
internal motion is quite well understood, and will not 
be discussed here: the problem is to give a suitable 
treatment for the translational motion. The transla- 
tional motion is characterized by a reduced mass M, 
(“e” for “external”), an energy E=#7k?/2M., and an 
impact parameter 6 related to the angular momentum 
hl by the relation 

hl=hkb. (1) 


The potential V° is made up of two parts, namely V; 
which determines the internal motion, and V,? which 
acts on the translational degrees of freedom. The poten- 
tial V.° has a definite range R, and the perturbation 
potential V’ also has a definite range, R’>R, in the 
translational coordinate. 

The essential character of the translational motion is 
defined in terms of two conditions. First, the de Broglie 
wavelength X=1/k is very much smaller than R: 


X=1/kKR. (2) 


This condition arises from the large value of the particle 
mass M,, which gives large values for k even for small 
energies E. The physical meaning of the condition (2) 
is that there exists an orbit for our colliding particles 
in something like the classical sense: there is a diffuse- 
ness in this orbit of order A=1/k, but this is small 
compared with the ‘natural length” R for the problem. 

There is yet a second condition, concerning the mag- 


2 The “perturbation” character is inherent not only in the 
present (and all previous) methods of calculation, but even in the 
qualitative description of the system in terms of separate degrees 
of freedom. The underlying reason for this arises from the fact that 
it is in general impossible to solve problems involving several 
degrees of freedom exactly, such as even the classical three-body 
problem. 

13 Tf we introduce the notation 


a<*b 


for “a is very much less than } almost everywhere,” then the 
perturbation approach will be valid if the condition 


V’<*H 
is satisfied, and slow collisions may be defined by the condition 
TK*V?, 
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CROSS SECTIONS FOR MOLECULAR COLLISIONS 


nitude of the momentum transferred in a collision in 
relation to the uncertainty principle. Roughly, we 
may say that the momentum transferred is given by 
the expression 


ip~ f graav'at, (3) 


where the integration extends over the whole collision, 
so that 
5p~(V'/R)- (RM ./hk) = V'M ./hk. (3a) 


We now ask: what is the order of magnitude of the 
expression” 


5pR/h~V'RM../?R. (4) 


If the expression (4) is much larger than unity, then the 
effect of the uncertainty principle—or quantum- 
mechanical effects generally—will be small, so that we 
may treat the translational motion classically. If (4) is 
very much less than unity, we must treat the transla- 
tional motion in terms of quantum mechanics, even 
though the orbit may be well defined, in view of 
condition (2).15 

It turns out that in the present problem (4) is fre- 
quently small compared with unity (see Table I), so 
that a strictly classical treatment of the translational 
motion’ is not completely satisfactory. 

The two conditions involving (2) and (4) are basic to 
the present problem. It is clear from (1) and (2) that 
one must consider values of the impact parameter 
bSR, corresponding to angular momenta lA<|h, 
where 

1=kR>1. (5) 


Actually /;~10-100 in the present case (see Table I), 
and this determines the method of attack: basically we 
use perturbation theory,'® but in a different representa- 
tion from that usually employed. Normally one would 
expand the solution in spherical harmonics of order / 
(=0,1,2,---), solve the radial equation (an ordinary 
differential equation) for each value of J, and then sum 
the contributions for all /</J; to give the total cross 
section. This procedure would clearly be exceedingly 
lengthy in the present case, and thus we use wave func- 
tions characterized by the impact parameter } rather 
than by /; to obtain the total cross section, we integrate 
over all BSR. 

Here we use the WKB method in an impact param- 
eter formulation. The WKB method is essentially an 
asymptotic expansion in powers of # or 1/k or 1/M.— 
depending on how one chooses to regard it—and 
involves a wave function of form A exp(iS/h), where 
|A|? is a density function, and S a phase. In view of 
condition (2) the density | A |? just follows the classical 





‘* For Coulomb scattering, V’ = Ze?/r, so that if we are willing to 
speak of a range R in this case, the expression (4) is just Ze*/hv. 

'® There is no inconsistency here because (2) involves k and R, 
whereas (4) involves V’, R, M-, and k, so that (2) and (4) are 
essentially different. 

See reference 1, chapter VIII: “Method of Distorted Waves.” 
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TABLE I. The total cross section. 











Ey (107% e/a) 20 20.27 30 400 6 80 
oc” (10- cm?) 0 1.5 6.7 44 1.7 1.2 
aq” (10- cm?) 0 002 3.8 ce ee 1.2 
oq” has its maximum for 

l=hntln= 4 15 2324 22 
aq” is essentially zero for 

I>lo:lb= 6 30 47 67 75 
Xy/d (expression (2)) 0.18 0.03 0.02 0.015 0.012 
5pR/h (expression (4)) 

(a) evaluated at r=d 0.5 0.08 0.06 0.04 0.03 

(b) evaluated at r corre- 

sponding to /=1,, 0.02 0.5 0.9 1.4 1.8 





(i) Eo =20.27 X10-3 ¢2/ao is too close to the threshold for the present 
method to yield reliable results, on account of the small number of phases 
that contribute to o’’. 

(ii) There are considerable differences in the value of the expression (4), 
depending on just how one evaluates it. The basic point is that the expres- 
sion is of the order unity but somewhat smaller, so that one would expect 
the result for o’’ to lie somewhere between the C- and Q-values. 


orbit, described in terms of the impact parameter 3, 
with the quantum width A=1/k<«R; the phase S is a 
solution of the Hamilton-Jacobi equation of the 
problem. 


II. SPECIFICATION OF THE PROBLEM 


We consider a molecule AB which is excited in col- 
lision with an atom (or molecule) C. Each atom is 
regarded as a “particle” of respective mass My, Mz, 
Mc; each such “particle” is essentially the nucleus with 
a given potential field determined by the orbital elec- 
trons, which themselves are not explicitly considered 
here. This “adiabatic” separation of the electronic from 
the nuclear motions is justified in the present problem 
because it follows from the low energies of the heavy- 
particle motions under discussion that the velocities 
of the heavy particles are several orders of magnitude 
smaller than the electronic velocities, so that there is 
practically no possibility of transferring energy between 
electronic and nuclear (translational, rotational, vi- 
brational) modes of motion. 

In discussing total collision cross sections, it is con- 
venient to eliminate the motion of the center of mass, 
and thus we use the following coordinates: 


O=TaB 
r=frfo— (M atatM perpe)/(Mst+M sp) (6) 
R= (Matat+Moaret+Mctc)/(Mat+MetMo). 


Here 9 is the internuclear separation of the molecule AB 
and describes its internal motion (rotation, vibration) ; 
r is the coordinate of the incident particle C relative to 
the center of mass of the molecule AB and describes 
the translational motion. R is the coordinate of the 
center of mass of the system as a whole: it is irrelevant 
to the present discussion, and will not be used here. 

We must specify the reduced masses in the coordi- 
nates @ and r; they are, respectively, 


M;:=M.1M3/(MitMs), 
and 
M.=Mc(MatMs)/(Mat+Me+Mo). (7) 
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We shall consider the case when A=B, and C=AB; 
then 


M;=3Ma, and M.=Ma,. (7a) 


We are concerned with a transition in which the 
system goes from one state 0 to another state f. Any 
given state j of the system as a whole is characterized 
by specifying both the internal (vibrational and rota- 
tional) and external (translational) motions; this may 
conveniently be done by giving the internal energy 
€;=hw,; for a pure vibration, and the momentum 7k,, 
which is related to the translational energy E; by 
E;=??k?/2M.. It is clear that if no rotational transi- 
tions occur between our states 0 and f, we have con- 
servation of energy in the form 


h(ws—wo) = (ko? — k?)h?/2M -. (8) 


TABLE II. The van der Waals potential V, for two hydrogen 
molecules (see reference 9) (see Eqs. (12), (13), (14)). 








U£=4.18X 10 e/a 
a=0.916 ao 
po= 1.40 dao 
d=5.67 ao 
U'apu= 5.87X 10-6 e/ao 
20> 6.87 ado 








It should be noted that conservation of linear momen- 
tum is ensured automatically because we have elimi- 
nated the motion of the center of mass of the system as 
a whole; conservation of angular momentum will have 
to be considered separately (see Sec. V). 

In the present work we are concerned explicitly with 
a transition involving only translational and vibrational 
motion, and in particular the normal and first excited 
vibrational states of the molecule in question. The 
method can obviously be applied to other processes, 
such as the excitation of rotation by collisions, but at 
least for an initial discussion it is desirable to have the 
internal and external modes of motion as different in 
character as possible, because they are treated on a 
rather different basis. 


Ill. THE POTENTIAL 


We wish to express the potential energy of the system 
AB-+C in terms of the coordinates o, r in such a way 
that we may write!” 


V=V(0,r)=V (0,10) +V (00,4) + V’ (o— 00, F; @0). (9) 


At this point we neglect any noncentral characteristics 
of V and proceed as follows. Consider our three particles 
A, B, C in a straight line, and assume that all inter- 
actions may be represented as those between two atoms. 
Then 

7=V(rap)t+V (rac)+V (rea). (10) 


” For a symmetrical way of treating and r, see reference 6. 


ERNEST BAUER 


V(raz) is the internal potential energy of the AB. 
molecule, and thus its quantitative character is well 
known from spectroscopic evidence: we call it V;°(0,1), 
since o=rapz. For the external (van der Waals) poten- 
tial between the atoms, i.e., 


Ve=VE+V'=V(rec)+V (rca), (11) 
we substitute Morse expressions 
V (x)= Ue 0) — eal) | (12) 


rather than the conventional Lennard-Jones 6-12 
form,!!174 


We now take the case A= B, C=AB= Az, with the 
three particles A, B, C in a straight line, so that 


1Bc=1— 3P; Toa=1+ 4p. (6a) 


Substituting (6a) and the form (12) for V(rac), V (rca) 
into (11), we finally get the result 


V Poop) =U dete eer], 


2[ cosh (3apo) } 
UL=U,y ; 





cosh (apo) 
d=xo+(1/a) los] 





cosh (apo) 
} os 
cosh (3.4p0) 
V' (dp,r) po U'adp[ e-24"—20) ~ e~a(r—20) ], 
[sinh (3apo) P 
Uo . 
2 sinh (apo) 


Zo=Xo+ (1/a) los 





ee) 
sin (Sapo) J 


We still have the problem of determining the correct 
numerical values of the constants Uo, a, po, %o. These 
must be chosen to give the correct equilibrium nuclear 
separation po, and also the correct van der Waals po- 
tential V.°. The numerical values chosen for the case 
of two hydrogen molecules colliding are listed in TableII. 
They are essentially the quantum-mechanical results of 
Evett and Margenau® but these agree very well with 
the empirical values obtained from viscosity and second 
virial coefficients. 

It must be stressed that the present discussion of the 
potential is far from being self-consistent or satisfactory. 
There is a lack of consistency in the fact that the in- 
ternal potential V,°(9,r0)=V(ras) and the external 
potential V.=V + V’ are treated in completely differ- 
ent ways. We see empirically that one cannot use the 
expression (12) with the same set of constants Us, @, 0; 
po for both Vo and V2, because the numerical values of 
the two potentials are so different: in particular, the 
well depth in V; is of the order 4.5 ev for hydrogen as 
against 0.01 ev in the case of V.. This quantitative 


17a A detailed discussion of the bound states associated with van 
der Waals potentials in the 6-12 form has been given by J. E. and 
M. F. Kilpatrick, J. Chem. Phys. 19, 930 (1951). 
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CROSS SECTIONS FOR MOLECULAR COLLISIONS 


difference is entirely understandable in terms of the 
distortion of the “electron cloud” of the molecule at 
close nuclear separations, and the attendant complica- 
tions, but it does show clearly the heuristic character 
of the present derivation of V.° and V’. The numerical 
values of V used here are reasonably satisfactory, but 
it is clear that the numerical values used for V’, de- 
pending as they do on the differentiation of the func- 
tion V.°, cannot be expected to be accurate. 

The purpose of this work is essentially the derivation 
of a method for calculating cross sections, and in view 
of this the aim of the present section is merely to arrive 
at a potential which is sufficiently plausible in its 
qualitative and semiquantitative aspects so that the 
numerical values of the cross section resulting from the 
calculation shall have some sort of meaning. 


IV. THE PERTURBATION SCHEME 


Disregarding the motion of the center of mass of 
the system, we may write the total Hamiltonian H as 


H=H(0,r)=T;(o)+T-(r) 
+VP(o)+V(r)+V"(0,n), (15) 


where the kinetic energy terms 7 are given by the usual 
expressions 


Ti(e)=—(W/2M)V_; Te(r)=—(#?/2M.)VP, (16) 


and the potential energy terms V have the values of 
Sec. III and Table II. 

We treat V’ as a small perturbation, and describe 
eigenstates of the unperturbed system as 


$;(¢)x;(r), 
where ¢;(o), x;(r) are, respectively, solutions of 
[Ti(0) +V2(0) —hw; }b;(9) =0 (17) 
and 
(T.()+-V (1) 7k 2/2M]y;(r)=0. (18) 


In the present work we treat the ¢;(@) as known func- 
tions: the central problem is to find suitable functions 
x;(r) by solving Eq. (18), and in particular to find an 
expression for the transition matrix element (/| V’|0). 








V. THE ORBIT 


On account of condition (2), we can speak of an orbit 
which follows the classical path, but has a width x 
arising from the uncertainty principle. Accordingly, 
we consider first the classical motion of a particle C 
moving with momentum #ky towards the molecule AB, 
exciting this molecule into a vibrational state f, and 
then leaving with momentum #k;. The initial orbit of C 
is a straight line asymptotically, and the length of the 
perpendicular from the center of mass of the molecule 
AB onto the continuation of this straight line is known 
as the “impact parameter” dy of the initial orbit. Simi- 
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larly, we define an impact parameter 6, for the final 
orbit (see Fig. 1). 

We now ask the following question: given the initial 
and final asymptotic orbits, what is the actual orbit 
which links them? For definiteness, we suppose 


(i) that the scattering potential is central. This en- 
ables us to locate the classical motion in a plane. 

(ii) That no rotational motion is excited, so that 
angular momentum is conserved. The condition for 
conservation of angular momentum is!® 


hkobop=hk sb, =hl. (19) 


re) a’ 
! 
‘ 
1 
! 


/ 
U 





PORN: Ser 





Do bo 

















SCATTERING CENTER 
Fic. 1. The orbit. 


(iii) that the potential V.°(r) which determines the 
orbit has a short range. This assumption is again con- 
venient but, like the other conditions, it is not necessary 
in principle. 


It is evident from physical considerations that in the 
classical case the actual orbit passes continuously 
through all classical orbits a which satisfy 


hhaba=hkobo=hk sb; (20) 
and 


ke <k2<hke. (21) 


If the potential V,° is of sufficiently short range, the 
orbit will in fact pass through the locus of the turning 
points r, of all orbits a satisfying the conditions (20) and 
(21). This situation is illustrated in Fig. 1. 

The orbit Oror.r;f shown in Fig. 1 is the classical one, 
Xor. We consider our particle C as moving along it with 
appropriate speed, and producing a potential V’(,xo,(¢)) 
at the position of the molecule AB. This potential 
V’=V’'(o,t) now induces transitions in the internal state 
of AB. Explicitly, in the classical limit for the expres- 
sion (4) the potential inducing transitions in AB is 


V"(p,x0)) = f @r8(r—xo)V'(,n), (22) 


where the particle C runs through the orbit xo, with 
known speed, so that V’(@,xor) represents a function of 


18 Tf J quanta of angular momentum (molecular rotation) are 


excited, we have 
hkobo—hkyby =hI 


instead of (19), but this does not change the method funda- 
mentally. 
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o and of the time #, but not of any dynamical variable 
of the relative motion. 

In the present, quasi-classical case we may still 
speak of an orbit, but it is now blurred rather than 
sharp as in the classical case just discussed. We specify 
our set of states precisely as in the classical case, except 
that now we cannot give a sharp value for the impact 
parameter 5;, but can only specify it to within the 
quantum uncertainty: 


6bj~X;=1/k; (j=0,a,f). (23) 


We shall discuss wave functions which follow the classi- 
cal orbits but have the quantum width 6b;. These 
functions will be determined by the WKB method, as 
outlined in the next section. 

When a particle moves in a short-range potential 
V.°, its orbit can be split up into the asymptotic por- 
tions Oro and r;f beyond the turning points of the initial 
and final orbits, and into the region rorar; between these 
turning points (see Fig. 1). It is the latter region be- 
tween the turning points that is important in the 
present case, on account of the short range of the per- 
turbation potential V’. 

The turning points of the orbits are readily charac- 
terized by the classical distances of closest approach, rj. 
These are the appropriate solutions of! 


E;(1—6?/r7)— V &(r;) =0. (24) 


At the distance of closest approach the momentum 
hk; is diminished to a value q;(r;) given by 


qi (rj) =k5b5/1;. (25) 


It should be noted here that for a quantum-mechanical 
orbit characterized by k;, b;, r;, the actual particle 
density |x;|? has its maximum not at the point ry, 
but at a point 7;/=7;+4, in distance from the molecule 
AB.” Accordingly, in evaluating matrix elements, the 
perturbation potential and the effective wave numbers 
will be evaluated at this point r,’ rather than at rj. 





[4,0 1°=| ‘ 


M./{h'xq;(r)4rb ;6b;} along: the classical orbit (b;-+ 56b);) 


BAUER 


VI. APPLICATION OF THE WKB METHOD* 


A simple and convenient expression for the transla- 
tional wave function x;(r) is given by the WKB solu- 
tion of the wave equation (18), namely 


xi(1) = Aj(r) exp{tS;(r)/h}, (26) 


where S;(r) satisfies the Hamilton-Jacobi equation 
corresponding to (18), namely 


(gradS;)?+2M V(r) =ik;, (27) 


and |A,|? satisfies the equation of conservation of 
particle flux: 


div[ {tq;(r)/M.} | A;|?]=0, (28) 


where q;(r) is the effective wave number defined in 
Eq. (29) below. 

We can always make an ansatz of the form (26) for 
the wave function. If we then make asymptotic expan- 
sions of S; and A; in powers of # or 1/k; or 1/M., the 
leading terms for S; and A; are given respectively by 
(27) and (28). 

The action function S;(r) is given by an expression 
of the form 


Si(a)= f ar-ai(n, (29) 


where 


qj(r)?=k?— (2M ./h’) V O(n). (30) 


We choose the density function A (r) to satisfy the 
following conditions: 


(i) x;(r) shall follow the classical orbit, but with the 
quantum width 6b;~1/k;. For simplicity we shall as- 
sume that x; has a rectangular profile as a function of };. 

(ii) x;(r) shall be normalized per unit energy range, 
and also with respect to impact parameter (i.e., angular 
momentum). 


A detailed discussion of the normalization is given 
elsewhere”; here we merely quote the result: 


(31) 


off the orbit. 


VII. PERTURBATION MATRIX ELEMENTS 


Consider the internal (vibrational) state of the molecule AB. In a collision this is perturbed by a potential 
arising from the passage of the third particle C. In particular, the actual perturbation potential Vo,’(@) acting on 


the coordinate is 


valta)= f exv'os)| 


xs*x0o 


5(r—xos) classical case, C: expression (4)>>1 


(32) 


quantum case Q: expression (4) <1 


The physical meaning of Eq. (24) is that the point of closest approach is characterized by the condition that the potential energy, 


increasing with decreasing separation r, has diminished the total kinetic energy until its net value, E;— V.(r), is just balanced by the 
energy arising from the rotational motion connected with the angular momentum #l=hk;b;, namely #°1(/+-1)/2M 7’, or Wk 2b ?/2M er 


2 


®” This is due to the behavior of the wave function near a turning point. For one-dimensional examples, see reference 5 (first paper), 


Sec. VI (a), or reference 6, Fig. 3. 


The idea of using the WKB method in impact parameter formulation for three-dimensional problems was suggested to me by 
Professor J. B. Keller, cf. T. Takabayasi, Progr. Theoret. Phys. (Japan) 8, 143 (1952). , ; ; 
#E. Bauer, Research Report CX-17, Division of Electromagnetic Research, Institute of Mathematical Sciences, New York Unl- 


versity (1954). 
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Xor is the classical particle orbit, here interpreted as a function of time alone. In the present case we know that the 
actual orbit follows the classical orbit xo, but has the quantum width X. In view of the form of the wave function x 
(=A exp{zS/h}), we shall take for the total matrix element, 


(f|V’|0)= f Pod;*doV os’ (0), (33) 


the expression 


case C 


ylvio= f f ied /*OoV (on) AM) Aa | (34) 


The present calculations have been carried out for both 
the cases C and Q, i.e. for 6pR/h both very much greater, 
and very much less, than unity. 

We may simplify Eq. (34): 


(i) From the discussion of Sec. V we know that the 
volume integration over d’r may be reduced to a line 
integration over dxo;, evaluated with the appropriate 
width 6b;<~X;. This is the fundamental simplification of 
the present method: it may perhaps be compared in 
some very rough way with the fact that the expression 
for sind; given by the standard “method of phases’ is 
in the form of a single integral. In addition to this basic 
simplification there are several of a more technical 
nature, arising from the character of the phase S; of the 
wave function. 

(ii) On account of the short range of the potential V’, 
the line integration over dxo; does not have to be taken 
over the whole orbit, but only over a finite and rather 
short portion near the turning points. In particular, 
we shall take the integral only over the nonasymptotic 
portion of the orbit, which is roughly the region rorary 
of Fig. 1. The line element in this “effective region of 
interaction is denoted by dx, and because the whole 
region is relatively short, we shall replace the expression 
(29) for S; by the simpler form 


Si(x)=q;(x) -x. (35) 





exp{i(So—S;/h}, case Q 





We shall make yet a further simplification here, and 
write 


{So(x) —Sy(x)}/h= {qo(t0) —ay(ty)} x= qoy'x, (36) 


bearing in mind the discussion of Sec. V that the par- 
ticle density has its maximum at a point distant 
r |’ =r;+1/k; from the scattering center. 

Let the length of the “effective region of interaction” 
be %m. Then it turns out that the relation 


os’ Xm>>24 . (37) 


is satisfied, so that the exponential phase in the wave 
function makes a relatively large number of oscillations 
over the interaction region. On account of this one may 
neglect other, less rapid, variations in functional be- 
havior inside the integral over dx, in comparison with 
that of exp{i(So—S,)/h}. In particular: 

(iii) The amplitude function A;(r) is not a very 
rapidly varying function of r along the orbit, and thus 
we may replace it by its value at the point r,’, namely 
A ;(r;’). 

(iv) Similarly, over the effective region of interaction 
V’(x) is a relatively slowly varying function, and thus 
we may replace the function V’(o,x) inside the x-integral 
by LV’(0,r0’) V’(0,r;’) } outside this integral. 


Combining all these approximations, we arrive at 
the expression 


Sem case C 


(f{|V’|0)= f BP op;*(0)o(0)LV’(0,80') V’(0,1;’) 1A s*(1y')A aa) 2m (boat) (38) 


which may be simplified further by using the expres- 
sion (31) for A;(r), and (14) for V’(o,r). 


VIII. THE TOTAL CROSS SECTION 


Equation (38) gives the transition matrix element 
(f|V’|0) for given wave numbers ko, ky as a function 
of the impact parameter. The formulation is of course 
inherently symmetrical in bo and in by, but for definite- 
ness we write everything in terms of 5;, which is related 





* See reference 1, Chapters II, VI. It should be noted that the 
method of phases as such only exists for the case of elastic 
Scattering. 


(2/qoy’) sin(qoy’%m/2), case Q 





to bo by Eq. (19). The total cross section is then given 
by the expression 


i] 


ty"« f dnbydby| (f|V"0)|%, (39) 





where (f|V’|0) is taken as a function of by. 
It is clear that (39) is to be considered as an approxi- 
mation to the function 


oy => = ai+1) (f| V"|0)|?, (40) 


l=0 ok 








1094 


























2.0 
” 
z 
> 
> s 
: 
o 
< 
a OF 
° 
> 4 

re) I l I | | 
oO 10 20 30 40 50 
| ed 
(a) 

2x19 
“. 

E 

o if 

« 

°o 

s — 

b 

- l l l | 
i?) 10 20 30 40 50 
(—> 


(b) 


Fic. 2. Dependence of the partial cross section on the angular 
momentum /= kb: Q-approximation, Ey>=40X 10~ e/ao. (a) The 
square of the transition matrix element, | (f| V’|0)|?, expressed in 
arbitrary units, as a function of J. (b) The partial cross section 
oos’’ (1) as a function of 1. 


where now (f|V’|0) is the conventional transition 
matrix element, regarded as a function of /. One would 
expect the replacement of (40) by (39) to be satisfac- 
tory for />>1, where the relative step size 6/// is small; 
in the present case the most important contribution to 
aos comes from relatively large / (see Table II, Fig. 2) 
so that one may safely use (39) instead of (40). 


% Detailed comparisons of the partial cross sections oo,’ (/) and 
aos’ (1) have been made for a number of values of / and of the 
energy, and the orders of magnitude of the results of the two 
methods are in good agreement. The actual calculation of the 
partial cross sections go7'(/) shows clearly the usefulness of the 
present method of calculation, as the evaluation of any one 
oo’ (1) requires about as much time as does the total cross section 
oo’. For a typical energy value one has to consider some 60 
phases, so that the present method cuts down the work by a 
factor of the order ten over the conventional method. 
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Fic. 3. The total cross section oo;’’ as a function of energy, in the 
C- and Q-approximations. 


The results for oo;’’ as a function of energy in the C- 
and Q-limits of expression (4) are listed in Table I, 
and shown in Fig. 3. The character of the results is 
reasonable in both the energy dependence and the 
general order of magnitude: it is well known empirically’ 
that the cross section for excitation of the vibration is 
rather small. It is clear that one would expect the C-re- 
sults to be greater than the Q-results. Superficially it 
seems strange that the C- and Q-results differ most at 
the lowest energies, but this feature can be understood 
by recalling that a measure of the difference between 
the C- and Q-results is given by ko—k,, which of course 
decreases with increasing energy. 

A more detailed discussion of some features of the 
present method, and its relation to previous calcula- 
tions, is given elsewhere.” The aim of the present work 
is essentially the presentation of a method of calcula- 
tion which is free from some of the objections that can be 
raised against the previous, essentially one-dimensional 
calculations.~~* The approximations made here are 
largely of a kind whose effect can be calculated ex- 
plicitly, and it should be possible to use the present 
method to recalculate the cross sections for a number of 
related processes. 

I should like to thank Dr. A. B. Bhatia, Professor 
J. B. Keller, and Dr. Ta-You Wu for numerous dis- 
cussions. 

Note added in proof. —The numerical values of the cross section 


oo” (1) in Fig. 2(b), and oor” in Fig. 3, are too large by a factor 16. 
The values given in Table I are correct. 
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Resistance in a Liquid-Liquid Interface. III. The Effect of Molecular Properties* 


J. H. SunFeELt aAnp H. G. DriIcKAMER 
Department of Chemistry and Chemical Engineering, University of Illinois, Urbana, Illinois 


(Received October 20, 1954) 


The diffusion of molecular sulfur across a saturated liquid-liquid interface has been investigated for several 
molecular pairs, using a method previously described. The interfacial resistance does not directly depend 
on polarity of the liquids, nor can it be correlated with interfacial tension. High resistances are associated 
with liquids which show a high degree of hydrogen bonding. With suitable assumptions it is possible to 
calculate a free energy of activation for transfer across the interface. It appears that transfer in systems 
involving negligible resistance is analogous to van der Waals adsorption, while for systems involving high 
resistance the process is comparable to chemisorption. 















HE effect of an interface between phases on 

molecular motion is a problem of both theoretical 
and practical importance. So far, although indications 
of resistance to mass transfer through the interface 
have been found under several circumstances,!~ it has 
not been possible to establish just what conditions 
produce this resistance. In this investigation the effect 
of several molecular properties on interfacial resistance 
was studied. Specifically, variations in polarity, in 
interfacial tension, and in degree of hydrogen bonding 
were introduced. 

In all cases binary mixtures of partially miscible 
liquids were employed, and the rate of transfer of 
sulfur between the layers was measured. 

The experimental method employed was essentially 
identical to that described previously,” but the principle 
will be outlined here. A mixture of two liquid 
components containing also the sulfur was shaken 
thoroughly and equilibrated in a temperature bath. 
After at least twenty-four hours the layers were 
separated. A similar mixture containing radioactive 
sulfur was treated in the same manner. The two 
hydrocarbon rich layers were contacted in the diffusion 
apparatus and the concentration of radioactive sulfur 
at one end was measured as a function of time by 
means of a scintillation counter utilizing a cadmium 
tungstate crystal. The experiment was repeated for the 
other layer, and then for the system involving the 
interface. The method of calculating the diffusion 
coefficients was described in previous publications.!:?» 
The results are expressed in terms of D,; and Dz for 
the two layers, D(apparent) for the interfacial system, 
and an interfacial transfer coefficient a which is defined 
by the equation 


J=o[C (0-1) —mC(0+,1)] (1) 





* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1Scott, Tung, and Drickamer, J. Chem. Phys. 19, 1075 (1951). 
nosy Tung and H. G. Drickamer, J. Chem. Phys. 20, 10, 13 

Dz). 

*J. T. Davies, J. Phys. and Colloid Chem. 54, 185 (1950). 
\i9s4) E. Emmert and R. L. Pigford, Chem. Eng. Progr. 50, 87 

5K. D. Timmerhaus and H. G. Drickamer, J. Chem Phys. 19, 
1242 (1951). 


where J is net flux of molecules across unit area of 
interface, C(0-,t), C(0*,t) are concentrations on either 
side of the interface at time ¢, and m is equilibrium 
distribution of sulfur. Furthermore a has the dimension 
of a velocity and is clearly infinite for the case of no 
resistance in the interface. Actually the values of a 
which were numerically larger than a few hundred 
times the average value of D for the two layers gave no 
resistance distinguishable in our experiments. 

The systems studied are listed in Table I. The 
components of the aniline-methylcyclohexane solutions 
were mixed in such a proportion that the resulting 
mixture had the same composition as that corresponding 
to the critical solution temperature. The composition at 
the critical solution temperature is 47 weight percent 
aniline. For the other systems the compositions corre- 
sponding to the critical solution temperature were not 
known. The nitrobenzene and normal heptane were 
mixed in a 50-50 ratio by weight, while the components 
of the other systems were mixed in a 50-50 ratio by 
volume, since the critical solution temperature usually 
corresponds to a composition not far from 0.50 volume 
fraction. 

Since methylcyclohexane is less dense than aniline, 
the interfacial runs for this system were made with the 
methylcyclohexane rich layer containing radioactive 
sulfur as the upper cell, and the aniline rich layer 
containing only nonradioactive sulfur as the lower cell. 
For the other systems the n-heptane rich layer was 
always the upper cell in interfacial runs. The tagged 
component was usually in the upper half of the cell 
initially. Two runs were made on formic acid-heptane 
with the tagged sulfur initially below. The results did 











TABLE I. 
Critical 
solution 
System temperature °C 

1. aniline-methylcyclohexane 40.9 

2. nitrobenzene-n-heptane 20.0 

3. nitromethane-n-heptane 70.0 

4. aniline-n-heptane 115 

5. phenol-n-heptane 52.9 

6. formic acid-n-heptane 185 
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TABLE II. 
Temperature D1 X106 D2zX108 Da X108 a X108 
~~ cm?/sec cm?/sec cm?2/sec m cm/sec 





Aniline-methylcyclohexane 


- 0.0 4.35 0.795 0.714 0.637 13.2 
16.5 5.60 2.40 2.30 0.890 60.5 
37.3 12.9 6.85 4.24 0.935 65.5 
Nitrobenzene-n-heptane 
0.0 aT 3.66 3.61 0.506 112 
16.5 7.55 6.90 6.53 0.750 529 
Aniline-n-heptane 
17.3 6.50 1.27 1.01 0.360 18.5 
32.2 7.26 3.05 2.68 0.426 64.0 
Nitromethane-n-heptane 
17.7 10.9 4.16 4.20 4.16 125 
Phenol-z-heptane 
40.6 21.0 2.93 1.87 0.86 25.8 
Formic acid-n-heptane 
17.3 6.83 0.927 0.364 20.8 0.442 








not differ from the above but the runs were somewhat 
erratic and a small effect could have been present. 

The radioactive S** was obtained from the Oak 
Ridge National Laboratory in the form of a benzene 
solution. The purity of the radioactive sulfur was 
greater than 99.5 percent. The S* was obtained by 
evaporating thé benzene. The m-heptane was pure 
grade (99 mole percent minimum), as produced by the 
Phillips Petroleum Company. The phenol was reagent 
grade and was obtained from Merck and Company. 
The melting point of the phenol was 42°C. The formic 
acid was C.P. grade (98-100 percent), as produced by 
the General Chemical Division of the Allied Chemical 
and Dye Corporation. The methylcyclohexane, aniline, 
nitrobenzene, and nitromethane were obtained from 
the University of Illinois Chemical Stores and were 
redistilled with a Vigreux column. In each case approxi- 
mately the middle third of the distillate was collected 
and used in the experiments. The observed boiling 
points were 99°C for the methylcyclohexane, 182°C for 





COUNTS PER MINUTE 








l l 1 1 1 1 1 anil 
° 20 40 60 80 100 120 140 150 
TIME, MINUTES 








Fic. 1. Counts per minute versus time, typical run. 
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the aniline, 210°C for the nitrobenzene, and 100°C for 
the nitromethane. 

An interfacial active agent was used with the formic 
acid-n-heptane -system and with the nitromethane-n- 
heptane system to reduce the interfacial tension and to 
determine the effect on the interfacial resistance. The 
agent used was polyoxethylene sorbitan monolaurate, 
also known by the trade name of Tween 20. It was 
furnished by the Atlas Powder Company. 

The experimental results are shown in Table II. 
The diffusion coefficients are reproducible within 3-4 
percent. The accuracy of a is harder to estimate. For 
high resistances it is reproducible within 5 percent. For 
low resistances it is less accurate, but our discussion 
hinges on its magnitude and not its exact value. 
In each case D, is the diffusion coefficient in the hydro- 
carbon rich layer, and D» is for the other layer while 
D, is the apparent diffusion coefficient for the inter- 
facial runs. The values of D;, D2, and D, are the average 
values of two or more runs. The distribution coefficient 
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DIFFUSION CURVES OF THE 
N-HEPTANE-FORMIC ACID- a 
SULFUR SYSTEM AT 17.3°C. 
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Fic. 2. Calculated and measured concentration; time 
profiles; system heptane; formic acid; sulfur. 


m is the ratio of the sulfur concentration in cell 1 to 
that in cell 2 at equilibrium. It was measured by count- 
ing the radioactivity of each of the two layers. The 
difference of radioactive absorption in the two layers 
was neglected. Thus for the aniline-methylcyclohexane 
system 


(no. of counts in MCH rich layer-background) 





(no. of counts in aniline rich layer-background) 


A typical run is shown in Fig. 1 to illustrate the 
technique. The existence of the resistance is strikingly 
llustrated in Figs. 2 and 3, the former for a system of 
high resistance, the latter for a system with negligible 
resistance. 


I. THE EFFECT OF POLARITY ON INTERFACIAL 
RESISTANCE 


All of the systems in this work contained one polar 
liquid. The nonpolar liquid in five of the systems 1s 
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n-heptane. For the methylcyclohexane-aniline system 
the methylcyclohexane is essentially nonpolar, since 
the dipole moment of the methyl group is very small. 
Table III lists the systems and the corresponding 
values of the interfacial transfer coefficient a. For each 
system the dipole moment of the polar component is 
also listed. The dipole moments were taken from 
LeFevre.* From Table III it is apparent that high- 
interfacial resistance does not necessarily correspond 
to high values of the dipole moment. Here the systems 
showing the least interfacial resistance were actually 
the most polar. The formic acid-n-heptane system has 
the highest interfacial resistance, but the dipole moment 
of the formic acid is only 1.2 debye units. 


Il. THE EFFECT OF INTERFACIAL TENSION 


Values of the interfacial tension y are listed in 
Table IV for several of the systems, with and without 
interfacial agents present. The values of a, the inter- 
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Fic. 3. Calculated and measured concentration; time profiles; 
system; heptane-nitrobenzene; sulfur. 


facial transfer coefficient, are also listed. The interfacial 
tensions were determined by a drop weight method. 
Table IV indicates that interfacial resistance cannot 
be explained on the basis of interfacial tension alone. 
The formic acid-n-heptane system had the highest 
interfacial tension and the highest interfacial resistance, 
but the nitromethane-n-heptane system, with an 
intermediate value of the interfacial tension, had the 
lowest interfacial resistance. When the interfacial 
agent (Tween 20) was added to the formic acid-n- 
heptane system, the interfacial tension was practically 
cut in half, but there was no change in the interfacial 
transfer coefficient a. The interfacial agent was added 
to the n-heptane-nitromethane system to determine 
whether the agent might actually increase the inter- 
facial resistance of a system which had a comparatively 
small resistance. Again the interfacial agent had no 
effect on the interfacial diffusion rate. These results 





®R. J. W. LeFevre, Dipole Moments (Methuen and Company, 
Ltd., London, England, 1948), second edition. 








TABLE III. Dipole moments and interfacial transfer coefficients. 











Tempera- Dipole moment a X10° 
System ture °C debye units cm/sec 
1. nC;—nitrobenzene 16.5 4.23 529 
2. nC7—-nitromethane 17.7 3.0 125 
3. nC7-phenol 40.6 1.7 25.8 
4. nC7—aniline 17.3 1.55 18.5 
5. nC;-formic acid 17.3 1.2 0.44 
6. MCH-aniline 16.5 1.55 60.5 








cast considerable doubt on the explanation that the 
large organic molecules of a wetting agent hinder the 
molecules from crossing the interface. The observed 
effects of wetting agents in reducing mass transfer 
rates in wetted-wall columns and other mass transfer 
equipment are probably the result of the elimination 
of rippling and other hydrodynamic effects. The recent 
data of Emmert and Pigford‘ support the latter 
statement. 


Ill. THE EFFECT OF HYDROGEN BONDING 


It has been shown that the dipole moments do not 
give an explanation of interfacial resistance. However, 
the systems which showed the high interfacial resistances 
all had a component which was capable of forming 
hydrogen bonds. Table V lists the systems in the order 
of increasing hydrogen bonding, and gives the corre- 
sponding values of the interfacial transfer coefficient. 
In the absence of any exact quantitative measure of 
hydrogen bonding, the solubilities in water, which is 
strongly hydrogen bonding, illustrate the relative 
extents of this effect. The solubility data listed in 
Table VI are taken from Hildebrand.’ Tables V and VI 
show that the interfacial resistance increases as the 
extent of hydrogen bonding increases. The u-heptane- 
phenol system seems to be slightly out of order, since 
its interfacial transfer coefficient is larger than the 
interfacial transfer coefficient of the m-heptane-aniline 
system. However, the n-heptane-phenol measurements 
were made at a higher temperature, since phenol forms 
a solid phase at the lower temperatures. The decrease 
in a with lowering of temperature would easily remove 
the slight discrepancy from Table V. 

The dipole moment itself is not a complete measure 
of orientation. Molecules which hydrogen bond exhibit 


TABLE IV. Interfacial tensions and interfacial transfer coefficients. 











Temperature y a X106 
System ©. dynes/cm cm/sec 
1. nC;-aniline 17.3 2.7 18.5 
2. nC7—-nitromethane 17.7 7.0 125 
nC7—-nitromethane 
+Tween 20 17.7 4.5 125 
3. nC;-formic acid 17.3 12.2 0.44 
nC;-formic acid 
+Tween 20 72 6.6 0.44 











7J. H. Hildebrand and R. L. Scott, Solubility of Non-Electro- 
lytes (Reinhold Publishing Corporation, New York, 1950). 
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TABLE V. Hydrogen bonding and interfacial resistance. 











Temperature a X108 
System “he cm/sec 
1. nC7—nitrobenzene® 16.5 529 
2. nC7-nitromethane* 7 125 
3. nC7-aniline 17.3 18.5 
4. nC;-phenol 40.6 25.8 
5. nC7-formic acid 17.3 0.44 








No hydrogen bonding. 


TABLE VI. Solubility in water at 20°C. 











Compound Solubility, mole percent 
Nitrobenzene 0.028 
Aniline 0.70 
Phenol We 


Formic acid completely miscible 








a high degree of hindered relative molecular rotation. 
This hindered molecular rotation would be very 
significant at an interface, and the strong orientation 
would lead to interfacial resistance to diffusion, since 
only those diffusing molecules with certain preferred 
orientations would not be retarded at the interface. 
Oster and Kirkwood® explain that hydrogen bonding 
molecules show greater hindered molecular rotation 
because the charge distribution is exposed, so that 
neighboring molecules can assume relative con- 
figurations in which there is very strong interaction. 
Molecules like nitrobenzene have a shielded charge 
distribution, and the intermolecular repulsive forces pre- 
vent significant orientation. 


IV. THE ENERGY BARRIER AT THE INTERFACE 


The diffusion of molecules across an interface may be 
visualized as a process involving an intermediate 
activated state. Of the molecules striking the interface, 
only those with sufficient energy to surmount the energy 
barrier will penetrate the interface. By means of the 
theory of absolute reaction rates, a treatment of 
diffusion in solutions has been developed.’ According 
to this theory, the diffusion coefficient is given by 
kT AF* 
D=P— exp(-—— (2) 
h RT 


where / is the distance between equilibrium positions 
in the liquid, k7/h is a frequency factor, and AF* is 
the magnitude of the free-energy barrier for diffusion. 
By an analogous treatment the interfacial transfer 
coefficient a is given by 


kT AFF 

a= ]— exp(-—— . (3) 
h RT 

8 G. Oster and J. G. Kirkwood, J. Chem. Phys. 11, 175 (1943). 


® Glasstone, Laidler, and Eyring, Theory of Rate Process (Mc- 
Graw-Hill Book Company, Inc., New York, 1941). 
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Here the exponential factor represents the probability 
that a molecule striking the interface will possess 
sufficient free energy to surmount the energy barrier. 
Equation (3) breaks down in the limiting case of no 
interfacial resistance (a—). [It may also be that 
Eq. (1) is a poor defining equation at low resistance. | 
For this case AF* is zero, and Eq. (3) gives a finite 
value for a, which, however, is 10® to 10 times as 
large as the diffusion coefficient D. Thus Eq. (3) 
[or (1) ] is not valid for extremely small resistances. 

The free energy of activation for diffusion across the 
interface may be associated with the energy of adsorp- 
tion. The molecules in one of the phases must surmount 
an energy barrier to be adsorbed on the surface of the 
other phase. The process is similar to adsorption on 
the surface of a solid. In the case of liquids with no 
hydrogen bonding the process is like van der Waals 
adsorption, i.e., a physical transfer. For associated 
liquids the process approaches chemisorption. 

The value of the free energy of activation can be 
calculated from Eq. (3) if / is approximated by (V/V)! 
where V is the molal volume (average for the system) 
and N is Avogadro’s number. From the table of values 
of AF* (Table VII), it can be seen that the free-energy 
barrier to diffusion through the interface is large. 
The AF* values for ordinary diffusion in a single phase 
are much lower. Consider the n-heptane-nitrobenzene 
system as an example. The free energy of activation 
for diffusion in the n-heptane rich layer, is 4640 calories 
per mole. This is considerably below the value of 
11 720 calories per mole for diffusion across the n- 
heptane-nitrobenzene interface. And it must be re- 
membered that the m-heptane-nitrobenzene system had 
the smallest interfacial resistance of any of the systems 
studied. The effect is thus even more striking for systems 
with large interfacial resistance. These high values of 
AF* for interfacial diffusion indicate that only an 
extremely small fraction of the molecules striking the 
interface are able to cross it. 

The values of AF* calculated from Eq. (3) are only 
approximate, but they are useful in comparing one 
system with another. From the results in Table VII 
it is apparent that the free-energy barrier at the inter- 
face must be quite large before a diffusional resistance 


TABLE VII. AF* for interfacial diffusion of S**. 











Temperature AFT 

System i cal/mole 

1. nC7—nitrobenzene 0.0 11 880 
16.5 11 720 

2. nC7—-nitromethane 17.7 12 620 
3. nC7—aniline 17.3 13 710 
$2.2 13 690 

4. nC;-phenol 40.6 14 650 
5. nC;7-formic acid 17.3 15 920 
6. MCH-aniline 0.0 13 000 
16.5 12 900 

37.3 13 880 
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at an interface can even be detected. The AF* values 
for interfacial diffusion increase as the extent of 
hydrogen bonding increases, and again it is apparent 
that the interfacial resistance is high for systems which 
show considerable hydrogen bonding. 

Interfacial diffusion involves adsorption of diffusing 
molecules from one phase onto the surface of the other 
phase. For the systems with low interfacial resistance 
the adsorption is of the van der Waals type, whereas for 
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systems with high interfacial resistance the adsorption 
is probably similar to chemisorption, and occurs at a 
finite rate. 

The effect of temperature on interfacial resistance 
was studied for several of the systems, and in each 
case the resistance decreased with temperature. The 
variation of AF* with temperature seems to be small. 

The authors wish to acknowledge the assistance and 
advice of Dr. Lu Ho Tung. 
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A one-dimensional model for hydrogen bonding is proposed based on the potential function 
V = D[1—exp(—nAr?/2r) J. The energy associated with both the weak and strong bonds of the configuration 
RO—H--- OR; is obtained through application of this function. A repulsive Van der Waals potential 
and an attractive electrostatic potential are also assumed to exist between the two electronegative atoms of the 
hydrogen bond. Through application of the conditions describing a stable equilibrium, relations are obtained 
which permit a calculation of OH frequency shifts, OH bonded distances, hydrogen bond energies and 
ko ~~~o force constants, all as a function of the O --—-O distance R. The calculated quantities agree well 
with those obtained from neutron diffraction, infrared, and other experimental studies. Because of the 
assumptions involved, this model is best used to describe the properties of hydrogen bonds in crystals. 
The model is also capable of extention to describe the properties of other types of hydrogen bonds such 


as HFH, NHN, NHO, OHN, etc. 


INTRODUCTION 


HERE is no complete agreement as to the nature 
of the hydrogen bond. A large number of in- 
vestigators favor an electrostatic model while others 
favor a quantum-mechanical explanation. However, no 
theory has explained quantitatively the main features 
of hydrogen bonding.! Any adequate model should 
quantitatively describe such features as the OH fre- 
quency shift, hydrogen bond energy, bonded OH dis- 
tance, and the like. 

Recently Rundle and Parasol? and Lord and Merri- 
field’ have published results of infrared studies on 
strong hydrogen bonds in crystals. Both groups were 
able to demonstrate experimentally a definite relation- 
ship between OH frequency shift and O — —-— O distance. 
Their data are quite significant in that from them a 
check may readily be made of any proposed theory of 
the hydrogen bond. 

The success with which a number of bond properties 
in both diatomic and polyatomic molecules have been 
correlated and predicted by means of a potential 
function recently presented by one of us has led us to 





1 Several reviews on hydrogen bonding have been published. 
M. Davies, Chem. Soc. Ann. Repts. 43, 1 (1946); L. Hunter, 
an 43, 141 (1946); L. Kellner, Repts. Progr. in Phys. 15, 1 

52). 


2 R. E. Rundle and M. Parasol, J. Chem. Phys. 20, 1487 (1952). 
?R. C. Lord and R. E. Merrifield, J. Chem. Phys. 21, 166 (1953). 


attempt to formulate a one-dimensional model of the 
hydrogen bond based on the same potential function.‘ 

Cross, Burnham, and Leighton® have previously used 
a potential function to describe a number of properties 
associated with hydrogen bonding in ice and water, 
but did not extend it to other types of O—H - --— O hy- 
drogen bonding. Our proposed model is different from 
theirs in that a function has been used which describes 
bond properties more accurately than the Morse func- 
tion, that a Van der Waals repulsion term between the 
oxygen atoms has been introduced in a different manner 
and that an electrostatic attraction term is used. 


A MODEL BASED ON A POTENTIAL FUNCTION 
For a model we propose to use the potential function 
V =D[1—exp(—nAr*/2r) | (1) 


where D=bond dissociation energy, Ar=r—ro, and 
n= koro/D. In the above form the function is applicable 
to bonds in diatomic and polyatomic molecules and 
should form a basis for a model of hydrogen bonding 
provided that it can be modified suitably. 

To make the problem tractable we make the following 
assumptions, which are illustrated in Fig. 1 for 


OH --- O bonding. 


4E. R. Lippincott, J. Chem. Phys. 21, 2070 (1953). 
5 Cross, Burnham, and Leighton, J. Am. Chem. Soc. 59, 1134 
(1937). 
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Fic. 1. The asterisk will be used 





¢ R » to identify the properties of bond 
II, if it were an unperturbed OH 
bond. 

Anet-t 

An,zR-r-tp 


(a) The hydrogen atom is located along the line of 
centers between the two electronegative atoms making 
up the bond. (b) Bond I is equivalent to a slightly 
stretched typical covalent bond, the amount of stretch- 
ing being r—ro. (c) Bond II is a weak bond which is 
equivalent to a highly stretched bond, the amount of 
stretching being R—r—ro*. (d) There is a Van der 
Waals repulsion between the two oxygen atoms, which 
may be described by an exponential potential. (e) There 
is an electrostatic potential between the two oxygen 
atoms which may be represented as —B/R™. (f) The 
potential energy of stretching in both bonds may be 
obtained through application of the simple potential 
function (1). 

Because of these assumptions our model will better 
approximate a hydrogen bond in the crystalline state 
than one in the liquid or vapor state; therefore any com- 
parison with experimental data will be based on studies 
of the hydrogen bond in crystals. This model should be 
more applicable to hydrogen bond dimers than polymers. 

The potential energy for this model consists of the 
sum of four terms 


V=VitV2+ V3(repulsion)+ V,4(electrostatic). (2) 


It is convenient to choose V=0 when the molecules are 
completely separated. From the above assumptions 


Vi=D[1—exp(—nAr*/2r) | (3) 


Vo= D*{1—exp[—n*(R—r—ro*)?/2(R—7) }} 
— D*¥= — D*{exp[—n*(R—1r—ro*)?/2(R—1)]} (4) 


VizAe*® — Vy=—B/R™. (5) 


Before this potential function may be applied, it is 
necessary to have some knowledge of the properties of 
bonds I and II in their unperturbed or unstretched 
configurations. As the potential function (1) is assumed 
applicable to both bonds in their unstretched configura- 
tions the following relations hold. nD=koro and n*D* 
=k *ro*. Since bond I is essentially a slightly stretched 
OH bond, the values for n, D, ko, and ro may be taken 
from the corresponding values for the H.O molecule. 
For bond II a knowledge of the quantities n*, D*, ko*, 
and 7o* is not readily available. This bond is more 
properly considered as a highly stretched HO*R, bond 
rather than as a highly stretched HOR bond. Because 
the parameter, m, is related to atomic ionization 
potentials of the atoms making up the bond* we would 
expect n*n. Furthermore, although the bond lengths 
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associated with H—OR and H—O*R; are not quite the 
same, we will assume that ro>=7* for lack of informa- 
tion. Likewise, although ko* is not necessarily the same 
as ko we will assume ko*= kp for lack of further informa- 
tion. These assumptions imply that n*D*=nD. Since 
all properties of bonds I and II in their unperturbed 
positions may now be evaluated except u*, we write 


n* = gn (6) 


where g is chosen such that the best results are obtained. 
A suitable value of g is 1.45. The evaluation of g in 
principle requires the use of one frequency shift or one 
OH bond length. 

Other schemes may be chosen to evaluate the proper- 
ties of bond II in the unperturbed position. For example 
one might put u* equal to some function of R—r. The 
scheme used here has the advantage of simplicity and 
makes use of only one empirically evaluated parameter. 
Any other method would of necessity involve at least 
one or more such parameters. 

For motion of the nuclei along the axis of the hy- 
drogen bond the following conditions characteristic 
of a stable equilibrium are applicable. 


OV 
Ga 
Or F eq 








av 
( ) =ky (8) 
OF F 0s 
OV 
(—) =0 (9) 
OR oq 
a7V 
( ) mko 0 (10) 
ORES os 
where ky is the force constant associated with the 
notion of the hydrogen atom and ko__-~o is the force 


constant associated with the motion of the oxygen 
atoms. 

Before we use these conditions it will be convenient 
to modify the repulsion and electrostatic terms, so that 
they contain two constants and not three. To do this we 
write 


Ro\™ 
Vet Vix Vo} 2 expl—-B(R-R)]-(—) (11) 


where Vo is equal to V3+ V4 when R= Ro. On comparing 
(11) with (5) one has 


A=2V cet PRo (12) 
B=VRo”. (13) 


By dividing (13) by (12) one obtains B in terms of 
A and Eq. (5) becomes on substitution: 


VstVa=Al[e>®— (3) (Ro/R) eo]. (14) 
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The constant A may be evaluated by using the condi- 
tion (@V/dR)=0, while b can be evaluated through the 
use of a known hydrogen bond energy. 

It is necessary to choose a value for the exponent m 
in the electrostatic term. For hydrogen bond dimers, 
involving nonequivalent oxygen atoms, such as one 
has with the carboxylic acids, m may be given a value 
of 1 since the oxygen atoms carry fractional charges. 
For bonds involving equivalent oxygen atoms such as 
in ice, a more suitable value of m can be chosen between 
3 and 6. Since the electrostatic term does not appear 
in the equations used to determine the O—H distance 
or O—H frequency shifts and gives only a minor con- 
tribution to the energy and ko ___ 0 force constant, we 
will uniformly choose m=1. Although for particular 
cases of O—H---O hydrogen bonding a more suit- 
able electrostatic potential may be chosen, the one used 
here has the advantage of simplicity. We have used a 
value of m=6 and the results are nearly as good as 
those with m=1. 

THE DEPENDENCES OF r ON 
THE O---O DISTANCE 

This elementary model is now capable of predicting 
a relation between the OH bond distance and the 
O---O distance for hydrogen bonds. From (2) and 
the condition that (dV /dr)=0, we have on solving 
for Ar 


Ar= ({expl —n*(R—r—ro*)?/2(R—1) ]}/ 
exp(—nAr*/2r)) (15) 
X[r?(R—r—ro*) (R—r+ro*)/(R—r)?(r+10) |. 

Since Ro, ro, and are known from experimental data 
and ro*=ro and n*=gn, Eq. (15) is suitable for calcu- 
lating Ar as a function of Ro by the method successive 
approximations. 

ro=0.97-10-§ cm 
n= koro/D=9.18- 10° cm (16) 
n* = (1.45Xn) = 13.32-108 cm. 
In Table I the calculated values of Ar for given values 
of Ro are tabulated. A graph of r versus Ro is shown in 
Fig. 2. Fortunately recent neutron diffraction measure- 


ments by Peterson and Levy on ice and KH2PO, have 
been given which enable us to check these predictions.® 


TABLE I. Calculated 7 and Aw values. 











RinA rvinA Aw in cm=! 
2.40 1.163 1510 
2.45 1.151 1900 
2.50 1.115 1785 
2.55 1.079 1445 
2.60 1.051 1110 
2.70 1.019 680 
2.80 0.998 400 
2.90 0.986 240 
3.00 0.980 150 
3.10 0.976 90 








6S. W. Peterson and H. A. Levy, J. Chem. Phys. 21, 2084 
(1953); Phys. Rev. 92, 1082(A) (1953). 
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for hydrogen bonds. 1. KH2POs,, 2. Ice. 


The agreement between the observed and predicted 
results is excellent. 


THE RELATIONSHIP BETWEEN OH FREQUENCY 
SHIFT AND O---O DISTANCE 


One of the most characteristic properties of the 
hydrogen bond is the relatively large frequency shift 
associated with the OH stretching mode of vibration. 
Through application of Eq. (8) this OH frequency 
shift may be predicted as a function of Ro. By using 
(2) with (8) one obtains 


ky= (nD/r*)[exp(—nAr?/2r) | 
XLre— (nAr?/4r) (r+10)? ]+[n*D*/(R—1)*] 
X {expl[—n.*(R—1r—10*)/2(R—1) ]} 
X [rot —n* (R—r—ro*)?(R—r+ro*)?/4(R—r) ]. (17) 


One may apply *D*=nD and the condition that 
nD= koro. Since the mass of the oxygen atoms are large 
compared to that of the hydrogen atom it is a reason- 
able assumption that 


ko= 42??? 
and that (18) 
ky = 4 uwH?c?. 


These combined with (17) give 


{ {exp —nAr’/2r) ]} (10/r*) }} 

X Lre?— (nAr*/4r) os o. ' 
= + (ro*/(R—1)*) | 

aii {exp|—n*(R—1r—r10*)?/2(R—1) }} 9) 

x [rot?—n* (R—r—ro*)? 

X (R—r+10*)?/4(R—1) J) 
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Fic. 3. O—H frequency shifts as a function of O---O dis- 
tance for hydrogen bonds. + represents experimental data ob- 
tained from reference 3 in text. O represents experimental data 
obtained from reference 4 in text. 1. Ni-dimethylglyoxime. 2. 
Maleic acid. 3. Oxalic acid-2H.O. 4. Ureaoxalate. 5. KH2POx,. 6. 
NaHCO. 7. N-acetylglycine. 8. Phloroglucinol. 9. KHCO3;. 10. 
Salicylic acid. 11. Succinic acid. 12. Resorcinol. 13. Adipic acid. 
14. Pentaerythritol. 15. Diaspore. 16. Ice. 17. Oxalic acid-2H20. 
18. LiOH-2H;0. 19. NaOH. 


From (16) and from the previous calculations of r as 
a function of R illustrated in Fig. 2 the information is 
available to calculate w/w as a function of R. The 
frequency of the unbonded OH stretching mode was 
taken as 3700 cm. In Fig. 3 we give a plot of Aw versus 
R by using Eq. (19). 

Rundle and Parasol? as well as Lord and Merrifield? 
have published infrared studies on strong hydrogen 
bonds in crystals. Both groups have given plots showing 
the experimental dependence of frequency shift on 
O---H-—O distance, as determined from x-ray dif- 
fraction studies. In Fig. 3 we have plotted their experi- 
mental points. The agreement between experimental 
and predicted frequency shifts is satisfactory and 
within the experimental error of measuring the fre- 
quency shifts. Such measurements are subject to con- 
siderable error first because of the width of the bands 
and second because a number of them have more than 
one main component. 

_In so far as the geometry is concerned, the maximum 
in the predicted curve at 2.45 A corresponds to the case 
of symmetrical hydrogen bonding. It thus appears that 
most cases of O—H —-— O hydrogen bonding are asym- 
metrical but both oxalic acid and nickel dimethyl- 
glyoxime examples which are not far from the sym- 
metrical case. 
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L. Kuhn’ has given an experimental curve of Aw as 
a function of H---O distance for weak intra- and 
intermolecular hydrogen bonds in alcohols. Since most 
of the examples given by his studies would correspond 
to bent bonds and because his work was done in solution, 
a comparison with his results cannot be readily made. 
The model used here assumes that the hydrogen bond 
is linear. 

The successful prediction of the O—H distances and 
the OH frequency shifts as a function of R, is sufficient 
evidence that the proposed hydrogen bond potential 
function is essentially correct in its dependence on r, 
the bonded OH distance. We must still demonstrate 
that its dependence on R, the O--—-O distance is 
correct. 


THE DEPENDENCE OF HYDROGEN BOND ENERGY 
ON O---O DISTANCE 


{;.'There is a considerable amount of information avail- 
able on OH-—--O hydrogen bond energies. These 
energies have been estimated from measurements on 
heats of sublimation, heats of vaporization, monomer- 
dimer equilibrium studies, etc.! A prediction of these 
may be made from Eq. (2) through the application 
of Eqs. (3), (4), (14), and (15). The constant B has been 
obtained in terms of the constant A. The latter is readily 
evaluated from the condition (dV /dR)=0, from which 
it follows that 


n*D*( ro* 2 
ae a ee) 
2 \R-—-r 


Xexpl—n*(Ro—r—ro*)?/2(Ro—1) ]/ 
(e->%0)(b—1/2Ro). (20) 





A remains constant for a wide range of Ro values. The 
only quantity which remains unknown is the repulsion 
constant 6. This has a value of 4.8-10% cm™ and was 
chosen to give the best agreement with the predicted 
energies. As Eq. (2) is presented, no correction has been 
made for the change of translational and rotational 
degrees of freedom on dissociation of the hydrogen 
bond. We have used a correction of 3RT/2. (For this 
model the bending modes associated with the hydrogen 
bond would have zero frequency.) 

A plot of predicted hydrogen bond energy as a func- 
tion of R is given in Fig. 4. The commonly accepted 
values of the energies for oxalic acid, carboxylic acids, 
alcohols, and ice are included for a comparison. The 
predicted curve does not seem to have a curvature 
which would give the best agreement with the experi- 
mental values. However, since these latter are probably 
not known with an accuracy of greater than +1 kcal/ 
mole, the predicted values are considered acceptable, 
but part of any discrepancy may be due to our failure 


to introduce a proper Van der Waals repulsion term into 


7L. P. Kuhn, J. Am. Chem. Soc. 74, 2492 (1952). 
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our model. A curve based on m=6 has been calculated, 
but is indistinguishable from Fig. 4. The use of m=6 
gives reasonable values for the energies but does not 
give as satisfactory values for the O---O force 
constants as does m= 1. 


CALCULATION OF THE O---O FORCE CONSTANT 


Since the model now behaves properly to a fair 
approximation in both r and R, it is possible to use 
Eq. (10) to calculate ko ___o. From (2) and (10) the 
following expression is obtained: 


ko ~~~ 0= 0V2/0R?+ (dV 2/0R) 
X (BRo’—1)/Ro(bRo—}). (21) 


In Table II we have tabulated ko ___ and the cor- 
responding O -—-O frequencies for ice, formic acid, 
and oxalic acid. This frequency has been observed for 
ice, formic acid, and acetic acid from Raman studies.*:*- 
The agreement between the calculated and observed 
frequencies is quite reasonable. 


TABLE IT. Calculated values for the O---O 
force constants and frequencies. 











R k-10-5 w (calc) w (obs) 
Angstroms dynes/cm cm! em! 
Ice 2.76 0.220 204 210° 
2.788 0.175 red 
Formic acid 2.73* 0.281 204 189+80°4 
2.68% 0.455 259 
Oxalic acid 2.50 2.49 434 








8 J. W. Karle and L. O. Brockway, J. Am. Chem. Soc. 66, 574 (1941). 
b See reference 5. 

¢ See reference 8. 

4 Value given is for formic acid in the liquid state. 


CALCULATION OF THE EFFECTIVE CHARGE 
ON THE OXYGEN ATOMS 


If we interpret the proposed potential functions as 
being consistent with a resonance model illustrated 
by the structures: 


| | lo +)! 
O—H O-- 


I II 


The constant, B, in the electrostatic term, —B/R, can 
be regarded as the product of the effective charges on 
the oxygen atoms. One then has a means of representing 
the relative importance of structure II. For smaller 
values of R, structure II is increasingly important. 
Consistent with this is the fact that B is a function R 
which increases when 'R decreases. Writing B= N (ae)? 
where NV is Avogadro’s number and a represents the 
fractional charge, it is possible to calculate a as a func- 
tion of Ro. The results are given in Fig. 5. It should be 
emphasized that this curve is only applicable to cases of 





* Gupta, Indian J. Phys. 10, 117 (1936). 
*Ganesan and Venkateswaran, Indian J. Phys. 4, 196 (1924). 
Ghosh and Kar, J. Phys. Chem. 35, 1735 (1931). 
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Fic. 4. Hydrogen bond energy as a function of O---O dis- 


tance, m=1. 1. Ice. 2. Alcohols. 3. Carboxylic acid dimers. 4. 
Oxalic acid. 


hydrogen bonding involving dimers where the oxygen 
atoms may be regarded as nonequivalent. The curve 
would not be applicable to ice, where the oxygen atoms 
are equivalent as far as hydrogen bonding is concerned. 

The role of the electrostatic term in hydrogen bonding 
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Fic. 5. Fractional charge on oxygen atoms as a function of 


O---O distance for hydrogen bond dimers involving non- 
equivalent oxygen atoms. 
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Fic. 6. The potential energy curve for motion of hydrogen atoms in ice. 


may be studied by considering the effect on V of in- 
creasing B (thus an increase of charge on the oxygen 
atoms). Since A is constant for all O—H - -- O bonds, 
the conditions that (0V/0R).q=0 may be used to 
calculate the value of Ro at equilibrium. This new Ro 
will be smaller. The effect on the terms of the potential, 
V=VitV2tV3+ V4, is as follows. V; is slightly larger 
indicating a stretching of bond I in Fig. 1. V2 is pro- 
portionately much smaller indicating a gain in stability 
due to formation of a stronger bond II in Fig. 1. V2 is 
proportionately much larger, because of the large Van 
der Waals repulsion. V4 is slightly larger. The important 
point is that the major changes in V are in V2 and V; and 
not in the electrostatic term. The reason for this is that 
distance factors are more important in V2 and V; than 
they are in the electrostatic term. The latter is im- 
portant not because it gives a major contribution to 
the energy but because it allows a relatively close 
approach of the oxygen atoms. Hydrogen bonds between 
donor atoms of low ionization potential and acceptor 
atoms of large electron affinity would favor structure II 
and these have a smaller Rp and larger energy. This of 
course is one of the common observations made in 
hydrogen bond studies. 


POTENTIAL CURVES FOR THE HYDROGEN BOND 


Since the proposed model adequately describes a 
number of properties associated with hydrogen bonding, 
one can obtain potential curves for the motion of the 
hydrogen atom and also for that of the oxygen nuclei. 
The former may be obtained by using (2) to obtain V 


as a function of 7, all other quantities remaining con- 
stant, and the latter by using (2) to obtain V as a 
function of R, all other quantities remaining constant. 
These curves are shown in Figs. 6, 7, 8, and 9 for ice 
and oxalic acid respectively. In the curves for motion 
of the H atom, ice shows a maximum while that for 
oxalic acid does not although the curve is quite asym- 
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motion of hydrogen bonds in ice. 
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HYDROGEN BOND 





metric. The second potential minimum in ice lies nearly 
20 kcal above the first minimum. These curves clearly 
indicate that there should be considerable anharmo- 
nicity associated with the bonded OH frequency. This 
anharmonicity can be calculated if one uses this poten- 
tial as an anharmonic oscillator and solves the Schroe- 
dinger wave equation for the energy levels by means of 
the W.B.K. approximation method. 

The curves for the motion of the oxygen nuclei are 
significant in that they show the importance of the 
Van der Waals repulsion term. Actually this repulsion 
term is necessary to make the model mechanically 
stable. Without it the hydrogen bond would collapse. 
Again the potential curve is very anharmonic. For con- 
venience the ground state has been drawn in for the 
ice curve. 

Classically one can use the ko ___ 0 force constant to 
estimate the mean displacement of the oxygen atoms. 
For ice at 0°C, a value of 0.12 A is obtained. From Eq. 
(19) or Fig. 3 one may then obtain a mean spread of the 
OH frequencies. For ice this mean spread is about 
300-400 cm=!, which is in satisfactory agreement with 
experiment. Classically this model is then capable of 
explaining the broadness of the OH bonds due to 
hydrogen bonding. Merrifield has given a similar ex- 
planation for the broadenss of the OH bands." Cross, 
Burnham, and Leighton have also called attention to 
the large amplitude associated with the O---O 
motion.® 





1 R. E. Merrifield, Ph.D. thesis, Massachusetts Institute of 
Technology (1952). 
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DISCUSSION 


This simple model of the hydrogen bond is adequate 
to predict OH frequency shifts, OH bonded distances, 
and hydrogen bond energies from independent measure- 
ments of the O--—-—O distance. By graphically com- 
bining the predicted curves of Figs. 3 and 4 one may 
obtain a curve which relates hydrogen bond energy 
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Fic. 9. The potential energy curve for the O---O 
motion of hydrogen bonds in oxalic acid. 
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Fic. 10. O—H frequency shift as a function 
of hydrogen bond energy. 


to OH frequency shift, thus eliminating the necessity 
of relying on measured values of the O— —-— O distances. 
This curve is given in Fig. 10. 

This model is applicable to other types of hydro- 
gen bonding such as F—H---F,O—H--—N, and 
N—H ---O. Calculations on these types are in prog- 
ress and the results are encouraging. In particular 
this model should be adequate to predict hydrogen 
bond energies in proteins and related substances. 

In its present form this simple model does not explain 
the multiple structure of some of the OH bands found 
by infrared studies. Of course, it says nothing about 
the effect of hydrogen bonding on the OH bending fre- 
quency or the frequencies of other nearby functional 
groups, which are known to be altered on formation 
of a hydrogen bond. Without modification the proposed 
model is incapable of handling bent hydrogen bonds 
and is not directly applicable to hydrogen bonding in 
liquid systems. Indications are that these latter cases 
may be handled by an extension of the model. 

In any case it is surprising that such a simple model 
can adequately correlate and predict a number of the 
main features associated with hydrogen bonding. 

Since the nature of hydrogen bonding has not been 
completely elucidated, it is logical to ask if this model is 
able to suggest new information about its basic explana- 
tion. The answer to this question depends to a large 
extent on the interpretation which is given to the 
potential function (1). Since this function is adequate 
to describe the properties of covalent bonds and not 
particularly suited to ionic or strongly polar bonds, it 
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would seem that the forces playing an important role in 
hydrogen bonding are essentially the same as those ap- 
plicable to ordinary covalent bonds. The latter are 
adequately described only in terms of quantum theory, 
and thus the commonly accepted explanation of the 
hydrogen bond in terms of classical electrostatic forces 
would appear unsatisfactory. The most important 
terms in the potential function used here are unlike ones 
used in electrostatic models which again implies that 
such forces have only a minor effect on the main features 
of the hydrogen bond. The electrostatic term used here 
does not make a major contribution to the energy but 
does allow a closer approach of the oxygen atoms re- 
sulting in more favorable distance factors. Because of 
the successful application of assumptions (c) and (f), 
it would appear that the potential function used would 
be most consistent with a resonance model illustrated 
by the resonance forms 


| | lo le) 
O——-H o— H——o0-. 


I II 


Quantum-mechanically the wave function for this model 
would be 


Y= ay1(RO—H OR2)+ arn (RO- H—OtR,). 


Here the classical electrostatic interactions would be 
described by ¥ and the resonance contribution by 
¥11. Such a model has been proposed by others but with 
the exception of HFH~ the constant ay, has generally 
been considered so small that the ayy term could be 
neglected.’* This model suggests that the resonance 
term is more important than now generally supposed.* 
Some investigators now prefer a quantum-mechanical 
model but most still consider the electrostatic one as 
the most likely explanation. A large number of papers 
have considered both sides of this question.!:?—“ 

We wish to express our appreciation to Professor 
R. C. Lord for several helpful discussions and to Pro- 
fessor R. E. Rundle and Dr. K. Nakamoto for sending 
us data in advance of publication. This work was sup- 
ported in part by the Office of Ordnance Research, 
Contract DA-072-ORD-677. 


2 C. §. Coulson, Valence (Oxford University Press, New York, 
1952), p. 303. 

* Note added in proof.—The potential function (1) which forms 
the basis for the one-dimensional model of the hydrogen bond 
proposed here may be derived from a simple quantum-mechanical 
model [E. R. Lippincott, J. Chem. Phys. 23, 643 (1955) ]. 

13 R. S. Mulliken, J. Phys. Chem. 56, 801 (1952). 

44 Nukasawa, Tanaka, and Nagakura, J. Phys. Soc. Japan 8, 792 
(1953). 
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The reaction rate vs time data of isotopic exchange reactions have been shown by previous work to obey 
a first-order rate law, neglecting differences in isotopic reactivity. A simple method, of use in reactions 
having complex mechanisms, is developed for relating this first-order rate constant to the rate constants of 
elementary steps in the process. The method involves examining the progress of specified atoms through the 
reaction sequence, and is applicable regardless of the number of exchange positions of the reactants, or of 
whether or not one isotope is present in tracer amounts. These results are used to reinterpret some data on 


the deuteration of diborane. 





INTRODUCTION 


URING the past few years there has been a con- 
siderable amount of research on the rates of iso- 
topic exchange reactions. Neglecting differences in 
isotopic reactivity, simple! calculations show that the 
rate at which the over-all isotopic composition of any 
chemical species in these reactions approaches its final 
value should obey a first-order rate law, regardless of 
their mechanism. A chemical species is defined here as a 
class of compounds differing only in their isotopic com- 
position. This conclusion that the rate of formation of 
an equilibrium distribution of the isotopes among the 
reactants from an initially nonequilibrium distribution 
should be first order has been abundantly confirmed 
experimentally. The explicit form of the rate law’ is 
given by 


ab 
Rt= ——— ln(1-P), (1) 
a+b 


where a and 6 denote the concentrations of exchangeable 
atoms in the two reactants A and B, in gram atoms per 
liter say, R denotes the rate per unit volume at which 
atoms in A pass over to positions in B, and F denotes 
the fraction of exchange at time ¢. The rate per unit 
volume at which atoms in B pass over to positions in A 
must of course equal R. Furthermore, F is defined as 
(%a°— 2a) /(wa°—4%a”), where Xa, Xa°, Xa” denote the 
fractions of exchangeable atoms in A which are present 
as a particular isotope, a say, at time /, 0, and ©. 

When the mechanism of the exchange reaction is 
complex in that the over-all reaction is composed of 
several elementary steps, a problem of major interest 
is the relation of the quantity estimated from the ex- 
perimental data, R, to the rate constants of the ele- 
mentary steps and to the concentration of the reactants. 
In the present paper a simple method of obtaining this 
relation is presented and compared with other methods 
which have been, or could be used. Application of this 
technique to some recent data is made. 


* This work was supported in part by the Office of Naval Re- 
search under Contract No. Nonr 839(09). 
_ 1A. C. Wahl and N. A. Bonner, Radioactivity A pplied to Chem- 
istry (John Wiley and Sons, Inc., New York, 1951), p. 7, give 
references to the original proof of H. McKary and to other deriva- 
tions; G. M. Harris, Trans. Faraday Soc. 47, 716 (1951). 


THEORETICAL TREATMENT 
General Discussion 


It is useful to recall for purposes of continuity the 
simple proof! of Eq. (1). From the definitions of x, and 
R it follows that the rate per unit volume in which 
atoms in A of the recognizable isotopic type, a@ say, 
pass over to positions in B is Rx, and the rate at which 
atoms in B of the same isotopic type pass over to posi- 
tions in A is Rx», where x, is the fraction of exchangeable 
B atoms which are of the isotopic type a. Thus the net 
rate at which these atoms pass from A to B is 


d 
——(axq) = R(%a—%») (2) 
dt 


where x, and x» are related by the material balance 
equation 
AXq+bxy= axe? + bx," = (a+b) x0”, (3) 


which involves the fractions at infinite time. The second 
part of this equation follows from the fact that at equi- 
librium, i.e. at = ©, the fraction of exchangeable atoms 
of species A, x4”, which are of the isotopic type a equals 
the corresponding fraction x,” in the species B. It 
immediately follows from the elimination of x, between 
Eqs. (2) and (3) that 


dX, atd 
——= R——(%,.—”). (4) 
dt ab 


Equation (1) then results when Eq. (4) is integrated 
from t=0 to t=1. 

One method of obtaining a detailed interpretation of 
R, which has been used in tracer studies of reactions 
having complex mechanisms, is applicable to mecha- 
nisms involving only one slow step. For example, it 
can be applied to reaction systems having several 
rapidly attainable equilibria which form intermediates, 
followed by a slow reaction between these intermediates 
(or between an intermediate and a reactant). The rate 
R is simply the rate expression for the reaction of these 
intermediates. It therefore involves their concentrations 
and these may be expressed in terms of the stoichiomet- 
ric concentrations of the reactants using the appro- 
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priate equilibrium constant expressions. This method is 
simple and extremely useful but it is nevertheless of 
limited applicability. 

If one of the isotopes is present in tracer amounts, 
denoted as the labeled isotope, then another more 
general way of obtaining the relation between R and 
the rate constants of the elementary steps could involve 
setting up expressions for the rates of formation and 
disappearance of each of the labeled reactants and 
intermediates. Once again a first-order law can be shown 
to result, only now the first-order constant has the de- 
sired form. It explicitly contains the rate constants of 
the elementary steps and is, generally, some function 
of the concentrations of the reactants. This method, 
however, becomes increasingly laborious with increasing 
complexity of the reaction mechanism, and a related, 
though appreciably simpler method of evaluating R 
is developed in the next section. 

If both isotopes are present in comparable amounts 
but each type of molecule present contains at most one 
exchangeable atom, then a somewhat similar procedure 
to that used for the tracer case may be employed, or the 
procedure discussed in the following paragraph may 
be used. 

When the isotopes are present in comparable amounts 
and at the same time the reactants have several ex- 
changeable positions, many isotopically different com- 
pounds are formed, some isotopically isomeric with the 
intermediates and some with the reactants. In the case 
of complex mechanisms this enormously complicates 
any attempt to solve the equations for the rate of 
change of concentration of each of the many isotopically 
distinguishable molecules present.? For example, be- 
cause of this isotopic multiplicity, it would be necessary 
to consider a large number of reactions, of the order of 
one hundred, in treating the exchange reaction of BsHe 
with De to be described later. In the present paper 
attention will be focused on the more limited but 
simpler problem of interpreting in terms of a detailed 
mechanism the rate of change of the over-all isotopic 
composition of any chemical species, i.e., of any class of 
compounds differing only in their isotopic composition. 
To accomplish this, it is first observed that this rate of 
isotopic exchange is given by Eq. (1), for the derivation 
of that equation was seen to be quite general. The prob- 
lem then becomes one of evaluating the constant R 
occurring in this equation, in terms of the rate constants 
of the elementary steps of a suitable detailed reaction 
mechanism. To do this we note that R is independent 
of isotopic composition; therefore, its value for this 
apparently more complicated case, where the amounts 
of the isotopes are comparable and the reactants have 
several exchangeable positions, is the same as that for 
the case where one of the isotopes is present in tracer 
amounts. That is, R for the complicated case may be 

2 An exception to this comment may be found in initial rate 


studies, for initially only relatively few distinguishable molecules 
are present. 


evaluated by determining it for the tracer case. Some 
methods for doing this have already been mentioned 
while in the following section a general simple treat- 
ment, valid for both cases, will be developed. 


Evaluation of R 


General 


In order to relate R to the rate constants of the ele- 
mentary steps of the isotopic exchange reaction between 
A and B and to the initial concentrations, the progress 
of certain atoms through the reaction sequence from 
A to B will be followed. This will be done by labeling 
a certain, very small number of atoms which are ini- 
tially in the A-type molecules say. This number of 
labeled atoms is taken to be so small that the number 
of molecules, A-type or otherwise, containing two 
labeled atoms per molecule is negligible and that the 
chance of a reaction between two molecules, each con- 
taining one labeled atom, is also negligible. 

Let A* be the concentration of those A-type mole- 
cules which at time ¢ have one labeled atom each. An 
artifice which we find simplifies considerably the de- 
tailed evaluation of R will now be introduced. We will 
let the label* be such that by definition it vanishes when 
the specified atom enters a position in a B-type mole- 
cule, but not when the specified atom merely enters a 
position in one of the intermediates. Therefore A* is 
actually the number of specified atoms per unit volume 
which at time ¢ have never reached a position in a B-type 
molecule. It follows that A* will decrease steadily with 
time from its initial value at =0 to zero at t= «©. The 
simplification resulting from the introduction of this 
artifice is that reactions involving the redissociation of a 
B molecule containing what would have been a labeled 
atom need not be considered for the evaluation of R. 
Detailed examples of this simplification are described 
later. 

In a time interval, ¢, +d a number of these labeled 
atoms per unit volume, —dA*, will enter the species B. 
That is, this is the number when there are A* labeled 
atoms available per unit volume. The number entering 
per available labeled atom present per unit time is 
therefore (—dA*/dt)/A*. Moreover, this is the prob- 
ability per unit time that any given exchangeable atom 
in an A-molecule will enter a B-molecule. Now R is 
the number of A-atoms entering positions in the species 
B per unit volume per unit time, there being a atoms of 
species A per unit volume available, or R/a is the num- 
ber of A-atoms entering B-molecules per available 
atom per unit time. Therefore, it follows that 


R 1 dA* ; 
—=—-——_ (5) 
a A* di 


which is the desired relation between R and A*. 
As an example of the detailed calculation of —dA*/dt, 
and therefore of R, the isotopic exchange reaction be- 
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tween BoH, and Dz will be treated and compared with 
the experimental data.* The reaction between B2H¢ 
and BDz has also been studied experimentally.’ Its 
treatment presents some new problems since here there 
is only one chemical species and its over-all isotopic 
composition cannot change during the course of the 
reaction. A method of handling such a case is proposed 
and the results are compared with the experimental 
data. 
Reaction of Dz with BoHe 


The system used to study this exchange reaction 
contained as reactants B2H, and D». As a result of reac- 
tion there were presumably produced the following 
compounds: all possible substituted diboranes, B2HsD, 
BsHyDz- - - BeDg, there being some twenty-four of these, 
all possible substituted borines, BH;, BH2D, BHD», 
BD3, and the hydrogens, HD and Hg. The reaction was 
studied? by essentially analyzing for the total deuterium 
content present in the hydrogen chemical species after 
various reaction times. The rate-time data were found 
to obey the first-order rate law and the first-order rate 
constant showed a rather peculiar dependence on the 
initial concentrations. 

A possible mechanism for this reaction which will 
be discussed here involves four basic steps; but, if this 
mechanism is written in terms of all the distinguishable 
compounds present (previously enumerated), the 
number of elementary reactions which contribute to the 
over-all exchange process is of the order of one hundred. 
However, as previously mentioned, the first-order rate 
data can be interpreted, neglecting differences in iso- 
topic reactivity’ and making only one further approxi- 
mation,® by evaluating the constant R which appears in 
Eq. (1), using the method outlined in the previous 
section. The basic ideas underlying this approach to 
the problem can be summarized in the following way. 
These experimental data were actually obtained in a 
system having comparable amounts of the different 
isotopes and also having numerous isotopically differ- 
ent compounds. Then R was determined? from the data 
with the aid of Eq. (1). Now, R, for the case where one 
isotope is present in trace amounts, has the same value 
as R for this more complicated case. Therefore, if it is 
desired to derive a theoretical expression for R in terms 


’P. C. Maybury and W. S. Koski, J. Chem. Phys. 21, 742 
(1953); P. C. Maybury, Dissertation, The Johns Hopkins Uni- 
versity, Baltimore, Maryland (1952). 

*We should like to comment on the neglect of differences in 
isotopic reactivity in the application of the first-order Eq. (1) to 
the experimental data. Inasmuch as the data actually obeyed a 
first-order equation, it may be inferred that the major effect of 
any difference in isotopic reactivity is on the value of the constant 
R which appears in Eq. (1). This effect will be considered in an 
approximate manner in the latter part of this paper. 

5 There is at small times some transient state which is neglected 
in the application of Eq. (1) to the data. However, the approxi- 
mation made in neglecting this transient state is justified by the 
fact that first-order behavior was observed. It may be further re- 
marked that the proposed mechanism is a chain mechanism, and 
the transient state in gas phase chain reactions would be expected 
to be established almost immediately. 


1109 


of a detailed reaction mechanism and to compare it 
with the experimental value, it can be imagined that 
the reaction was performed under tracer conditions, 
although the more complex conditions were actually 
used. This is then done by labeling a small number of 
atoms and following their progress through the reaction 
mechanism. 

A possible mechanism serving as a basis for this cal- 
culation is given by the following set of equations, 
similar from the viewpoint of chemical species involved 
to a mechanism previously suggested?: 


ky 

BH, = 2BHs, (6) 
—1 
ke 

BH;+HH* = BH;*+Hb,, (7) 
—2 
ks 

BH;*+B:2H¢ — BoHe+BHs, (8) 
Ra 

BH;*+BH; > BoHg. ; (9) 


The labeled atoms are taken to be initially in hydro- 
gen-type molecules so that A* is H,* here. Let (H2*) 
and (BH;*) denote the concentration of H, and BH; 
molecules containing a labeled atom at time ¢. It is 
emphasized that this labeled atom is not necessarily an 
isotope but merely a device for the evaluation of the 
constant R. The label vanishes when the atom reaches 
a position in a B-type molecule. Once R is evaluated 
Eq. (1) may be applied to give the rate of change of the 
over-all isotopic composition of any chemical species. 

Because of the disappearance of the label when the 
atom enters a position in B, i.e., because of the definition 
of a labeled atom, the reverse of reactions (8) and (9), 
reforming BH;*, should not be considered in the reac- 
tion scheme used to evaluate R. Reaction (8) is a 
reaction whereby the labeled atom of the borine dis- 
appears from this species to become part of a diborane 
molecule. 

It follows from this reaction sequence that 


= k»(BH;) (H:*)—k2(BH3*)(H:) (10) 





where (BH;) and (H2) denote molar concentrations. 
Using a steady-state relation for BH;* we have 


d 
we = 0 = ko(BHs3) (H2*) 
— (k_sH2+sB2He+.BH3;)(BH;*). (11) 


Eliminating BH;* from Eqs. (10) and (11) it follows 
that 
a d(H,*) keca 


(Hs*) dt -h90/2(kyc-+hyb/6)+1 





12) 
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where we have set c= (BH;), a= 2(Hz2), and 6=6(B2Hs), 
since a and b denote concentrations in gram atoms per 
liter while (Hz) and (B2He) denote molar concentrations. 

The constant k2/k_2 is the equilibrium constant of 
reaction (7). It can be evaluated in terms of the parti- 
tion functions of the components of this equilibrium. 
After due cancellation, only a product of symmetry 
numbers remains, so that 


ko oBH30Ho* 6X1 3 
—= =—_=-. (13) 
R_» oBH3*o0H2 2X2 2 





A further simplification of Eq. (12) can be made if 
the rate of termination of BH;* chains in this chain 
process, k4c(BH;*), is appreciably less than the rate of 
propagation, k3(BH;*)b/6. This is generally true for 
chain reactions. A comparison of Eq. (12) with the data 
leads to the same conclusion here. Thus this equation 
becomes 


kob*(k1/6k_1)* 
R= 


"7 2ko/k3+b/a " 





where the equilibrium relation, k_1c?=k1b/6, has been 
introduced. 

According to this equation, R is independent of a and 
proportional to 5? when a is relatively high such that 
2k2/k3>>b/a. When a is relatively low, i.e., when 
2k2/k3Kb/a, then R is proportional to a and also to 6}. 
This behavior was observed experimentally® with the 
exception of the square-root dependence on the di- 
borane concentration at low a which has not yet been 
tested. It would be interesting to restudy experimentally 
this aspect of the problem. 


150 120 
120 90 
b’2R 
90 60 
60 30 
30 0 














b/a 


Fic. 1. Dependence of 5!/R on the ratio of the diborane to 
deuterium concentration, b/a, for 55°C (left-hand ordinate) and 
75°C (right-hand ordinate). 


6 See reference 3. It is observed that our a, He, is denoted by 
b there, and conversely. 


According to Eq. (14) a plot of 5?/R vs b/a should be 
a straight line whose ratio of slope to intercept is 
k;/2k2. Within experimental error this plot is found to 
be linear as seen from Fig. 1. At 55°C, k3/ke is esti- 
mated in this manner to be 0.25. At 75°C this ratio is 
definitely higher, but its exact value as inferred from 
Fig. 1 is seen to be uncertain. It would appear that the 
reaction of a borine with diborane has a somewhat 
higher activation energy than that of borine with 
hydrogen. This is rather unexpected. When R is inde- 
pendent of a, R=k3(k:b®/6k_;)'/2, and the activation 
energy Exact for the over-all reaction becomes 


AH; 
Eact= —_—, (15) 


where AH; is the heat of reaction of (6). Furthermore, 
Eact equals 20.4+2 kcal mole. 

The foregoing analysis shows that the peculiar de- 
pendence of R on a and 6 can be consistent with a 
homogeneous mechanism. It had earlier been assumed? 
that this behavior was evidence for heterogeneous reac- 
tion. Actually the reaction is at least slightly heteroge- 
neous, the rate increasing somewhat less than twofold 
at 55°C when the surface was increased tenfold, while 
at 75°C the rate was essentially unchanged. Such a 
slight surface effect will not affect the general agreement 
obtained above. Naturally, this does not rule out any 
heterogeneous mechanism consistent with these experi- 
mental observations, but there does not appear to be 
any need for invoking it at the present time. 

It is interesting to note that the reaction rate was 
appreciably reduced at 55°C and at 75°C, five- or six- 
fold in some cases, by the addition of CO, or Ne though 
not of He. While this might, as previously suggested,’ be 
evidence for a surface reaction, an interesting alternative 
might be that the unsaturated borine is, possibly, par- 
tially associated with such molecules, thus reducing its 
reactivity. The effect of added gases on this and on 
other, equally slow, reactions of diborane is therefore of 
considerable interest. 


Reaction of BoD, with BoHs 


In the exchange reaction between BoH, and BeDs, 
the percentage deuterium in a given chemical species 
cannot change, there being but one such species, di- 
borane. Thus the arguments of the previous sections 
cannot be applied to the treatment of data on this 
reaction without some further modification, and the 
modified treatment of these results presented here will 
be somewhat less rigorous. 

Presumably many isotopic isomers of diborane are 
formed during the reaction, ranging from B2He, 
BoH;D --- to BsDes. The rate of disappearance of B2H¢ 
in mixtures initially equimolar with respect to the two 
reactants, B2Hs and B2D¢, was followed* by measuring 
the decrease in intensity of the infrared absorption band 
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at 974 cm“, associated with a vibration of two BH» 
groups with respect to each other. In this vibrational 
mode the terminal hydrogens move and the bridge 
hydrogens remain stationary. The intensity of this 
absorption band should decrease when any of the four 
terminal hydrogens changes positions with a deuterated 
atom. Experimentally the rate of decrease of intensity 
of this band obeys, at least approximately, a first-order 
relation. 

For purposes of interpretation of these data the group 
of four terminal positions of the hydrogens in diborane 
is regarded as forming one species and the two bridge 
positions, another. It follows that the rate of change of 
deuterium content in either of these species would obey 
the first-order Eq. (1), neglecting differences in isotopic 
reactivity, where a and 6 denote the concentrations of 
the terminal and bridge species in gram atoms per liter. 
Inasmuch as there are twice as many terminal atoms as 
bridge atoms, a= 26 and this equation becomes 


Ri=—~In(1—F) (16) 


where R, defined in a previous section, is the rate per 
unit volume at which atoms of one species assume 
positions in the other species. 

Now one isotopic isomer of the terminal species is 
that member containing hydrogens in all four terminal 
positions. It does not necessarily follow that this 
member would obey the first-order relation Eq. (16), 
where (1—F) would now be the ratio (p:—p.)/ 
(po—p.), the p’s denoting partial pressure of this 
constituent at the designated times 0, ¢, and «. How- 
ever, it seems reasonable to suppose that this would 
approximately be the case and this will constitute the 
major assumption of this section. 

In order to calculate R, we label a very small number 
of atoms such that 


H* H H H H* 4H 
yur a Ae 
B B — B B.. (17) 


oe Ms ee 
H H HH 4H 4H 


I II 


Each labeled atom is initially in a terminal position, 
as in J, say, no molecule having more than one labeled 
atom. The rate at which these atoms enter a bridge 
position JJ is then estimated. As before, the subsequent 
fate of any labeled atom once it has entered the other 
species (here the bridge positions) is not relevant to the 
calculation of R and for this reason the reverse of cer- 
tain steps in the following mechanism is not considered 
in the calculation. The label in the species // is preserved 
only to indicate that the labeled atom entered a di- 
borane molecule in the bridge position. A possible 





mechanism for the self-deuteration, similar structurally 
to that suggested by Maybury and Koski is as follows: 


ky 
B-H, = 2BHs, (6) 
—] 
ky 
I = BH,*+BHs, (18) 
—1 
ky” 
BH,*+BH; — JI, (19) 
, 
BH,*+B:H, — BH,+J/, (20) 
BH,*+B.H, =, BH;+J, (21) 
3 
k Iv 
BH,+/ — BH;+II. (22) 


We let J denote the concentration of labeled atoms 
present in form J at any time ¢; J decreases with time 
from a value equal to the initial number of labeled 
atoms at ‘=0 to zero at i=. 

According to the aforementioned mechanism we have 


aI dil 
-_ s (k_1""c+k3’BoHe) (BH;*) +23! cl. (23) 
t t 


A steady-state equation for (BH;*) is 


d(BH;*) 
———-=0= (ki +k;!"c)— (BH;*) 


x [ (Ra +Ra!)\c+ (Rk +k3”) (BeHs) ]. (24) 


Introducing this equation for (BH;*) into Eq. (23) 
we have 


1 d(I) a (Ry"c+ k3’BoHe) (Rit ks'"c) 


T dt (Ra'+h-1)c+ (hy! +hs"”)BsHe 





+ks!¥c. (25) 


Now, the k_1’s differ only by a small numerical factor 
at most, as do the k;’s. As in the previous section, we 
let k_1cKk3B2H, and since kiB2:Hs= k_1c’ it follows also 
that ki<k3c. Thus Eq. (25) becomes 


1dl ¢ ks'ks!” 
--—=( +8" Jc (26) 
T dt \ks'+ks" 





Inasmuch as all k;’s are approximately equal the right- 
hand side is about k3c. A somewhat more accurate 
figure is’ k3c/6. The total rate of exchange R of the 


7 The relative values of the various k;’s can be calculated as 
follows. It is emphasized that symmetry effects, not isotopic 
effects, are being estimated in this footnote. The ratio k3’’/k;’” is 
the equilibrium constant of (21) and is estimated from the sym- 
metry numbers of the components to be 4/3. Also k3’’ = 2k,’ since 
there are twice as many equivalent collision complexes, resulting 
from a collision of a BH;* and a B2He, which lead to J as compared 
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terminal atoms per unit volume is (—a/J) (dI/dt) since 
(—1/J)dI/dt is the rate of exchange for a given terminal 
atom and since there are @ terminal atoms per unit 
volume. Combining this with Eqs. (16) and (26) we 
obtain a first-order rate constant, k, for the rate of dis- 
appearance of the 974 cm™ band. 


1 
k=— In(1—F) = kgc/2= k3(ki/k_1)*(BoHe)?/2 (27) 
t 


where (B.Hg) is the sum of concentrations of all di- 
borane type molecules, in gram moles per liter. The 
square root dependence of Eq. (27) has been verified 
experimentally.’ According to Eq. (27), the activation 
energy of this reaction is (E;++AH;/2), the same as that 
for the deuteration of diborane at relatively high pres- 
sures of deuterium, if isotopic effects be neglected. This 
too has been verified within experimental error, the 
activation energy for the self-deuteration reaction 
being 21.83 kcal mole’. However the absolute rate 
of the self-deuteration reaction is substantially faster 
than the deuteration reaction, the value of k3(ki/k_1)! 
at 44°C inferred® from the former reaction being about 
three hundred fold greater than that estimated from 
the latter process. No effect of added Pyrex surface or 
of inert gases was found for the self-deuteration re- 
action, perhaps because it is so rapid that a much 
larger variation of these factors would be needed to 
obtain an effect comparable to that observed for the 
deuteration reaction. It is of interest to speculate as 
to the reason for this relative rapidity of the self- 
deuteration reaction. First, the mechanisms discussed 


with those leading to 77. Further, the sum of these two constants 
(ks’ +3’) must equal ks since an effective collision must produce 
I or II, and ks, the rate constant for (8), is actually equal to the 
number of effective collisions. In this manner it is concluded that 
3ks' = 3k3'"/2=2k;'"=k3. The value of k3!¥/k3, depends on the 
exact nature of the collision complex and can be shown to lie 
between 0 and }. It will be ignored in our approximate treatment, 
the error being at most a factor of 2.5. 

8 Tn the application of the data to Eq. (14) it was seen that in 
the lower b/a range at 55°C the rate of the deuteration reaction 
was a direct measure of k3(k:/k_1)?, so that the latter could be 
inferred at once from the reaction rate. From the comparison of the 
data obtained at 55°C and 75°C and given earlier, it appears that 
this approximation (which amounts to neglecting, in Eq. (14), 
b/a in comparison with 2k2/k3;) becomes increasingly valid at 
lower temperatures, 45°C for example. The value of b/a used at 
45°C was about 2, while 2k2/k; should at least equal 8, the value 
at 55°C estimated previously. That is, at 45°C the value of 
k3(ki/k_1)* could be inferred directly from the observed reaction 
rate. 

It may be remarked that the large difference in rates of self- 
deuteration and deuteration reactions will prevail at other adja- 
cent temperatures, for the temperature coefficients of both reac- 
tions were seen to be essentially the same. 


may be incorrect, but, inasmuch as they make several 
predictions, they can be further tested, at least par- 
tially. Second, if the assumption mentioned in refer- 
ence 7 were in error, this factor could be reduced to 
300/2.5, a still rather high value. Again, the reaction 
vessel of these two systems differed, the self-deuteration 
reaction having been studied in an infrared absorption 
cell with its salt windows, and with its walls of un- 
specified composition. It is also possible that in the 
deuteration reaction the rate of change of deuterium 
content of either of the reactants is slower than the 
rate of disappearance of the 974 cm™ absorption band. 
It would be of interest to re-examine this reaction 
using both methods of analysis simultaneously. An- 
other possible reason lies in isotopic effects.* If BD, 
dissociates more readily than B2Hg into borines then 
the self-deuteration reaction will presumably proceed 
at a lower temperature, depending upon the isotopic 
effect of k3. The over all activation energy would almost 
undoubtedly also be lower but could equal the other 
activation energy within the experimental error. At 
the prevailing temperatures, a difference in reaction 
rate of a factor of one hundred can be equivalent to a 
difference in activation energy of 3 kcal mole. On 
the basis of a recent assignment of infrared bands® we 
have estimated the relative equilibrium constants for 
the dissociation of B2Hs and of B.D, into BH; and DB:;, 
respectively. If one assumes the BH-stretching and 
bending frequencies in borine to be the average values 
observed for the terminal hydrogens in diborane, (for 
B2He, 2563 cm™ and 1179 cm respectively, and for 
B2D¢, 1921 cm™ and 905 cm“) then the ratio of the 
equilibrium constants is about unity. However, this 
assumption is open to question since the terminal 
BH-bonds in B2Hg are presumably approximately 
tetrahedral, while the BH-bonds are probably trigonal 
in BH;. If the bonds in borine are actually stiffer than 
those in diborane, then BeHg is more stable than B.D, 
with respect to dissociation into borines. In this connec- 
tion it is interesting to observe that the CH-stretching 
frequencies in ethane, which has tetrahedral CH-bonds, 
are greater than those in ethylene, which has trigonal 
bonds. The CH bending frequencies are, on the other 
hand, in the reverse order. It would be of interest to see 
if the rate of reaction of B,D. with H, proceeds at a 
lower temperature than the reaction of BsHe with D». 
A comparative study of some of the other reactions of 
B2Hg and B2D. whose mechanisms appear to involve a 
preliminary dissociation into borines is also relevant. 


9R. C. Lord and E. Nielsen, J. Chem. Phys. 19, 1 (1951). 
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Alkali halide single crystals (KBr, KCl, NaBr, and NaCl) containing NO2" ions at various concentrations, 
from 0.5 to 0.007 mole percent, were grown by the Kyropoulos method. At high NO2~ concentrations the 
typical NO. band appears in the absorption spectrum with peak wavelengths between 280 and 260 mu 
depending on the nature of the base material. The production of F-bands by exposure to x-rays is completely 
suppressed in these crystals at room temperature and greatly inhibited at —190°C. Instead of the F-band, 
a continuous band (C-band) is produced with a wavelength nearly coincident with the NO» band, but not 
showing at low temperature the vibrational structure characteristic of the latter. Other less important new 
absorption bands appear in the red and the ultraviolet. At lower NO; concentrations F-bands begin to 
appear in competition with the C-bands. The bleaching of the various absorption bands by light absorbed 
in them is investigated and discussed. NaCl seems to differ from the other halides in so far as in this crystal 
the production of the F-band is greatly enhanced by NO in concentrations which in KBr greatly inhibit 


the formation of F-centers. 





INTRODUCTION 


T has been mentioned in a preceding paper' that the 

absorption spectrum of KBr containing small 
amounts of NaNOz» shows a band at 382 my which at 
—190°C is resolved into a sequence of narrower peaks 
and is characteristic of the NOs ion. Earlier, in an 
unpublished experiment, P. H. Yuster in this labora- 
tory made the observation that if a little NaNO; 
is added to the melt, no F-band could be produced in 
the resulting KI crystal by exposure to x-rays, but that 
instead a weak broad band with peak a little below 
400 mu appeared in its absorption spectrum measured 
at room temperature. 

Several papers of the Goettingen school deal with 
alkali halides contaminated with alkali nitrates and 
nitrites.2 Among these investigators only Smakula 
treated the influence of an additon of NaNO; on the 
formation of F-centers, and this only for NaCl at 
NaNO; concentrations of 0.01 to 0.1 mole percent in 
the melt and probably less than 1/10 of this concentra- 
tion in the crystal. He assumes that the peak wave- 
length and half-width of the F-band are not altered by the 
impurity and measures only the intensity at the band 
peak after various exposure times as a function of the 
NaNO; concentration. His rather surprising result that 
the intensity of the band is practically independent of 
the foreign admixture after short periods of irradiation 
but is greatly enhanced by the presence of small 
amounts of NaNO; after long lasting exposures, was 
not given an interpretation in the paper. 

By investigating the infrared spectra, Maslakowez 
found that by adding nitrates or nitrites to the melts 
of alkali halides the resulting crystals always contain 
NO; and NO; ions, apparently in an equilibrium in 
which the relative NOs concentration increases with 





'P. Pringsheim, J. Chem. Phys. 23, 369 (1955). 

*I. Maslakowez, Z. Physik 51, 696 (1928); A. Smakula, Nachr. 
Ges. Wiss. Goettingen 110 (1929); E. Mollwo, Nachr. Ges. Wiss. 
Goettingen 3, 149 (1939); W. Honrad, Ann. Physik 29, 421 
(1937); S. Apkinar, Ann. Physik 37, 429 (1940). 
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increasing melting temperature of the salt (KI, KBr, 
KCl, NaCl). The concentrations which he used were 
fairly low (he mentions only the weight percent added 
to the melt), certainly a good deal lower than in some 
of our experiments in which the concentration of NOs- 
in the crystal was determined by the usual colorimetric 
method.’ One sample of relatively high and one of much 
lower concentration were prepared with KBr and KCl 
as base material. The data are collected in Table I. 


KBr AND KCl WITH HIGH NaNO, CONCENTRATION 


Figure 1 shows the absorption spectrum in the range 
from 400 to 300 my of a KBr crystal of type 7 [KBr(/) 
of Table I] with the characteristic NO band near 
375 mu. The common origin of this band and the band 
with nearly identical structure observed in NaNO; 
crystals containing an admixture of NaNOs, cannot 
be doubted. It is further corroborated by the fact that a 
similar band occurs in the spectrum of KCI(/), only 
slightly shifted towards the ultraviolet (Fig. 1, curve c) ; 
in NaNO; the band is displaced even more, by about 
20 my to shorter wavelengths. Even in the absorption 
spectrum of a sample of KCl, into the melt of which 
nitrate instead of nitrite had been introduced, the 
NO; band appeared with good intensity, while the 
NO; band at about 300 my was completely missing. 
As far as this part of the ultraviolet spectrum provides 
a definite conclusion, the conversion of NO;~ into NO;- 
would be complete in this case, not quite in agreement 
with Maslakowez’s infrared analysis.’ In the infrared 
spectra of our high concentration KBr(J) and KCI(J) 


TABLE I. NO; concentration in alkali halides. 








KBr KCl NaCl 
I II I Il I Il NaBr 


2.15 0.062 2.58 0.045 0.22 0.57 0.83 
0.58 0.016 0.42 0.0073 0.027 0.071 0.185 





g/gX 108 
Mole percent 








3 Hennig, Lees, and Matheson, J. Chem. Phys. 21, 664 (1953). 





1114 E. HUTCHINSON AND P. PRINGSHEIM 














n ! 1 1 L 1 1 n 
240 260 280 300 320 340 360 380 400 


WAVELENGTH (mu) 





Fic. 1. Absorption spectra of KBr and KCI containing 0.56 and 
0.42 mole percent of NO.~ [KBr(/) and KCI(J)] measured at 
—190°C. a. KBr(/) untreated. 6. 15-min x-rays at —190°C. 
c. KCI(Z) untreated. d. 15-min x-rays at — 190°C. 


the regions in the neighborhood of 7.24 and 8u were 
completely opaque, so that it is not possible to decide 
whether the absorption of 7.2u is caused by the ‘‘weak” 
NO>= or the strong NO; band.‘ 

Besides the NO; band, curves a and c of Fig. 1 
show a steep rise below 250 my which with great 
probability can be ascribed to the short wavelength 
absorption band of the NOs ion with peak in the 
vicinity of 200 my, which is at least several hundred 
times stronger than the band at 350 mu.°® 

Curves 6 and d, respectively, represent the altera- 
tion produced in the absorption spectra of KBr(/) and 
KCI(J) by exposure to x-rays at —190°C: a strong 
additional absorption is superimposed upon the NO; 
band. The structure of this band itself remains practi- 
cally unchanged, except for a shift in the intensity 
distribution between the individual peaks, as best 
visualized by comparing the relative heights of the 
peaks numbered 1, 2, 3 or 4, 5, 6 with those numbered 
1’, 2’, etc. This is due to the fact that the additional 
absorption corresponds to continuous bands with peaks 
at 380 my for KBr and at 360 my for KCl. These bands 
(Fig. 2, a and c) are the typical “NO” color center 
bands and shall be called C-bands in this paper. In 


4 The absorption in the near infrared in these crystals was so 
strong that a number of bands in the region between 3 and 6 not 
known before could be identified. These measurements were made 
in collaboration with Dr. S. Gordon and will be continued by him. 

5 According to Mollwo, see reference 2, the steep rise below 
250 mp should be ascribed to a KO-bond. Although nothing is 
known concerning the absorption by such a “bond,” the existence 
of the short wavelength NO, absorption band is a well-estab- 
lished fact. 


different base materials their exact peak wavelengths 
vary somewhat more than those of the NO; bands 
themselves. Moreover they are not quite symmetrical 
and drop at a much slower rate at their long wave- 
length side than on the short wavelength side. 

In addition to the C-bands a fairly strong absorp- 
tion showing an indication of vibrational structure is 
produced between 300 and 250 my by the exposure 
to x-rays at — 190°C; below 250 my it merges with the 
short wavelength NO; band. In the far red end of the 
KBr(J) spectrum a band of low intensity is formed 
between 700 and 800 my; its peak at 750 my has an 
intensity less than 5 percent of that of the C-band. 
The existence of an analogous band in the spectrum 
of KCl could not be ascertained directly, but was made 
probable by bleaching experiments. 

No trace of an F-band was produced in KBr(J) after 
30 minutes of x-ray exposure at —190°C, while in 
“pure” KBr an optical density of 2.0 is obtained at the 
peak of the F-band under the same conditions. Al- 
though the NOs concentration in KCI(/) was only 
slightly smaller than in KBr(/) (Table I), the forma- 
tion of the C-band was appreciably less effective and, 
on the other hand, a low, but unmistakable F-band 
appeared in this case at 540 my after x-ray exposure 
at —190°C. 

If after x-ray exposure at — 190°C crystals of KBr(/) 
or KCI(/) are warmed up to room temperature, they 
are bleached almost completely to the initial state 
represented by curves a and ¢ of Fig. 1, but for a small 
increase of absorption in the region of the NO; band, 
which may or may not be due to a remainder of the 
C-band. A similar small increase in the absorption in the 
same region (and no other visible effect) is produced by 
irradiating the crystals with x-rays at room tempera- 
ture. If KBr(J), after irradiation with x-rays at —190°C, 
is exposed to red light of wavelength 750 mu, the red 
band is completely bleached out and about 60 percent 
of the C-band vanishes; but on the long wavelength 
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Fic. 2. Color center bands (C-bands) in KBr and KCI at 
— 190°C. a. Additional absorption produced in KBr(J) by 15-min 
x-rays at —190°C. b. Additional absorption produced in KBr(//) 
by i15-min x-rays at —190°C. c. Additional absorption produced 
in KCI(/) by 15-min x-rays at —190°C. d. Additional absorption 
produced in KCI(Z/) by 30-min x-rays at — 190°C, 
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side of the C-band, between 400 and 600 my, an ap- 
parently continuous absorption remains visible, which 
before the bleaching was hidden under the strong 
C-band (Fig. 3). The continuous absorption below 
300 my is not affected by the exposure to red light. The 
C-band in KCI(Z) does not respond to red light, but 
can be bleached by exposure to infrared between 0.8 
and 1.2y. 

By C-light not only the C-band but also the red band 
and the ultraviolet absorption below 300 my are bleached 
out in KBr(J) at —190°C. The analogous effects are 
produced in KCI(J) and moreover in this case the low 
F-band present in the spectrum disappears too. If, 
on the other hand, the KCI(J) sample is exposed to 
F-light, the absorption in the C-band drops slightly, 
while the F-band disappears. 


KBr AND KCI WITH LOW NO; CONCENTRATION 


In the absorption spectra of KBr(/7) and KCI(//) 
(see Table I) no bands characteristic of the NOs ions 
can be perceived in the near ultraviolet; only by the 
steep rise in absorption below 250 my is their presence 
indicated. One-hour exposure of KBr(//J) to x-rays 
at room temperature does not produce a trace of an 
F-band which, under the same conditions appears with 
fairly high intensity (optical density 1.0) in the spec- 
trum of pure KBr. If the same sample (No. 3 in Table 
II) is subsequently x-rayed for 30 minutes at —190°C, 
a clear-cut F-band appears, while the F’-band formed 
under similar conditions in pure KBr is missing. In- 
stead, a band with peak at 380 my emerges which must 
be identified as a C-band; it is represented in Fig. 2 by 
curve c and the analogous band in KCI(//) by curve d. 

Although the regularity is not complete, because 
different samples, even when cleaved from the same 
single crystal, may not contain exactly the same con- 
centration of NOs, Table II shows that with increasing 
time of x-ray exposure the intensity of the F-band 
increases at a much higher rate than the intensity 
of the C-band. It seems that the latter tends to a 
saturation value which may be explained by the as- 
sumption that only a restricted number of NO 
centers are available for the formation of C-centers. 


TABLE II. Optical densities of peaks of various bands of KBr(J/) 
after various treatments at — 190°C. 








F c 275m 255 mu 
65 0.72 0.61 0.55 


No. Treatment 





1 


4 40 min x-rays 


0 
2 min F-light 0.04 0.67 0.60 0.55 
30 min C-light 0.06 0.23 0.30 0.40 
30 min x-rays 1.02 0.70 0.82 0.74 
3 30 min x-rays 0.82 0.61 ee ee 
1 hour x-rays 1.24 0.66 0.78 0.65 


5 1.5 hours x-rays 1.18 0.81 0.96 0.85 
0.5 min F-light 0.06 0.75 0.94 0.50 
15 min C-light 0.14 0.21 0.45 0.50 


6 2 hours x-rays 1.50 0.70 1.18 1.00 
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Fic. 3. Bleaching of the C-band in KBr(J/) by red light at 
—190°C. a. KBr(/) untreated. 6. 15-min x-rays at —190°C. 
c. 15 min bleached with red light at — 190°C. 


After being x-rayed once and bleached with C-light, 
sample No. 4 seems to have gained in its ability to form 
F-centers. It must also be mentioned that sample No. 3, 
before being x-rayed at —190°C, had been exposed 
without any visible effect for 1 hour to x-rays at room 
temperature. 

Besides the F- and C-bands in KBr(JJ), a fairly 
strong absorption in x-rayed KBr(J/) below 300 mu, 
is incompletely resolved into two peaks at 275 mu 
and 255 mu. In this range KCI(Z/) shows only a rather 
weak slowly rising continuous absorption after x-ray 
exposure at —190°C. The C-band is also relatively 
much weaker in KCI(/J) than in KBr(J/), while the 
F-band, even after only 15 minutes’ x-ray exposure at 
— 190°C, acquires a very high intensity. By warming 
up these crystals to room temperature all x-ray- 
induced bands in the absorption spectra of KBr(J/) 
and KCI(/J) are destroyed. Their F-bands are also 
much more easily bleached by F-light at —190° than 
the F-bands in ‘“‘pure” crystals. The radiation from an 
Hg AH6 lamp, passed through a Bausch and Lomb 
interference filter transmitting 600 my and a Corning 
Filter 3482, reduced in 30 seconds the F-band of 
KBr(J/) No. 5 by 95 percent, while the C-band dropped 
only by 7.5 percent and the ultraviolet peaks remained 
quite unaltered. By exposure of the same crystal to 
C-light, the ultraviolet band peaks are bleached by 
different relative amounts (as shown in Table II for 
sample 4 and 5), the C-band is greatly decreased (in the 
case of sample No. 5 by 78 percent), and the absorption 
in the F-band is appreciably increased. The same phe- 
nomenon could be obtained even in a more striking 
manner with KCI(JJ) samples (Table IIT). 
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Fic. 4. Absorption bands of NaBr containing 0.185 mole per- 
cent NO2-, measured at — 190°C. a. Crystal untreated. b. 30-min 


x-rays at —190°C. c. 20-min bleached with 450 my light at 
—190°C. d. Difference b—a. 


NaBr AND NaCl 


Only one single crystal of NaBr and two low-concen- 
tration samples of NaCl were prepared with the NO. 
concentrations listed in Table I. NaBr is highly hygro- 
scopic, and nothing is found in the literature with 
respect to its behavior under x-ray irradiation beyond 
the spectral location of its F-band at room temperature 
at about 530 my.® The yield of F-centers in “pure” 
NaBr is low. When x-rayed at —190°C for several 
hours it exhibits hardly a trace of an F-band; the yield 
is only a little better at dry ice temperature, and at 
room temperature twenty times as long exposures are 
needed to produce an F-band of the same intensity as 
in KBr. Adding small amounts of a divalent ion, such 
as Cat, to the melt greatly increases its colorability.* 

The concentration of NO; in our NaBr samples 
was lower than in KBr(/) and KCI(/) but still high 
enough to produce in the absorption spectrum not only 
the steep rise below 250 my but also a band with peak at 
about 360 my which, when recorded at —190°C, 
showed the characteristic structure of the NO: band 
(Fig. 4a). Thirty minutes’ exposure to x-rays at — 190°C 
enhances this absorption band very appreciably (Fig. 
4b) without increasing the intensity contrast in the 
structure. As in the case of KBr and KCI this is caused 
by the superposition of a continuous absorption band 
with its peak nearly coinciding with that of the NO. 
band. Furthermore, as in the other instances a new 
continuous absorption appears between 280 and 250 my, 
while no trace of an F-band is found. 

The strong shoulder on the long wavelength side of 
the NO; band after x-ray irradiation in Fig. 46 seems 
to be a new feature not observed in the spectra of 
KBr(J) and KCI(/). However, the difference curve d 
in Fig. 4, obtained by subtacting a from 6, may easily 
represent a C-band which is only a little more dis- 
placed in the direction of greater wavelengths than in 


®R. Ottmer, Z. Physik 46, 798 (1928). 
* Unpublished. 


KBr. At any rate this whole band is bleached uni- 
formly when the crystal is exposed to light of a wave- 
length corresponding to any part of the band. Light of 
a wavelength well on the short wavelength side of the 
NO; band and light of 450 my at the center of the 
apparent shoulder produce exactly the same effect, 
which for the first of these cases is represented by curve 
c of Fig. 4. In both cases the continuous absorption 
below 300 my drops simultaneously by relatively equal 
amounts. As in all other instances the C-band very 
nearly disappears when the crystal is warmed up to 
room temperature. 

In the preparation of the NaCl crystal the relative 
quantity of NaNO, introduced into the melt was as 
large as or greater than in KBr(Z) and KCI(J) (nearly 
2 percent and 4 percent, respectively in weight). 
Nevertheless, according to the colorimetric analysis, 
the concentration in the finished crystals was quite 
low, as listed in Table I. Thus it seems that NaCl, 
perhaps because of its higher melting point, is not able 
to incorporate as great amounts of NO» ions as the 
potassium halides. Even so the molar concentration in 
the crystals was larger than in KBr(JJ) and KCI(J/). 
However, while the F-center yield by x-ray irradiation 
at —190°C was still four times lower in KBr(JJ) than 
in ‘‘pure” KBr and while it was of about the same order 
of magnitude in KCI(JJ) and “pure” KCl, it was much 
higher in both NaCl samples than in “pure” NaCl, 
the colarability of which is small at —190°C. This 
result is interesting in connection with Smakula’s 
paper mentioned in the introduction and will be in- 
vestigated more completely. 

In agreement with the behavior of the potassium 
halides of low NOs concentration the NaCl(NO-;-) 
samples exhibit no trace of the NO: band at about 
360 my before exposure to x-rays, while the steep rise 
below 250 mu is observed also in this instance. After 
x-ray irradiation at —190°C, however, a shoulder ap- 
pears on the short wavelength side of the F-band 
corresponding to the superposition upon the latter of a 
band with peak near 360 my. Moreover the F-band 
shows at its long wavelength side a tail reaching beyond 
700 my. This tail vanishes when the crystal is exposed 
for a short time to red light (A=650 muy), and simul- 
taneously the intensity of the F-band, instead of being 
enhanced, is lightly decreased, while the hypothetical 
C-band at 360 my drops even by a greater amount, 
(Fig. 5, curve 6). Curve c of Fig. 5 represents the 


TABLE III. Optical density in peaks of F- and C-bands of KCI(//) 
after various treatments at — 190°C. 











KCI(II) sample No. 2 No. 4 
Treatment F C(V1) F C(V1) 
30 min x-rays 1.82 0.32 2.35 0.60 
10 min F-light 0.22 0.22 0.40 0.50 
15 min C-light 0.55 0.11 0.74 0.32 
15 min C-light 0.58 0.09 0.77 0.28 
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absorption spectrum of the crystal at —190°C after it 
was warmed up for some time to room temperature. 
In contradistinction to the potassium halides KBr(//) 
and KCI(/J) the F-band retains a very appreciable 
intensity in this case and the same is true for the 
shoulder at 360 my. 


DISCUSSION OF THE EXPERIMENTAL RESULTS 


The C-band produced in alkali halides by x-ray 
irradiation at low temperature can be ascribed to the 
same type of center which is responsible in NaNO; for 
the appearance of a similar band called, “NO: color 
center band” in a preceding paper. It is almost cer- 
tainly an electron surplus band due to electrons re- 
leased by the action of x-rays from the matrix lattice 
(NaNO;, KBr, etc.) and trapped in some other loca- 
tion. The electron capturing probability by these new 
centers must be fairly high, since by their presence the 
formation of F-centers can be completely suppressed in 
KBr and greatly inhibited in KCl, and since F’-centers 
are not produced even when the concentration of NO.- 
is quite low. It is quite certain that the appearance of 
the band is connected with the presence of the NO. 
ions, and thus the trapping centers are probably lo- 
cated in the immediate vicinity of these ions. Two 
interpretations seem to be possible. Either, as in 
F-centers, the trapped electron itself forms the C-center 
with its characteristic absorption frequency, or the 
normal absorption mechanism of the NO; ion, causing 
the relatively weak band with vibrational structure 
near 360 mu, is perturbed by the electron captured in its 
neighborhood in such a way that its transition prob- 
ability is greatly enhanced and its vibrational structure 
completely blurred out. The first interpretation can 
hardly be accepted. It is highly improbable that an 
electron captured in some vacancy of NaNOs, KBr, 
KCl, or NaBr should always give rise to a band nearly 
coinciding with the NO; band in this lattice. The 
second assumption which was discussed to some length 
in the preceding paper, seems to be more acceptable, al- 
though it is by no means better than a vague suggestion. 

If two bands, one of which is an electron surplus band, 
are bleached by light absorption in each of the two 
bands, the second band is either a “hole band” (or 
V-type) or it is due to the perturbation by the electron 
surplus center of another absorbing mechanism; for 
instance the fundamental absorption (a,8 type). The 
intensity of a band of the latter type must always vary 
exactly in parallel with the intensity of the electron 
surplus band. The red band appearing in the absorption 
spectrum of KBr(J) x-rayed at —190°C is bleached 
simultaneously with a part of the C-band by red light 
as well as by C-light. The same seems to hold for an 
infrared band of KCI(/) and for the long wavelength 
tail of the F-band of NaCl(NO;-). Since only a part 
of the C-band disappears with the complete bleaching 
of the red band, the latter cannot be of the a,@ type: 
it must be a V-band, although none of the V-bands 
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Fic. 5. Absorption spectrum of NaCl containing 0.071 mole 
percent of NO.-[NaCl(//) ] measured at — 190°C. a. After 30-min 
x-rays at —190°C. b. 5-min exposure to red light at —190°C. 
c. Warmed to room temperature. 


known in “pure” KBr, but connected somehow with 
the presence of NO: ions in the lattice. If the C-centers 
are photochemically produced electron surplus centers, 
corresponding V-centers must exist which might, but 
need not, be of the same character as in the pure alkali 
halides. The ultraviolet absorption below 300 my which 
can be bleached by F-light, but is not affected by red 
light in the case of KBr(J), must also be ascribed to 
V-centers; probably several V-bands of different 
stabilities are superimposed upon each other in this 
spectral range. 

According to an earlier paper the F-band in pure KCl 
is bleached by F-light at —190°C with low efficiency.® 
The exceedingly high efficiency of F-light bleaching 
for the F-bands in KBr(J7) and KCI(ZJ) at —190°C 
favors the assumption that new very unstable V-cen- 
ters must take part in these processes which most 
probably do not occur by raising F-electrons into the 
conduction band of the normal lattice, but rather by 
tunneling these electrons from the F-center to the new 
unknown V-centers. 

The situation is complicated by the fact that in KCl 
the C-band coincides exactly with the Vi-band of 
“pure” KCl, while in KBr the two bands overlap 
sufficiently that light absorbed in the one can also 
excite the centers corresponding to the other. This 
explains why in KCI(/) the C-band drops somewhat 
when the low F-band is bleached out by F-light. The 
same phenomenon is much more impressive in the low 
concentration crystals, in KBr(JJ) and especially in 


§Casler, Pringsheim and Yuster, J. Chem. Phys. 18, 1564 
(1950). 
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KCI(ZJ), as shown in Table III. When the very strong 
F-band is bleached by F-light, apparently the C-band 
loses some of its intensity, but really it is the V;-band 
hidden under the C-band which disappears. If by sub- 
sequent bleaching of the C-band by C-light the in- 
tensity of the F-band increases again, electrons lost by 


E. HUTCHINSON AND P. PRINGSHEIM 


the C-centers must be restored to the F-centers. This 
is perhaps the most conclusive argument in favor of 
the electron surplus character of the C-centers. 

We want to thank Mrs. M. Rauh for having made the 
colorimetric analyses of the various crystals used in this 
investigation. 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 23, NUMBER 6 JUNE, 1955 


Collision Excitation of Molecular Vibrations in Halogen-Substituted Methanes* 


Tuomas D. Rossinct AND SAM LEGVOLD 
Department of Physics and the Engineering Experiment Station, Iowa State College, Ames, Iowa 


(Received August 9, 1954) 


Departures from the equilibrium between vibrational and translational energies in gases are charac- 
terized by relaxation times which depend upon the ease with which vibrations may be excited or de-excited 
by collisions. The de-excitation process has been discussed by various authors on the basis of the relative 
velocity of approach of two colliding molecules and on the basis of the relative energy of approach. 

The dispersion of ultrasound has been measured in fourteen halogen-substituted methanes and compared 
with existing data. Binary collisions were found to be responsible for the excitation of vibrations, and all 
the gases were found to have a single relaxation time indicating a strong intermodal coupling. The prob- 
ability, in a collision, of exciting or de-exciting molecular vibrations was found to depend upon the relative 
energy of approach of the molecules. Molecules with the same number of halogen substitutions resemble each 
other in this respect. The data suggest that the colliding molecules might form a complex molecule with a 
short lifetime during which energy exchange takes place readily. 


I. INTRODUCTION 


INCE 1930, a number of investigators have used 

acoustic interferometers to measure the rates of 
vibrational excitation in diatomic and triatomic gas 
molecules. More recently, improvements in electronic 
circuits have made similar measurements possible in 
polyatomic gases which have very short relaxation times 
and whose regions of ultrasonic dispersion lie at rather 
high frequencies. 

In this paper the excitation of vibrations in the halo- 
gen-substituted methanes is discussed and compared 
with a similar process in diatomic and _triatomic 
molecules. 


II. VIBRATIONAL EXCITATION BY COLLISIONS 
A. Relaxation Theory 


If a gas is composed of 7 molecules per unit volume, 
n, With vibrations in the first excited state, and mp with 
vibrations in the ground state, the continuous exchange 
of molecules between states 0 and 1 may be charac- 
terized by the equation 


dn, 
—= forno— from, (1) 
dt 


in which fo: specifies the number of 0-1 transitions 


*Work supported by National Advisory Committee for 
Aeronautics. 

t Present address: Remington Rand Inc., Engineering Research 
Associates Division, St. Paul, Minnesota. 


per ground state molecule per second and fi the corre- 
sponding number of 1—0 transitions per excited 
molecule. 

When the gas is in equilibrium, du,/dt=0, and there- 
fore, according to the principle of detailed balancing, the 
total numbers of transitions in each direction are equal. 
At equilibrium 

n= noe helk .. (2) 
and so 
fou= froe~*”/*?, (3) 


in which » is the frequency of molecular vibrations. 
Since i= 1+ at all times, (1) may be written: 


dn, 
—+1( fort fro) = for. (4) 
dt 


Since % is constant, the solution to this differential 
equation for nonequilibrium is 


Ny = C1 + Coe Yort iio) t, (5) 


The relaxation time of this process, when only the 
ground and first excited states are considered, can be 
seen to be 


1 
” eel tay 


6 is the time necessary for the departure from equilib- 
rium to be reduced to 1/e of its initial value. Some 


A (6) 
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authors have erroneously assumed that hv/kT>>1 and 
fou<fio, and hence that @~1/f10. At vibrational fre- 
quencies less than v=1.5X10" sec (corresponding to 
j=500 cm in spectroscopic wave numbers), this 
assumption leads to error. 

If the average number of collisions which a molecule 
makes per second is denoted by ®, fo: and fio may be 
written in terms of Po; and P10, the probabilities that a 
molecule in the ground or first excited state will be 
excited or de-excited, respectively, in a collision: 


fo=PouR and fio= PR. (7) 


Zo, and Zo, the reciprocals of Po; and Po, will give the 
mean collision lifetimes of the ground and the first 
excited states, respectively. Substitution of (3) and 
(7) into (6) produces: 





1 1 
§= = : (8) 
RPy(A+e-*”/*7) RP (1+e"/*7) 
Therefore, 
Zoi 1+eh kT 
snrscellesinerpeneeniin, (0) 
Z10 Tpe kT 
or 
Zu =Z0e"'*T., (10) 


In case hvKkT (not realizable at ordinary tempera- 
tures), 


Zo1-~Z 10. (11) 


B. Prediction of Po 


Landau and Teller! have developed a theory which 
has been very successful in explaining energy transfer 
probabilities in relatively simple molecules. They write 
an expression for the probability of de-excitation of a 
vibrating molecule 19 in a single collision when the 
relative velocity of approach of the molecules lies within 
the range v to v-+d: 


prio=ae?*"!?, (12) 


a is a steric factor which gives the probability that a 
collision will find the molecules favorably oriented for 
excitation or de-excitation, s is the range of inter- 
molecular forces, and v the vibrational frequency. 
Bethe and Teller? integrate (12) over a molecular 
velocity distribution to obtain 


Py=Coe~, 
o=0.090(is)'(u/T)}, (13) 
C=4/33a. 


In (13), uw is the reduced molecular weight of the col- 
liding molecules, 7 is the vibrational frequency in cm-, 





'L. Landau and E. Teller, Physik. Z. Sowjetunion 10, 34 (1936). 
_?H. A. Bethe and E. Teller, “‘Deviations from thermal equi- 
librium in shock waves,” Report X-117, Aberdeen Proving 
Ground (1942). 
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s is measured in units of 10-® cm, and T is in degrees 
Kelvin. 

Recent theory by Schwartz, Slawsky, and Herzfeld,’ 
based on the approach of Zener, makes use of an expo- 
nential repulsion and a one-dimensional model. These 
authors arrive at a somewhat more complicated expres- 
sion for Pio which, they point out, has essentially the 
same dependence upon yp, 7, and T as the theory of 
Landau and Teller. A later paper by Schwartz and 
Herzfeld‘ extends this technique to a three-dimensional 
model which slightly modifies this expression. Recently 
Fogg, Hanks, and Lambert® have measured the vibra- 
tional relaxation times of several halo-methane vapors 
and have calculated the number of collisions necessary 
to excite the lowest modes of vibration. At least four of 
these gases appear to fit an empirical relation of the 
form Po,:=e~*"! in which » is the frequency of the 
lowest vibrational mode and X is a proportionality 
constant characteristic of the particular group of gases. 
This suggests that the probability of vibrational ex- 
citation depends upon the energy of approach of the 
colliding molecules rather than upon .the velocity of 
approach. An energy excitation theory, based on the 
above suggestion, will now be further developed by 
examination of the deactivation process. 

It may be assumed that the probability fio of de- 
exciting a vibrating molecule in a given collision can be 
written in terms of the relative energy of approach e of 
the colliding molecules: 


puo=a eD>e* 


=Q e<e. (14) 


In the above equation, a is the steric factor, and ¢* is 
some minimum relative energy of approach which 
must be exceeded in order to produce de-excitation. 
If it is assumed that the mode of lowest frequency 7; is 
the first to be de-excited, e* may be written: e*=nhn,, 
where 7 is some constant. 

Integration of (14) from e=e* to e=& gives the 
probability of de-excitation of a single collision: 


* 


€ 
Pyymac#ita( —+1) 
kT 


h 
=ae-sivser(~ “+1 ). 
kT 


The corresponding probability for excitation may be 
written: 








nhv 
Passae-tvsninins( —+1). (16) 


( 3 Schwartz, Slawsky, and Herzfeld, J. Chem. Phys. 20, 1591 
1952). 
( 4R. N. Schwartz and K. F. Herzfeld, J. Chem. Phys. 22, 767 
1954). 
5 Fogg, Hanks, and Lambert, Proc. Roy. Soc. (London) A219, 
490 (1953). 
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Fic. 1. Interferometer cup showing crystal mounting. 


The above relations picture vibrational excitation 
and de-excitation as an involved process requiring a 
certain minimum energy of approach. It is tempting to 
assume that vibrational excitation and de-excitation 
take place only when a molecule is able to penetrate 
very deeply into the force field of another, the penetra- 
tion requiring a certain amount of energy. It is even 
possible that the collision partners form a compound 
molecule with a very short lifetime, during which energy 
may pass readily between translational and vibrational 
degrees of freedom. The process of formation of the 
compound molecule would require a certain minimum 
amount of energy. It should be noted that the prob- 
abilities for the excitation and de-excitation processes 
differ by a factor e~"’/*?, Fogg, Hanks, and Lambert® 
have apparently treated them as being the same. 

Trace catalysts may still exist for gases which obey 
the energy excitation theory, but gases which catalyze 
diatomic and triatomic gases may not produce the same 
result in polyatomic gases. Hydrogen and helium ap- 
parently are strong catalysts in diatomic and triatomic 
gases, because they have a very high velocity at ordi- 
nary temperatures. In order to be a catalyst in a gas 
obeying the energy excitation theory, however, a gas 
molecule must be able to penetrate the force field of 
another easily, or form a compound molecule readily, and 
have a fairly large steric factor. 


III. DISPERSION OF SOUND 


When sound of high frequency is transmitted 
adiabatically through a gas whose relaxation time is of 
the same order as the period of an acoustic vibration, a 
dispersion in the velocity occurs together with a high 
anomalous absorption. This dispersion, caused by the 
failure of the vibrational and translational energies to 
maintain equilibrium with each other, provides a 
method to measure accurately the vibrational relaxa- 
tion time of a gas. 
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The square of the velocity of sound in an ideal gas 
which has a single relaxation time is developed by 
Richards® and other authors: 


RT CotwCn 
Vs =—( +R). (17) 
M Ce+wPC.2 


In the above, w is 27 times the acoustic frequency, R is 
the universal gas constant, M is the molecular weight, 
and Cy and C,, are the heat capacities below and above 
the dispersive region, respectively. The inflection point 
of the curve represented by (17) can be found by 


differentiation: 
Co 
ont. (18) 
6C 


ce) 


A similar equation may be written for a gas which obeys 
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Fic. 2. Velocity dispersion in CBrClF, (——) and CCl,F (---). 


the equation of state of Beattie and. Bridgman: 


1 
Vew= “lr T+26(RTBo— Av) +3p2(Ava— RT Bod) ] 


4 


o-n 


+ [1+ 26Bu + (Bit 2B0b) 


CotwC,, 
x|- | (19) 
Ce+whC,, 








in which Ao, a, Bo, and 6 are the Beattie-Bridgman 
constants, and f is the density. Equations similar to 
(19) have been developed by Beyer? and others using 
van der Waals’ equation of state. 





6 W. T. Richards, Revs. Modern Phys. 11, 36 (1939). 
7R. T. Beyer, J. Acoust. Soc. Am. 24, 714 (1952). 
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COLLISION EXCITATION OF MOLECULAR VIBRATIONS 


A. Multiple Dispersion 


If different modes of vibration were excited with 
different relaxation times, or if all vibrational transi- 
tions did not occur with the same frequency as those 
between the ground state and the first excited state, a 
second relaxation time might result. That all transi- 
tions between the states of a given mode occur with the 
same relaxation time has been shown theoretically by 
Landau and Teller.' If, however, the coupling between 
different modes of vibration is so weak that they must 
be excited independently by collisions and therefore 
possess different relaxation times, a step-shaped velocity 
dispersion curve would result. 

Pielemeier® and Buschmann and Schiafer® have re- 
ported a possible second dispersive region in carbon 
dioxide, but unfortunately at room temperature the 
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degenerate deformation mode contributes nearly all 
the specific heat. Any steps which might exist on the 
velocity dispersion curve due to the other modes would 
be difficult to detect. Alexander and Lambert" found 
three dispersive regions in acetaldehyde, but a later 
article by Lambert and Rowlinson" points out that the 
multiple dispersions are due to errors in calculation 
resulting from an ungrounded assumption with respect 
to dimerization. 

Detection of multiple dispersion due to a lack of 





®W.H. Pielemeier, J. Acoust. Soc. Am. 15, 22 (1943). 
(194i) F. Buschmann and K. Schafer, Z. physik. Chem. B50, 73 

 E. A. Alexander and J. D. Lambert, Proc. Roy. Soc. (London) 
A179, 499 (1942). 

J. D. Lambert and J. S. Rowlinson, Proc. Roy. Soc. (London) 
A204, 424 (1950). 
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Fic. 4. Velocity dispersion in CCIF; ( ) and CF, (---). 
intermodal coupling, if it exists, might be most prob- 
able in molecules such as the halogen-substituted 
methanes having several modes of low frequency which 
can be excited at room temperatures. On the other 
hand, if intermodal coupling is strong enough so that 
energy is transferred readily from one mode to another, 
only a single relaxation time will be observed. Pre- 
sumably this will be the relaxation time of the mode of 
lowest frequency. 


B. Multiple Collisions 


In general, a certain average number of collisions are 
required to excite or de-excite the molecular vibrations 
in a given gas. Since the number of binary collisions is 
proportional to the pressure of the gas, the relaxation 
time will be inversely proportional to the pressure when 
binary collisions are responsible for vibrational excita- 
tion; if triple collisions are primarily responsible, the 
relaxation time will be inversely proportional to the 
square of the pressure, and so forth. 

In equations dealing with acoustic dispersion, the 
independent variable is invariably w# rather than w. 
Hence, if the relaxation time @ is inversely proportional 
to pressure, the dispersion curve may well be drawn 
with logf/p as the abscissa instead of logf. This is a 
great advantage in experimental work since it provides 
a method of obtaining a continuous range of “frequen- 
cies” without changing the frequency of the sound 
source. Of course it must first be ascertained which type 
of collision is responsible for vibrational excitation so 
that the correct pressure dependence is used. 
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No conclusive evidence has been presented support- 
ing any importance of collisions of orders above the 
second. Walker” suggested that certain data of previous 
investigators, involving COS with added quantities of 
helium and argon, might be interpreted on the basis 
that triple collisions are of greater importance than the 
binary type. Walker, Rossing, and Legvold”™ later re- 
port that triple collisions are not important in the 
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2 R. A. Walker, J. Chem. Phys. 19, 494 (1951). 

18 Walker, Rossing, and Legvold, ‘‘The role of triple collisions 
in the excitation of molecular vibrations in nitrous oxide,” Natl. 
Advisory Comm. Aeronaut. Tech. Notes 3210 (1954). 
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excitation by He, A, and N»2 of N20, which is very 
similar in structure to COS. 


IV. EXPERIMENT 


The velocity of sound has been measured by means 
of an interferometer of the Pierce type. A cross section 
of the acoustic chamber used to measure wavelengths is 
shown in Fig. 1. A gold-plated, X-cut quartz crystal is 
clamped in its nodal plane and is driven at its resonant 
frequency by an electrical oscillator. An optically flat 
reflector is driven by a micrometer screw having a 
least count of 0.001 mm. The crystal and reflector are 
maintained parallel within 0.01 wavelength by three 
leveling screws. The chamber and the gas handling 
system are vacuum tight. 

The oscillator circuit is a variation of the Pierce cir- 
cuit and drives the crystal at a very constant frequency 
and amplitude. The frequency of the crystal is deter- 
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mined by heterodyning the output of the oscillator with 
the output of some convenient broadcast station to 
produce a beat note in the audiofrequency range. Most 
of the measurements in this paper were made using a 
300 ke crystal, although a 1000 kc crystal was sometimes 
employed. Changes in the electrical impedance of the 
crystal, due to changes in the acoustic field as the re- 
flector moves, were detected electronically. This scheme 
of detection proved to be much more sensitive than the 
usual method of metering the grid or plate circuit of the 
oscillator. A similar method of detection has been em- 
ployed in a two crystal system by Loomis and Hub- 
bard" and others. 

The velocity of sound was measured at a variety of 
f/p ratios and the values of V? plotted in Figs. 2-9. 


4 A. L. Loomis and J. C. Hubbard, J. Opt. Soc. Am. and Rev. 
Sci. Instr. 17, 295 (1928). 
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COLLISION EXCITATION OF MOLECULAR VIBRATIONS 


TABLE I. Relaxation times and collision lifetimes. 











C1 Crib Vo? ideal 
v1 cal/mol cal/mol 10-2 6 X<108 61 X108 ®R X10-9 
Gas em7! viimt °K °K m/sec sec sec sec™! Zi0 

CH;Br 611 328 1.03 2.26 326.2 7.5+0.3 3.4 +0.1 10.79+0.22 386+ 14 
CHCIF, 369 227 1.45 5.99 336.4 9.5+0.7 2.3 +0.2 9.98+0.20 268+24 
CH;Cl 732 300 0.78 1.84 614.0 20.4+1.1 8.6 +0.5 10.91+0.22 966+67 
CCl3F 244 202 4.05 10.63 203.8 4.0+0.4 1.5 +0.2 11.79+0.24 234431 
CBrCIF, 200 188 1.85 10.24 169.3 5.0+0.4 0.9 +0.1 9.66+0.48 121+15 
CF, 437 256 2.93 6.91 327.2 75.6+0.8 32.1 +0.3 6.84+0.34 2460+ 125 
CH2F2 532 245 1.19 2.32 594.4 3.0+0.3 1.5 +0.2 9.81+0.49 159+24 
CH.CIF 358 206 1.56 3.46 441.0 1.0+0.1 0.45+0.05 11.20+0.56 60+7 

CCIF; 356 237 3.16 8.16 272.4 23.9+0.6 9.3 +0.2 11.28+0.23 1240+37 
CHCI1.F 274 198 1.72 6.76 281.9 2.5+0.4 0.6 +0.1 11.48+0.57 89+14 
CHF; 508 263 2.48 4.78 422.1 47.9+1.8 24.9 +0.9 8.34+0.42 2260+ 140 
CCloF2 260 201 1.76 8.63 234.4 7.8+0.6 1.6 +0.1 10.31+0.21 212414 
CBroF2 165 179 1.88 10.55 133.2 2.9+0.3 0.50+0.05 9.34+0.47 68+8 

CBrF; 297 239 4.24 9.84 188.6 19.6+0.1 8.4 +0.1 8.05+0.40 840+43 








Viaeal? Was plotted for each gas using (17) with an 
arbitrary value of 6. This curve was then shifted along 
the f/p axis until it best fit the experimental data, 
since the effect of changing @ is merely to shift the entire 
curve along this axis. For those gases in which the dis- 
persive region occurred at low frequencies and for which 
the Beattie-Bridgman constants were known, the Vg; 
curve has been drawn as a dotted line using (19). 
The experimental values of V? were then corrected to 
ideal gas behavior by adding the correct value of 
V iaeat’— V pp’. Nearly all the values of V? are the result 
of ten independent determinations of wavelength. 
The gases used in the experiment were of the highest 
purity available. CHCIF2, CHCl:F, CCloF2, CH;Cl, 
CH;Br, CCl;F, and CCIF; were purchased from the 
Matheson Company. CBrF;, CH2CIF, CH2F2, CBreFs, 
CBrClF2, CF4, and CHF; were furnished by the Jack- 
son Laboratory of E. I. du Pont de Nemours and 
Company. Several of the above gases were stored in 
cylinders as gas over liquid; these were withdrawn in 
their liquid phase to minimize contamination by air 
and noncondensible gases. Others were liquified, by 
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Note added in proof.—The inflection point for CHCI.F in 
Fig. 5 is obviously in error. It should be at V?=302.5X 10? m?/sec?. 
The correct data appear in Table I. Point 10 in Fig. 11 would now 
move up on the curve. 


use of the liquid nitrogen cold trap, and then evaporated 
into the system after pumping off all noncondensible 
vapor. The close fit of the low-frequency experimental 
data to the calculated values of Vo? demonstrates the 
high degree of purity of the gases used. 

Since it was observed that none of the dispersion 
curves showed any evidence for the existence of multiple 
relaxation times, it was assumed that the lowest vibra- 
tion was excited with its characteristic relaxation time, 
and that the energy passed freely to the other modes. 
Thus the relaxation time of the lowest mode @,; should 
be given by the expression 

Cy 


6:=6 ' (20) 
Crib 


in which C, is that part of Cy, corresponding to the 
lowest vibrational mode. Values of 4; were calculated 
from (20) and appear in Table I as well as correspond- 
ing values of the collision lifetime Z1» and the collision 
rate per molecule &. 





V. RESULTS 
A. Experimental Results 


It may be noted in Figs. 2-9 that none of the gases 
measured showed multiple dispersive regions. This 
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Fic. 10. Zi9 interpreted by Landau-Teller theory. 


indicates that intermodal coupling is relatively strong 
in these molecules, and the assumption made by the 
use of (20) is justified. Furthermore, since the use of 
f/p along the axis of abscissas yields the proper form 
of dispersion curve, the excitation and de-excitation 
of molecular vibrations must be brought about prin- 
cipally by binary collisions. 

Following the result of Landau and Teller given by 
(13), Zio has been plotted against 7,3M? in Fig. 10. 


LEGVOLD 


Theoretical curves were drawn using various values of 
s and a. The particular curve shown in Fig. 10 has 
s=0.25 A and a=0.5. This value of s is about } the 
diameter of the colliding molecules and therefore is not 
reasonable. A similar curve drawn with s=1 A or more 
will not fit the data regardless of the a used. It therefore 
appears that the theory of Landau and Teller does not 
fit the de-excitation of molecular vibrations in these 
gases. 

In Fig. 11, Z:19 has been plotted against 7, in ac- 
cordance with (15) and the energy excitation theory. 
Curves have been drawn using the values a=1/12, 
n=1.5, 1.8, 2.8, and 3.8. The value of m to be used 
apparently depends upon the number of hydrogen 
atoms replaced from the methane molecule. On the 
other hand, the single value of a may be used regardless 
of the molecule considered. The quantity mv, gives the 
minimum energy of approach necessary to excite or 
de-excite the vibrations of the molecule. This is pre- 
sumably the energy necessary for the molecules to 
penetrate deeply into each other’s force fields or to form 
a compound molecule as previously suggested. 

Fogg, Hanks, and Lambert® have measured the re- 
laxation times of some of the halogen-substituted 
methanes. Their values for Z19 were computed from 
their relaxation data by making the assumption that 
hv>>kT and hence that Z:9>™~@6;. At values of 7<500 
cm-', this is not true and leads to error in Z,9 at low 
frequencies. In accordance with (8), their values for Z; 
have been multiplied by a factor 1+e—"”/*7. The values 
of Zo, thus corrected, are recorded in Table II. 

The above data were taken at temperatures of about 
373°K. The temperature correction predicted by (15) 
has been used to correct Zo to 300°K ; these values are 
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COLLISION EXCITATION OF MOLECULAR VIBRATIONS 


TABLE II. Data of other investigators. 








6 X108 Z10 v1 





Gas Investigator °K sec Z10 T =300°K em-t nimi 
CH;I Fogg, Hanks, Lambert 373 4.5 86 176 533 342 
CHCl; Fogg, Hanks, Lambert 383 2.8 83 139 260 200 
CHCl. Fogg, Hanks, Lambert 373 8.4 204 466 283 192 
CH;F Fogg, Hanks, Lambert 373 320 6070 29 400 1048 336 
CCl, Fogg, Hanks, Lambert 373 8.3 191 348 218 197 
CH;Br Fogg, Hanks, Lambert 373 10 202 468 611 328 
CH2F2 Fogg, Hanks, Lambert 373 5.5 136 278 532 248 
CHF; Fogg, Hanks, Lambert 373 42 1200 3720 508 263 
CH;Cl Fogg, Hanks, Lambert 373 18 424 1200 732 300 

Griffith 295 20.2 956 
Petralia 287 20.2 956 
CF, Fogg, Hanks, Lambert 373 66 1580 6210 437 256 
Byers 293 76 2480 
CH, Eucken and Aybar 382 84 6000 36 000 1306 302 
CChF2 Huber and Kantrowitz 297 2 49 260 201 
Griffith 292 8 218 
CHCIF:2 Griffith 294 10 282 369 227 








also recorded in Table II. The corrections thus calcu- 
lated, however, were invariably larger than the differ- 
ences between these points and the calculated Z19 
curves. The values of Zo for 373°K and also the values 
predicted for 300°K are shown in Fig. 11. 

Several other authors have measured relaxation times 
in some of the halogen-substituted methanes. Byers,!® 
Eucken and Aybar,'® and Petralia!’ have used acoustic 
interferometers to measure relaxation times; Griffith'® 
and Huber and Kantrowitz’® have made measurements 
using Kantrowitz-type impact nozzles. Their data are 
also reported in Table II, and the corresponding values 
of Z,9 are plotted in Fig. 11. Where the measurements 
were made at temperatures more than a few degrees 
removed from 300°K, the data are corrected to this 
temperature by use of (15). 

The fact that use of (15) gives too large temperature 
corrections might suggest that the steric factor a is a 
function of temperature. It is reasonable to assume that 
a, being a geometrical probability, is dependent upon 
the speed at which the molecules are rotating, which in 
turn is a function of temperature. The period of a rota- 
tion of a typical molecule is 10-” second, which is of the 
same order as the duration of a molecular collision. 


VI. CONCLUSIONS 


On the basis of the data reported in this paper, the 
following conclusions may be drawn: 


1° W.H. Byers, J. Chem. Phys. 11, 348 (1943). 
16 A. Eucken and S. Aybar, Z. physik. Chem. B46, 195 (1940). 
17S. Petralia, Nuovo cimento 9, 351 (1952). 
'8 W. Griffith, J. Appl. Phys. 21, 1319 (1950). 
pnts W. Huber and A. Kantrowitz, J. Chem. Phys. 15, 275 
7). 


1. Intermodal coupling is so strong in the halogen- 
substituted methanes, that once the vibrational mode 
of the lowest frequency is excited, the energy passes 
readily into the other modes. 

2. Only binary collisions are important in the excita- 
tion of vibrations in the halogen-substituted methanes 
within the limits of observation. 

3. The probability, in a given collision, of exciting 
or de-exciting molecular vibrations in the halogen- 
substituted methanes appears to depend upon the rela- 
tive energy of approach of the colliding molecules rather 
than upon their relative velocity as the Landau-Teller 
theory predicts. In particular, the probability of excita- 
tion or de-excitation appears to be negligible unless the 
relative energy of approach exceeds e*=mnhv;, where n 
is characterized by the number of hydrogen atoms 
replaced. v; is the lowest vibrational frequency. 

4, The excitation of vibrations in polyatomic organic 
molecules may be a complex process involving the 
formation of a compound molecule with a very short 
lifetime. 

5. The steric factor probably depends upon tempera- 
ture through its dependence upon rotational velocity. 
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A hole theory of n-paraffin liquids, which is the same in mathematical form as Flory’s theory of polymer 
solutions, is developed to derive the relationships between the physical constants and the number of carbon 
atoms n. If the number of segments in a molecule is equal to m!, quantitative agreements between the theory 
and the observations can be shown for the critical temperature, the critical pressure, the boiling temperature 
and the heat of vaporization. It is also possible to give theoretical foundations for some empirical rules 


recently proposed by Grunberg and Varshni. 





INTRODUCTION 


N the basis of Egloff’s critical review! of physical 
constants of hydrocarbons, many attempts have 
recently been made by Grunberg,?* Mitra,* and 
Varshni®® to establish the relationships between the 
critical constants and the boiling point and the number 
of carbon atoms of u-paraffins. All of these, however, 
are purely empirical relationships and the theoretical 
evidences are not sufficiently obvious. 

As is well known, as the number of carbon atoms 
increases, the physical constants of the x-paraffins 
(C,»Hon+2) show increasing deviation from the values 
expected from the law of corresponding states; for 
example, both the ratio of the boiling temperature to 
the critical temperature and the Kamerlingh-Onnes 
constant increase with the number of carbon atoms, 
while their values for methane coincide well with those 
for the ideal monoatomic liquids such as argon. In this 
connection, it seems reasonable to consider that the 
deviation of this kind mainly originates in the change of 
molecular shape from sphere to rod, because the effect 
of the molecular association can be entirely neglected in 
the present case. 

In this paper, we shall develop a theory of the 
n-paraffin liquids based on the lattice model, and discuss 
the critical constants, the boiling point and the heat of 
vaporization in correlation with the number of carbon 
atoms. The Flory expression for the configurational 
entropy’ which have been presented for the solution of 
flexible chain polymers seems to be effectively applicable 
to the present problem with only slight modifications. 


LIQUID MODEL AND THE EQUATION OF STATE 


In order to obtain the simple analytical results we 
shall adopt a lattice model which is usually called the 


* Present address: Technical Division, Asahi-Dow Company; 
Nobeoka, Miyazaki, Japan. 

1G. Egloft, Physical Constants of Hydrocarbons (Reinhold 
Publishing Corporation, New York, 1939). 

2 L. Grunberg and A. H. Nissan, Nature 161, 170 (1948); Trans. 
Faraday Soc. 44, 1013 (1948). 

3 L. Grunberg, J. Chem. Phys. 22, 157 (1954). 

4S. S. Mitra, J. Chem. Phys. 21, 2234 (1953); 22, 156 (1954). 

5Y. P. Varshni, J. Chem. Phys. 21, 2235 (1953). 

6 Y. P. Varshni, J. Chem. Phys. 21, 1400 (1953); 22, 150 (1954); 
11984) Varshni and S. N. Srivastava, J. Chem. Phys. 22, 349 

1 , 

7P. J. Flory, J. Chem. Phys. 12, 425 (1944). 


hole theory of liquids. In the hole theory of the usual] 
form, the entire system is divided into cells whose 
volume is approximately the same as that of a molecule, 
and the partition function of the system is set up as- 
suming that the probability of simultaneous entries of 
more than two molecules into one cell can entirely be 
neglected, because of a repulsive force between mole- 
cules. This model is fit to deal with monoatomic liquids 
such as argon, and polyatomic-molecular liquids such 
as methane, the shape of which is regarded as a sphere; 
but this model is not fit for applying to liquids of rod- 
like molecules such as the u-paraffins. We, therefore, 
shall employ in this paper a modified model of liquids 
as stated below in an attempt to discuss effects which 
arise as a result of the deviation from sphere in the 
shape of molecule. 

At the outset, choosing a size of a cell which is inde- 
pendent of the chain length of the molecules, let + 
represent the volume of a cell. The 7 is assumed to be 
of a volume somewhat larger than that of a methane 
molecule. Consequently, one molecule of m-parafiin 
having the number of carbon atoms occupies some 
consecutive cells, the number of which is denoted by «. 
If there are N molecules in the entire system of the 
volume V, the number of vacant cells which are con- 
veniently called “holes” is given by {(V/r)—xN}. 

In consideration of the aforementioned, the system 
now in question will be mathematically the same 
as a solution consisting of N rod-like polymers and 
{(V/r)—xN} single-site solvent molecules. Therefore, 
if we neglect for a while the difference between short 
and long chains, the theory of the solution of flexible 
chain polymers already presented can be applied to the 
present system without any essential alteration. If, for 
the sake of simplicity, the Flory approximation’ is 
adopted in calculating the configurational entropy, the 
Helmholtz free energy F of the present system will be 
written as follows: 


F=Nf+kT({(V/r)—2xN} In{1—(rxN/V)} 

+N In(rxN/V) J+ (2h/2)(V—rxN)(rxN/V), (1) 
where k is the Boltzmann constant, T the absolute 
temperature, z the number of the nearest neighbor cells, 


f the free energy related to the intramolecular freedoms, 
and y represents the increase of the free energy in the 
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THEORY OF NORMAL 


PARAFFIN LIQUIDS 


TABLE I. Critical temperature, the Kamerlingh-Onnes constant, and the boiling temperature of the -paraffins. 








k Tc/P eve 








Te (°K) calculated values Te (°K) Pe (atmos) = pers Ts (°K) 
n Eq. (11) Eq. (21) Eq. (18) obs. obs. Te calc obs. calc Eq. (33) obs. 
1 203.8 204.4 239.2 190.7 45.8 0.240 2.59 3.44 1.33 111.5 120.1 
2 300.6 299.2 322.4 305.3 48.8 0.320 2.64 3.56 1.35 184.7 183.3 
3 369.3 368.1 381.7 368.8 43.0 0.349 2.67 3.64 1.36 230.9 232.7 
4 423.5 422.8 429.2 426.2 36.0 0.338 2.69 3.71 1.38 272.6 274.3 
5 468.4 468.4 469.7 470.4 33.04 0.351 2.71 3.76 1.39 309.1 310.4 
6 506.8 507.4 505.1 508.0 29.63 0.350 2.32 3.83 1.41 342.0 342.7 
7 540.5 541.4 536.8 540.0 26.89 0.348 2.73 3.86 1.41 371.5 371.9 
8 570.5 571.4 565.3 569.4 24.66 0.346 2.74 3.88 1.41 397.6 398.7 
9 597.4 598.4 591.7 595.4 22.86 0.345 2.75 3.88 1.41 423.6 423.4 
10 621.9 623.1 616.1 619.3 21.24 0.343 2.75 3.89 1.41 447.0 446.2 
11 644.3 645.6 639.4 642.6 19.92 0.341 2.76 3.90 1.41 470.0 467.7 
12 664.9 666.2 660.9 663.8 18.59 0.336 2.76 3.90 1.41 489.0 488.0 
13 684.0 684.9 681.2 683.2 17.55 0.334 2.77 3.90 1.41 507.0 506.8 
14 702.2 702.7 700.8 701.0 16.56 0.330 2.77 3.90 1.41 525.5 525.2 
15 718.9 718.9 718.9 717.6 15.75 0.328 2.78 3.90 1.40 543.5 542.0 
16 734.8 734.2 736.9 734.3 15.10 0.329 2.78 3.90 1.40 560.5 558.3 
17 749.6 748.5 753.6 749.3 14.41 0.327 2.79 3.90 1.40 576.0 573.7 
18 763.4 762.2 769.8 763.2 13.83 0.326 2.79 3.90 1.40 590.0 588.6 
19 777.0 774.6 785.5 776.0 13.43 0.329 2.79 3.90 1.40 603.0 602.4 








following rearrangement: 


(Segment pair)+ (Hole pair) 

—2X (Segment—hole pair). (2) 
Here the term “segment” means an element of the 
hydrocarbon chain, the size of which is equal to that of 
a cell, and the “‘segment pair” means a pair of neigh- 
boring cells, each of which is occupied by a segment. 
Letting » represent the volume V/N per molecule, 
the pressure P and the chemical potential u of a mole- 
cule may be written as 


oF kT XT 
p=—( =—— in( 1 ) 
OV/ 7,.N T v 
T) w/xr? 
+0--|-=(“), ©) 
v) 2rX\o 
OF XT 
(2), oH a) 
ON T,V v 


XT oxy 2x7 
=xin(1-—)— (1) | + ; (= . (4) 


v v 














Of course, the equation of state (3) reduces to that of 
the ideal gas for large v. 


CRITICAL CONSTANTS 


As is well known, the critical point of liquids is 
given by 
(0P/dv)r=0, and (0P/d")r=0. (5) 





The substitution of Eq. (3) in Eq. (5) gives 
T= (2pe/k){x/(x#+1)*}, (6) 
7x/V-=1/(x!+1), (7) 


and 
tP./kT.=\n{1+ (1/x)*} — { (2x4—1)/2zx}, (8) 


where 7, P,, and v, represent the critical temperature, 
the critical pressure and the critical volume per mole- 
cule, respectively, and y, represents the value of the 
interaction parameter y at the critical temperature. 
These results are identical with the ones which have 
already been presented for the consolute critical point 
of chain polymer solutions. 

Now, denoting the energy and the entropy terms in y 
by ¢ and s, respectively, and assuming, for simplicity’s 
sake, that both ¢ and s are independent of the tempera- 
ture, we can put® 


y=e—Ts, and y,=e—T-5. (9) 


The substitution of this equation in Eq. (6) yields the 
following expression for the critical temperature: 


1/T.= { (k/ze)+ (s/€)} 
+ (2k/ze){ (1/2x)+ (1/x#)}. (10) 


As is shown in Table I, the observed values of 7, agree 
very well with that derived from the following expres- 
sion which is the same in form as Eq. (10): 


1/T.=0.000543+-0.002909{ (1/22)+ (1/n#)}. (11) 


8 It being unnecessary to take into consideration the interaction 
energy of the “hole pair” and the ‘‘segment-hole pair,” the € in 
Eq. (9) can be regarded as energy sufficient to separate one seg- 
ment pair, while the s involves contributions from a change in 
the free volume of segment associated with the separating process 
of the segment pair. (The s is also supposed to involve a correction 
of the Flory mixing entropy.) 
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Fic. 1. Critical temperature T, and the boiling temperature 7; at 1 atmos. Circles show the observed values. 


If the neglect of the difference between short and 
long chains leads us to no critical error in the calcula- 
tion of thermodynamic properties, it seems to be reason- 
able to assume that «=n. The good correspondence of 
Eq. (11) with the experimental data seems to ap- 
parently prove the above simple assumption. There is, 
however, an important defect in this assumption, 
because, if x=m, the density at the critical point p, 
(comr/v,) expected from Eq. (7) will decrease to zero 
with increasing ” in contradiction to the observation 
that p, is almost the same for all the n-paraffins. This 
constancy of p, seems to be more estimable as judgment 
data of the theory than the linearity of 1/T, such as 
Eq. (11), therefore we must modify the simple assump- 
tion that x=n, even though it yields the excellent 
empirical equation (11). 

Now let us assume that x?}= and examine the results 
derived from the assumption by making comparison 
with the experimental data. The basis of this assump- 
tion will be discussed later. 

Substituting this in Eq. (7), and denoting by po the 
density of the cell occupied by the segment, we obtain 


(12) 


which does not conflict with the observation mentioned 


above. 
Expanding Eq. (8) in a power series of 1/x, and 
setting «=n, we find 


P./kT = 1/3x'=1/3n, 


Pe=NTp/Ve= pon'/ (n*+1), 


(13) 


or 


nP./T.=k/3r. (14) 


The requirement of the equation that the ratio, nP./T., 
is to be independent of the carbon number is satisfied 
with good accuracy by the experimental data as is 
shown in Table I, and we can find 


k/37=0.337 (atmos. cm~ degree). (15) 


In a crude treatment such as the present theory, it 
being justified to think that the molecular weight M 
is also proportional to the number of carbon atoms, 
Eq. (15) may be rewritten as 


MP./T,=Constant independent of x. (16) 


This is nothing but the expression recently proposed by 
Grunberg.’ 

The combination of Eq. (7) with Eq. (8) gives the 
Kamerlingh-Onnes constant, 


kT ./ Pve=1/[(n'+1){n' In(i+n-4)—nt+3}]. (17) 


Although the agreement between the calculated and the 
observed values is not sufficient, quantitatively speak- 
ing, Eq. (17) reproduces fairly well the tendency that 
the constant increases gradually and converges on a 
definite value as the number of carbon atoms increases. 
In Table I we also listed the ratio of the observed values 
to the calculated values, which does not depend on ” 
very much. 

The relationship between the critical temperature 
and the number of carbon atoms can be given, under the 
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THEORY OF NORMAL PARAFFIN LIQUIDS 


assumption of x«=n!, by 


1/T.={ (k/ze)+ (s/€)} 
+ (2k/z€){(1/2ni)+ (1/n4)}. (18) 


If this equation should agree with the observation, the 
plot of 1/T, against {(1/2n')+(1/n')} would give a 
straight line. In fact, the demand for this linearity is 
satisfied tolerably, though not perfectly as in the case of 
Eq. (11), by the observation as shown in Fig. 1, where 
the observed values are plotted by open circles. In 
Table I are also tabulated the calculated values of 7, 
which is obtained by Eq. (18) with 


{ (k/ze)+ (s/e)} =0.000047, 
and 
2k/ze=0.002755. (19) 


The modern theory of gases enables us to define with 
good accuracy the potential energy of the intermolecular 
interaction by using the experimental data of the second 
virial coefficient or the viscosity coefficient. According 
to the results, the potential energy has a minimum in 
the neighborhood of the intermolecular distance 4.3 A 
in the case of methane molecule, the depth of the 
minimum is approximately 140 k.° On the other hand, 
the distance d between the nearest neighbor cells is 
given by 


d=0.86r' (diamond lattice), 
1.007? (simple cubic lattice), 
1.127 (face-centered cubic lattice). (20) 


We can estimate the value of d by using Eqs. (19) and 
(15), and the value of « by using Eq. (19). As is shown 
in Table II, if z is assumed to be 4~6 the values of 
d and «¢ generally settle, judging from the values of the 
intermolecular potential of methane referred to before, 
within the reasonable range. 

In addition, so far as the number of carbon atoms 
ranges from one to twenty, a linear relationship holds 
between { (1/2”)+ (1/n*)} and 1/n!; therefore, Eq. (11) 
can be rewritten as 


1/T,=0.000702+ (0.004190/n?). (21) 


This equation seems to be excellent as an empirical 
equation. The values of 7. calculated by Eq. (21) are 
shown in Fig. 1 and in Table I in comparison with 
the observed values. 


BOILING POINT AND THE HEAT OF VAPORIZATION 


The conditions for equilibrium between the vapor 
phase and the liquid phase are expressed by stipulating 
equalities of the pressures and of the chemical poten- 
tials in the two phases; that is, 


P,=Pi, and p=, (22) 


* For example, J. E. Lennard-Jones, Proc. Roy. Soc. (London) 
A112, 214 (1936); Hirschfelder, Bird, and Spotz, J. Chem. Phys. 
16, 968 (1948). 
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TABLE II. Values of the interaction parameters, d and e. 











Lattice type 4 d(A) e/k (°K) 
Diamond lattice 4 4.4 182 
Simple cubic lattice 6 5.2 121 
Face-centered cubic lattice 12 5.8 60 








where the subscripts g and / are adopted to indicate 
the vapor and the liquid phases, respectively. Letting 
v, and v represents the volume per molecule in each 
phase, we find the equations for equilibrium condition 


XT tT ay (xT\? 
in( 1-—) + (@—1)—+ (=) 
Vg Ug 2kT Ug 
XT T ay xr\? 
no(1-") 4-9 4242), 
V1 Vv] 2kT v1 
1 XT XT ay 2xr 
-1n(—)—in(1-—*) + (:-—) 
x Vg Vg 2kT Ug 
1 XT XT oy 2xr 
=-1n(—")-in(1-) + (.-= . (24) 
x v1 Vv] Q2kT v1 


As these are two simultaneous equations involving two 
independent variables, v, and 2%, it should be possible 
to calculate v, and 2, and to determine the binodial 
curve representing isothermal two-phase equilibrium 
densities. If the value of v, thus obtained is sub- 
stituted in Eq. (3), the vapor pressure will be obtained 
as a function of the temperature, but such calculations 
are practically impossible to carry out because of the 
mathematical difficulty. 

If we are concerned only with the temperatures 
lower than the boiling point, molecular density of the 
vapor phase is extremely small, and then 2, is suffi- 
ciently large in comparison with either v; or xr. In this 
case, Eq. (3) yields the equation of state of the ideal gas, 


P=kT/1,, (25) 
and Eqs. (21) and (22) yield 


in( =) = (x— »(=) = = (=) (2-=). (26) 
Vg v1 2kRT Xv, Vv) 


Combining Eq. (25) with Eq. (26), we obtain the ex- 
pression for the vapor pressure P: 


kT XT 
InP= in(—)+ («—1) (“) 
V1 Vv] 
(22). on 
2kRT \ v 


If, for simplicity’s sake, the number of holes in liquid 
phase is assumed to be negligible at low temperatures, 
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Fic. 2. Heat of vaporization \ of the m-paraffins. Circles show the 
observed values, and the line represents Eq. (29). 


v, can be replaced approximately by x7, and we obtain 
InP=1n(kT/x7)+ {1+ (25/2k)} —1—x(ze/2kT). (28) 


Using again the assumption that «=n! in Eq. (28), 
we find the following expression for the heat of vaporiza- 
tion: 

A=ni(ze/2). (29) 


This relation shows satisfactory agreement with the 
experimental data which is represented by black circles 
in Fig. 2, and we find 


ze/2=2115 cal/mole. (30) 


If z is 12, one finds that e=176k; this seems to lie 
within reasonable range in comparison with the inter- 
action energy of methane molecule. Although we must 
assign different values to z at the critical and the boiling 
points in order to obtain reasonable value of ¢, the 
adjustment of parameters of this kind has been fre- 
quently made in lattice theories of liquids. 

Furthermore, if the vapor pressure is expressed in 
terms of atmosphere, InP becomes zero at the boiling 
point 7, and therefore, we can easily obtain the 
following equation after some rewritings: 


1/T = { (2k/ze)+ (s/e)}+ (A/n'4), (31) 
A = (2k/ze) {In(kT,/n'r) —1}. (32) 


with 


As T,/n! does not sharply depend on u, we may regard 
A asa constant. In fact, the experimental values of 7, 
agree very well with the calculated ones by using the 
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Fic. 3. Empirical relations between effective chain length and the 
number of carbon atoms. 


following equation as shown in Table I. 
1/T,=0.000570+ (0.007753/n'). (33) 


In Fig. 1, the experimental and the calculated values of 
T, are represented by closed circles and a full line 
respectively. 

Combining Eq. (33) with the empirical equation (21) 
of T,, and eliminating (1/n*) from them, we obtain 


1/T.= (0.5404/T)+0.000394, (34) 


which is just the relation empirically presented by 
Varshni.5 

In addition, it must be noted that the substitution of 
the simpler assumption «=n for x=n! fails in deriving 
proper expressions for the boiling point and the heat of 
vaporization. 

DISCUSSION 

In consideration of the aforementioned results, it 
seems possible to presume that the hole theory having 
the similar form as the theory of chain polymer solu- 
tion is adequate as the zeroth approximation for the 
n-paraffin liquids, though the assumption that «=n! 
should be regarded as entirely empirical. 

Now let us consider the reason why the assumption 
x=ni gives the proper expressions for various quanti- 
ties. As the end effect due to the difference of the sizes 
between the end and the intermediate segments, — CH; 
and —CH»2—, cannot be ignored for the chains with 
small m, it seems reasonable to assume that x is given by 


x=a+bn, (35) 


but not by «=n. If Egloff’s data! of the molecular 
volume V ,, at the boiling point are adopted to determine 
the constants a and 3, we find 


«= V,/V1:=0.48+0.52n, (36) 


where the subscripts represent the number of carbon 
atoms. In Fig. 3, the values of V,/V; and Eq. (36) are 
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shown by closed circles and the line A, respectively, 
in comparison with n! which is shown by open circles. 
From the figure, we can find that 7! lies closely on the 
line A when 7 is small. This nature of the relation x= n! 
may probably be one of the reasons why it is properly 
used.” 

For large n (5<n< 20), the relation x=n! deviates 
from A line but approaches to another line B in 
Fig. 3; i.e., 

x= 1.75+ (n/3.5). (37) 
As is well known, the Flory approximation gives an 


overestimated virial coefficient of osmotic pressure for 
solutions containing flexible chains, and, in order to 


10 Tt must be noted here that rod-like chains should more nearly 
agree with the Flory equation than do flexible chains. Therefore, 
the shorter the -paraffins, the better agreement between theory 
and observation can be expected if the end effect of chain is taken 
into consideration. 
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avoid difficulties of this kind, it is necessary to under- 
estimate the degree of polymerization by a factor of 
three or five.’!! The relation, x=/3.5, for long chains 
which is obtained from Eq. (37) does not conflict with 
the above statement, for x can be regarded as a degree 
of polymerization of the -paraffins. Therefore, the 
coincidence of the relation x=n! with Eq. (37) can 
also be considered as a reason for our success. 

In conclusion, we express sincere thanks to Professor 
Mikio Tamura and Dr. Hiroshi Fujita of the Kyoto 
University for their continued interest and encourage- 
ments, and to Dr. Ryoichi Kikuchi of the University of 
Chicago for his kind help with publication. Thanks are 
tendered also to the Ministry of Education of the 
Japanese Government for a grant-in-aid. 

4 This procedure corresponds to the assuming that a solvent 
molecule or a segment of polymers occupies three or five lattice 


points [see also Kurata, Tamura, and Watari, J. Chem. Phys. 
23, 991 (1955) ]. 
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A general relation between potential energy and internuclear distance is proposed which is applicable to the 
ground states of diatomic and polyatomic molecules. The relation has the form V = D,[1—exp(—mnAr*/2r) ] 


X[1+a/(r)], where the parameter n is defined by the equation n=k,r,/D,. For large values of r, the f(r) 
term assumes the form of a Lennard-Jones (6-12) repulsive potential. With a=0 the function assumes a 
simple form which is numerically easier to use and much more accurate than the Morse function. By using 
the simple function dissociation energies are readily calculated with greater accuracy than hitherto possible 
through the use of bond lengths, force constants, and anharmonicity constants. Independent empirical 
methods are given for evaluating the parameter m and with its use anharmonicity constants as well as 
dissociation energies may be calculated more accurately than was possible previously. The use of the general 
relation gives improved correlations and predictions of the five spectroscopic constants r,., ke, De, we%e, and 
a. The wide application of these potential functions to a large number of molecules indicates that the 
potential energy curves for most molecules have a general form to which the proposed relation is a reasonable 
approximation. The application of the proposed functions to strongly ionic or charged molecules has not 


been fully investigated. 


INTRODUCTION 


NY adequate theory of chemical binding should 

allow the derivation of a potential energy function 
describing the internuclear law of force. In general, 
it should be possible to obtain such functions from the 
first principles of quantum theory. However, except 
for the simplest systems'~* these methods have not 
yielded satisfactory potential energy functions. The 
reason for this stems from the difficulty in handling 


1E. Teller, Z. Physik 61, 458 (1930). 
?'H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933). 
3A. Meckler, J. Chem. Phys. 21, 1750 (1953). 






polyelectronic problems in quantum theory. Solutions 
of the differential equations involved are not obtainable 
in closed form and in order to make the problem 
tractable, it is necessary to make simplifying assump- 
tions and to use approximate methods. To date these 
assumptions and approximations have had the effect of 
removing from quantum theory the possibility of pre- 
dicting potential energy functions which would quanti- 
tatively describe the internuclear law of force and cor- 
relate a number of bond properties such as force con- 
stant, dissociation energy, bond length, anharmonicity 
constant, etc. Many semiempirical quantum-mechanical 
calculations of electronic energies of molecules have 
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been given.‘~® In general such calculations have been 
limited to the equilibrium configuration of the molecule 
or to a limited range of points in the neighborhood of 
this point. 

Because of these difficulties many investigators have 
proposed empirical potential energy functions. The 
Morse function! has been the most useful of these, 
partly because of its simplicity and partly because 
solutions of the anharmonic oscillator problem are 
readily obtained when this function is used for the 
potential energy in solving the Schrédinger wave equa- 
tion. However, the Morse function only approximately 
represents the actual potential energy curve as deter- 
mined from experimental data for most diatomic mole- 
cules. At the expense of simplicity several modified 
Morse functions have been proposed.!—* Examples of 
these are the Coolidge, James, and Vernon function and 
the Hulburt and Hirschfelder function. Other proposed 
functions are those of Kratzer, Rydberg,’ Manning 
and Rosen,!® Péschl and Teller,!® Hylleraas,!’ Linnett,'® 
Sutherland,” and Frost.” Recently Frost and Musulin 
have proposed a semiempirical function which was 
obtained after making use of certain theoretical 
criteria. Although they have only applied it to the 
H, and H;,* molecules it appears to have a number of 
promising features. 

There are a number of conditions which an adequate 
potential function should satisfy, of which the most 
important are: 


I. The potential energy should become very large as 
the internuclear distance r approaches zero. 

II. For large values of r the value of the function 
should approach the dissociation energy of the bond D,. 

III. For the equilibrium value of the internuclear 
distance r, the value of the function should be zero. 


Since there are an infinite number of functions which 
will satisfy these conditions, we add five additional 
conditions or criteria for an acceptable function: 


4G. W. Wheland, J. Am. Chem. Soc. 63, 2025 (1941). 
5 Glasstone, Laidler, and Eyring, The Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941), Chap. ITI. 
6 R, S. Mulliken, J. Phys. Chem. 56, 295 (1952). 
7™W. Moffitt, Proc. Roy. Soc. (London) A210, 224, 245 (1951). 
8G. G. Hall, Proc. Roy. Soc. (London) A205, 541 (1951). 
9C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 
10 P. M. Morse, Phys. Rev. 34, 57 (1929). 
1! Coolidge, James, and Vernon, Phys. Rev. 54, 726 (1938). 
( 2H. M. Hulburt and J. O. Hirschfelder, J. Chem. Phys. 9, 61 
1941). 
13M. L. Huggins, J. Chem. Phys. 3, 473 (1935); 4, 308 (1936). 
4 R. Rydberg, Z. Physik 73, 376 (1932). 
15M. F. Manning and N. Rosen, Phys. Rev. 44, 953 (1933). 
16 G. Pdschl and E. Teller, Z. Physik 83, 143 (1933). 
17 E, A. Hylleraas, Z. Physik 96, 661 (1935). 
( J. W. Linnett, Trans. Faraday Soc. 36, 1123 (1940); ibid. 38, 
1 (1942). 
19G. B. B. M. Sutherland, J. Chem. Phys. 8, 161 (1940); Proc. 
Indian Acad. Sci. 8, 341 (1938). 
984) A. Frost and B. Musulin, J. Am. Chem. Soc. 76, 2045 
(1954). 
21 A. A. Frost and B. Musulin, J. Chem. Phys. 22, 1017 (1954). 


R. LIPPINCOTT AND R. SCHROEDER 


IV. The function should contain terms which at 
large distances describe the Van der Waals energies 
of interaction. 

V. The function should adequately represent the 
actual potential energy curve as determined from experi- 
mental data. 

VI. The function should allow prediction of one or 
more quantities such as dissociation energy D_, anhar- 
monicity constant «.w., etc. from the remaining spec- 
troscopic constants. 

VII. The function should be general and represent 
the potential energy curves for large classes of diatomic 
molecules and not just a few favorable examples. 

VIII. The function should be applicable to poly- 
atomic as well as to diatomic molecules. 


Condition V emphasizes the fact that although condi- 
tions I, II, and III are necessary conditions for an ac- 
ceptable potential function, they are not sufficient 
conditions. Condition VI offers a check on the function 
and also demands that it be a useful one. 

The difficulty of obtaining a function which satisfies 
condition VII is well known and has led some investi- 
gators to suggest that there is no general potential 
function applicable to all molecules. The failure to 
obtain functions which fulfill condition VII is also 
partially responsible for their lack of application to 
polyatomic molecules. To be sure, the vibrational 
motions of a large number of polyatomic molecules 
have been adequately described in terms of a number 
of different type of force fields such as the valence 
force field, central force field, etc. However, all these 
force field models are only valid for small displacements 
of the nuclei and in no case has it been possible to 
relate quantitatively such quantities as bond dissocia- 
tion energy and force constant k,, etc. 

Although all of the aforementioned potential func- 
tions satisfy or approximately satisfy the first three 
conditions, they are all inadequate in most of the 
additional conditions. An example of a function which 
satisfies condition VI but not the remaining conditions 
is the Morse function. 

The Morse function is 


V=D[1—e-*4"f, (1) 


where Ar=r—r, and B=w,(2r’cu/D-h)?. 
By solving the Schrédinger wave equation using this 
potential, Morse obtained the following expression”: 


D.=w2/4weXe. (2) 


Thus from the fundamental frequency w, and the an- 
harmonicity constant w,x,, the dissociation energy may 
readily be calculated. However, when the calculated D. 
values are changed to Dy values and compared with 
the values determined from experimental data agree- 
ment is not obtained, as is readily apparent in Table I, 
where the average percent deviation is 26.4. This lack 
of agreement thus implies that the Morse function does 
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not approximate the actual experimental curve ade- 
quately as demanded by condition V. 

An example of a function which is adequate in condi- 
tion V but not VI is the Hulburt and Hirschfelder 
function.” This function is 


V=DL(1—€*8")?-+-c6(Ar)'e*°4"(14+ 5847), (3) 


where 6 may be evaluated in the same manner as it is 
for the Morse function. The parameters } and c must 
be evaluated from the remaining spectroscopic con- 
stants. One of the advantages of this function is that 
these parameters may readily be evaluated in terms of 
the five readily available spectroscopic constants w,, D., 
WXe, fe, and a, (vibrational-rotational coupling con- 
stant). When compared with the actual potential energy 
curves for particular diatomic molecules this function 
gives good agreement. However, this agreement has 
been obtained by using all the important and readily 
available spectroscopic data and thus little new infor- 
mation may be predicted from it. Most of the more 
useful potential functions have this same property. The 
difficulty is a serious one for little has been gained if one 
uses all relevant available data to construct a function, 
since one of its important characteristics should be the 
ability of such a function to predict unknown quantities. 
The purpose of this paper is to present a general 
potential energy function which reasonably satisfies 
conditions I through VIII and to apply it by correlating 
and predicting a large amount of spectroscopic data 
for molecules in their ground states. The general form 
of this function has been presented previously.” It is 


V=D[1—exp(—nAr?/2r) [1+af(r)], (4) 


where D,=dissociation energy referred to the bottom 
of the potential curve, Ar=r—r,, r-=equilibrium bond 
distance, and a=constant. The quantity f(r) is a 
function of r chosen such that f(r)=0, where r=0 
and f(r)=0 when r= ©. This function is conveniently 
discussed in two sections. In the first section we will 
discuss this function when the constant @ is put equal 
to 0. This separation arises naturally because for many 
purposes the f(r) term is unimportant and it is a great 
advantage to be able to work with such a simple 
function. In the second section we will make the func- 
tion more general by including the f(r) term and illus- 
trate the application of the resulting more general 
function. 


SIMPLE FUNCTION 
The simple function is 
V=D[1—exp(—nAr*/2r) ]. (5) 
This differs from most other proposed functions in 
that an exponential term in 1/r is used as well as one in r. 


By imposing the conditions for stability that (V’) eq 
=0 and (V”).qg=ke, the following relation can be 


2 E. R. Lippincott, J. Chem. Phys. 21, 2070 (1953). 
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TABLE I. A comparison of the proposed simple potential 
function with the Morse function.* 








Simple potential function Morse function 





Do(kcal/ Do(kcal/ Do(kcal/ 
mole) mole) Deviation mole) Deviation 

Molecule observed from Eq. (9) %) from Eq. (2) (%) 
Aso 91.3 90.4 1.0 116.9 28.1 
CH 80.0 71.6 10.5 86.7 8.4 
CII 49.6 54.7 10.3 71.2 45.6 
CO 210.5 195.0 7.4 247.0 17.4 
Cse 10.5 10.3 1.9 15.6 48.6 
He 103.2 102.0 1.2 111.0 7.6 
HBr 86.4 85.7 0.8 107.0 23.8 
HCl 102.0 95.7 6.2 119.0 16.6 
HI 70.4 71.9 Fa | 92.7 31.7 
I, 35.6 40.9 14.9 53.5 50.3 
Ke 11.8 13.6 15.3 172 45.7 
KH 42.8 39.7 7.2 46.0 2 
Ne 224.8 214.0 4.8 273.0 21.8 
NO 149.4 142.2 4.8 182.0 21.8 
OH 100.5 93.9 6.6 116.0 15.5 
Oz 117.0 114.0 2.6 146.0 24.8 
Pz 116.0 119.0 2.6 154.0 32.0 
Se 101.4 102.0 0.6 133.0 31.3 
SO 118.5 114.0 3.8 146.0 23.1 
See 81.9 79.5 3.0 102.9 26.4 
Average 5.4 Average 26.4 








® Unless otherwise stated data for these computations were taken from 
G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand Company, 
Inc., New York, 1950) pp. 502-581. 


derived defining the parameter 1: 
D.= ker./n. (6) 


Here k, is the force constant referred to zero displace- 
ment of the nuclei. This relation is better illustrated if 
the exponential term in Eq. (5) is first expanded and 
this followed by a power series expansion of the 1/r and 
1/r’ terms, giving 


V=(nD,/2r,)Ar’—(nD,/2r2)Ar’ 
+(nD,./2ré—nD./8r2)Ar. (7) 


The potential function (5) was obtained from the 
knowledge that relation (6) was experimentally valid 
when used with Eq. (11), followed by integration on 
using the condition that (V”).~=,. This integration 
process is not unique, however, and one may obtain a 
large number of functions which are consistent with 
relation (6). A decision as to which function to use can 
be made by using them to predict the energy levels of 
an anharmonic oscillator. These levels are usually 
represented as 


E=hew,(v+3) —hew.x.(v+3)*+hew.y-(v+5)*. ... (8) 


For most diatomic molecules the frequency w, and 
anharmonicity constant w,.x, are available, while for 
some of the more extensively studied molecules the 
we is also available. The problem of checking possible 
potential functions then reduced to one of solving the 
anharmonic oscillator wave equation using the desired 
potential function. 

We have not obtained an exact solution of the wave 
equation for the function (5). Fortunately there are 
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Fic. 1. A plot of potential energy V in kcal/mole, against bond 
length for H, where curve A is calculated from the proposed 
simple function, Eq. (5), and curve B represents the experimental 
curve. 





several adequate approximate methods for solving the 
wave equation which yield the energy levels to any 
desired degree of accuracy. We have used two, the per- 
turbation method and the W.B.K. method as used by 
Dunham.” With the latter we have made extensive use 
of the analysis given by Coolidge, James, and Vernon" 
as well as that of Hulburt and Hirschfelder.” With the 
perturbation method the quadratic terms of Eq. (7) 
may be using as the zero-order harmonic oscillator 
approximation and the cubic and quartic terms as the 
perturbing potential. By carrying out this approxima- 
tion to the second order and comparing the resulting 
energy levels with Eq. (8), the following expression for 
D, in terms of k,, r-, and wx, is obtained: 


D.(ergs/molecule) = k./[ (642°cuw.«./3h)—1/r7]. (9) 


By using (6) to eliminate D., one is able to obtain an 
expression for w.«, as a function of r, and n, namely, 


®Xe= 3h(n/re+1/1r2)/640° cu. (10) 


The use of the Dunham method gives the same results. 
Equation (9) does not depend on any arbitrarily 
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Fic. 2. A plot of potential energy V in kcal/mole, against bond 
length for Bre where curve A is calculated from the Morse func- 
tion, and curve B is calculated from the simple proposed function, 


Eq. (5). 
% J. L. Dunham, Phys. Rev. 41, 713 and 721 (1932). 


evaluated constants and it can be used to check the 
acceptability of the simple potential function. In Table 
I we have used Eq. (9) to calculate the Do values 
(D.—Nhcw/2) of the 20 diatomic molecules where the 
experimental dissociation energy is known with an 
accuracy of +2 percent and where the w,«, value has 
been given to three significant figures. The average 
percent deviation of 5.4 percent is quite reasonable 
and is considerably better than the 26.4 percent error 
obtained for the same set of calculations using the Morse 
function and relation (2). This comparison with the 
Morse function has been given because it is one of the 
few other functions from which similar calculations of 
dissociation energies may be made without using 
empirically evaluated parameters. A plot of the poten- 
tial curve for He using Eq. (5) is given in Fig. 1 along 
with the experimentally determined curve (see ref- 
erences 38 and 39). For values of r greater than r,, there 
is reasonable agreement with the experimental energies, 
the predicted energies being somewhat high. For values 
of r less than r,, there is considerable deviation from 
the observed energies. 

A comparison of the simple function with the Morse 
function is given for Bre in Fig. 2. For values of r 
greater than r,, the Morse function gives much too 
large a binding energy, where for values of r less than 
r., it would appear that the simple function gives too 
much binding energy. 


EVALUATION OF THE PARAMETER n 


Although Eq. (9) is quite useful for calculating dis- 
sociation energies when accurate w,x, values are known, 
there is a large number of diatomic molecules as well 
as most polyatomic molecules where the w,*, values are 
only approximately known or not known at all. If we 
are to apply this function to these molecules it is im- 
portant that we base our calculation of dissociation 
energies on quantities other than the anharmonicity 
constants. 

To do this we propose to evaluate the parameter 
without using known values of D., k,, and r,. Relation 
(6) may then be used to calculate one of the latter 
quantities from the remaining two. For the most part 
we will be concerned here with the calculation of Do 
(from D.). The evaluation of m may be accomplished 
in a number of ways. We will describe two here. 


(a) It has been found that 2 may be calculated by 
means of the following empirical relation: 


n=no(I/Io)'4(I/I)*z cm“, (11) 


where (J/Io)4 and (I/Jo)z are the ionization potentials 
of atoms A and B, respectively, relative to those of the 
corresponding atoms in the same row and first column 
of the periodic table. For H atoms J/Jo has been assigned 
the value 0.88. For most molecules where the binding is 
primarily covalent and including all molecules of the 
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fourth, fifth, sixth, and seventh columns of the periodic 
table, mw has the value 6.32-10%. For the diatomic 
alkali metal and alkali hydrides, m) had the value 
4.21-10%. Indications are that there are charac- 
teristic values of mo for the molecules involving 
the transition elements and for molecules where the 
binding is primarily ionic as in the alkali halide mole- 
cules. However, the calculation of m values and the 
application of the simple function to strongly polar 
molecules or to ones carrying a charge such as HF, 
NaCl, CH*, O*, etc. has not been fully investigated. 

Relation (11) was intuitively arrived at by realizing 
that the wave function for a hydrogen-like atom in- 
volves an exponential in J} and that this form should 
carry over approximately to an exponential in the 
product (/)*4(Z)'z for the wave function for a molecule 
AB. This then indirectly implies that the potential 
energy as a function of internuclear distance should 
also involve an exponential in (J)!4(J)*z. 

It can be argued that should be defined in terms of 
electronegativities. We have defined such a relation and 
its use gives results which are not quite as good as those 
obtained from Eq. (9). Since ionization potentials are 
more readily available and more accurately known we 
have used these in our calculations. 

In Table II we have calculated the dissociation 
energies (Do) for a number of molecules where k, and 
r, values are readily available and for which the experi- 
mental Do values are reasonably well known. The 
average percent deviation of 4.4 is lower than that ob- 
tained by using Eq. (9) with w,.x, values, but is still 
significantly greater than the experimental error with 
which D,., r-, and k, are known for these molecules. 
This emphasized the fact that the use of the simple 
functions is limited by the accuracy with which the 
w-X- values are known as well as by the approximate 
nature of the function itself. 

In Table III we have made similar calculations of the 
dissociation energies of alkali metal and alkali hydride 
molecules. For those molecules where the predicted Do 
value can be compared with corresponding experi- 
mental values the average percent error is 4.3 which is 
surprisingly low. 

Relation (6) is equally applicable to bonds of poly- 
atomic molecules and it has been found that the pre- 
dicted dissociation energies for a large number of 
polyatomic molecules agree with the corresponding 
thermochemically determined quantities with an average 
error of less than 5 percent. The application of this 
function to polyatomic molecules will be described in 
a second paper. 

Since n has been evaluated separately it now may be 
used in Eq. (10) to predict w.«, values from r, values. 
It is significant and convenient that for these calcula- 
tions one does not need k, or D,. The calculated and 
observed values of w,.«, are given in Table II, the average 
percent error being 5.5. 
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TABLE II. The calculation of dissociation energies and anhar- 
monicity constants from the parameter m [Eq. (11) ].* 








Molecules 


Do(kcal/ 


mole) (%) 


Deviation xewe (cm~) 
from Eq. (10) 


Xewe (cm—') 
observed 


Deviation 
%) 





Ase 
Bre 
Cz 
CH 
CIBr 
Cle 
CIF 


85.1 
46.6 
133.8 
79.6 ! 
48.4 
57.8 d 
58.0 
49.7 
208.8 
43.9 
81.5 
95.9 
103.4 
73.9 
44.1 
41.5 
209.7 
156.1 
109.1 
123.9 
111.5 
104.8 
116.9 , 
78.0 


6.8 
2.4 
0.5 
6.9 
1.4 
3.7 
0.2 
0.8 
5.7 
6.0 
0.2 
0.7 
3.3 
6.6 
6.7 
4.5 
8.6 
5.9 
3.9 
3.4 
1.4 
4.8 
4.4 


Average 


1.19 

1.25 
11.2 
61.4 


2.98 
6.25 
1.61 
12.7 
98.1 
47.3 
50.7 
117.5 
41.3 
0.92 
0.63 
14.8 
12.8 
72.1 
11.1 
3.02 
2.77 
5.96 
1.08 


1.12 


11.7 
64.3 


= 


Oru 
= CO 


-_ OO 
FANNNRNAROSSONG Ge 


Se ODOR DOOMUANNOONM WwW 


AN no 


Average 


0.6 


4.3 
4.5 


— 


— 
pas BO BO BI O0 BO GO 80 08 OO 
CAD OWOARWOWRUA COW 


_ 


5.5 








® See footnote a in Table I. 


(b) A second method of calculating dissociation 


energies from m can be accomplished through the use of 
Eq. (6). This equation can be used to define an m value 
for each element of the periodic table. These » values 
will be considered as a characteristic property of each 
element in the table. The m value for a molecule then 
can be calculated from the geometric mean of those of 


TABLE III. The dissociation energies of alkali hydride and 
metal molecules calculated from k,, r-, and n.* 








Molecule 


k-104 
‘(dynes/cm) 


Calculated 
Do® (kcal/ 
mole) 


Observed 
Do (kcal/ 
mole) 


Deviation 
0 





Cse 
CsH 
Ke 
KH 
Lie 
LiH 
LiCs 
LiK 
LiRb 
Nag 
NaH 
Nak 
NaCs 
Rbe 
RbH 
RbNa 
RbCs 


0.691 
4.67 
0.984 
5.61 
2.55 
10.26 
1.09> 
1.48» 
1.29 
1.716 
7.82 
1.30> 
1.08> 
0.81 
5.14 
1.20% 
0.753 


10.5 
40.3 
13.0 
42.6 
22.5 
56.4 
13.6 
16.2 
15.0 
17.7 
51.0 
15.3 
13.65 
11.6 
42.5 
14.5 
11.0 


10.3 
42.8 
11.8 
42.8 
23.7 
57.7 


Average 4.3 








& See footnote a in Table I. ; 
b Values of ke and re used for these computations were taken from W. 
Gordy, J. Chem. Phys. 14, 308 (1946). 
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H 

5.57 
Cc N O F 

12.8 15.9 17.3 22:2 
Si P S Cl 

9.0 (est) 13.0 13.3 16.3 
Ge As Se Br 

9.5 (est) 13.5 13.6 17.6 
Sn Sb Te I 

10 (est) 15.7 16 (est) 18.4 
Pb Bi 

10 (est) 


Fic. 3. Periodic table of n-values (1078). 


the respective atoms making up the bond. Thus, 
nNAB= (nanp)?. (12) 


In Fig. 3 we give a periodic table of some of the more 
readily available n-values. These n-values may then 
be used to calculate the dissociation energy of any 
bond not used in making up the periodic table of 
n-values. We have made these calculations for the same 
molecules as given in Table II and have tabulated the 
results in Table IV. The average error when compared 
with the corresponding experimental quantities is 4.8. 

The simple potential, as used here, satisfies all the 
eight conditions listed for an acceptable function 
except I. When we put the limiting value of r=0 in 
Eq. (5) we obtain V=D, and not V= ~. Although this 
defect is not serious for a number of purposes, it must 
be corrected if one is to have an acceptable general 
potential function. 

If one uses Eq. (5) as the potential energy and solves 
the problem of the rotating anharmonic oscillator by the 
W.B.K. method as given by Dunham,” one is able to 
calculate a value for the vibrational-rotational coupling 
constant a,. A surprising feature of Eq. (5) is that it 
predicts for all molecules 


a.=0. (13) 


Although this feature represents a definite limitation 
on Eq. (5), in some respects it is a favorable one. First 
it is rather convenient to have a potential function 
which predicts zero coupling between vibrational and 
rotational motion, as it may then be used as a first 
approximation to a more general function. Second since 
bonds in polyatomic molecules usually have values of 
a, which are much smaller than the corresponding a, 
values for diatomic molecules, it may be that Eq. (5) 
represents an improved approximation to potential 
curves for bonds in polyatomic molecules. The results 
obtained for polyatomic molecules* would seem to 
suggest that this is perhaps one reason why the simple 
function is applicable to polyatomic molecules, although 
certainly not the only one. 


4 E. R. Lippincott, 125th Meeting of the Am. Chem. Soc., 
Kansas City, March, 1954. 
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It is interesting that Eq. (6) implies that, with 
constant k and n, the dissociation energy is directly 
proportional to the bond length. This is contrary to the 
commonly accepted ideas that, other things being equal, 
the bond energy (which is the same as dissociation 
energy for diatomic molecules) is the greater the 
smaller the bond length.?® This concept has arisen 
because of the difficulty of comparing bond energy 
with bond length for the same or the nearly same force 
constant. Since & is usually greater the smaller the bond 
lengths, bonds with small r usually have relatively 
large dissociation energies. However, this is only true 
because of the overriding importance of & in Eq. (6). 


PREDICTION OF DISSOCIATION ENERGIES 


The accuracy, with which the simple potential 
function has predicted the dissociation energies and 
anharmonicity constants for diatomic molecules where 
these quantities are already well known, justifies its 
use in predicting the dissociation energies of unknown 
molecules. In particular there are a number of important 
diatomic molecules where two or more known values 
have been proposed for the dissociation energies. In 
some cases the widely different values have been known 
experimentally with considerable accuracy. The pro- 
posed potential function should be able to definitely 
distinguish which values are the correct ones. 


N, 


Two values have been proposed for the dissociation 
energy of Neo. A value of 170.2 kcal/mole has been 
favored until recently by Herzberg, while Gaydon has 
favored the considerably higher value of 225.1 kcal/mole. 
Our predictions from both relation (6) and Eq. (9) are 


TABLE IV. Dissociation energies calculated 
from periodic table of n’s. 











Observed Calculated Deviation 

Molecule Do in kcal/mole* Do in kcal/mole (%) 
CH 80.0 82.8 3.5 
CHt 83.0 75.4 9.2 
BrF 50.5 52.0 3.0 
CIBr> 52.1 47.8 8.3 
CIF 60.3 57.6 4.5 
Cll 49.6 46.0 10 
CO 210.5 207.1 1.6 
HBr 86.4 80.7 6.6 
HCl 102.4 95.0 7.2 
HI 70.4 68.3 3.0 
IBr> 41.9 40.2 4.1 
N2t 201.2 199.6 0.8 
NO 149.4 157.3 5.3 
OH 100.5 105.5 5.0 
O.* 149.4 151.5 1.4 
SO 118.5 111.6 5.8 
Average 4.8 








® See footnote a in Table I. , . 

b Radii estimated with aid of table of covalent bond radii. Linus Pauling 
Nature of the Chemical Bond (Cornell University Press, Ithaca, New York, 
1948), p. 164. 


25 M. L. Huggins, J. Am. Chem. Soc. 75, 4126 (1953). 
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close to Gaydon’s value of 225.1 kcal/mole (see Tables 
I and II). On the basis of the potential function there 
seems to be little doubt that this is the correct dissocia- 
tion energy for No. The average of the predicted values 
is 212 kcal/mole. 

NO 


Values of 122.3 and 149.7 kcal/mole have been 
proposed for the dissociation energy of NO depending 
on whether Do for Ne is taken as 170.2 or 225.1 kcal/ 
mole, respectively. Since the latter value for Nz appears 
definitely established, the dissociation energy of NO 
should be 149.7 kcal/mole. The predictions given in 
Tables I, II, and IV verify this value remarkably well.?® 
Their average is 152 kcal/mole. 


CO 


Four values have been proposed for the dissociation 
energy of CO: 159,?? 210.8 (Herzberg),?* 221.5 (Hag- 
strum), and 256.1 (Gaydon).*® The calculated values 
from relation (6) (2 evaluated by either method) and 
from Eq. (9) are 195, 209, and 207 kcal/mole, respec- 
tively. This would then be consistent with the value 
proposed by Herzberg as well as that proposed by 
Hagstrum. The potential function appears to favor 
slightly the 210.8 kcal/mole value. The average of the 
predicted values from Tables I, II, and IV is 204 
kcal/mole. 


C, 


Several widely different values have been proposed 
for the dissociation energy of Cy. The three most dis- 
cussed values are 83 (Herzberg),*!** 114 (Brewer, Gilles, 
and Jenkins),** and 139 (Glockler) kcal/mole, respec- 
tively.* The average of the predicted values from 
Eqs. (6) and (9) is 132 and favors a value near that 
proposed by Glockler. 

F, 


Widely different values for the dissociation energy of 
F, have been proposed.*® Until recently a value near 
60 kcal/mole has been used. More recent work suggests 
a much lower Do, values ranging from 35 to 45 having 
been given.** Calculations from the potential function 


* A. G. Gaydon, Proc. Phys. Soc. (London) 56, 95 and 160 
1944). 

27R. Schmid and L. Gero, Z. physik Chem. B36, 105 (1937); 
rhe ony Z. 39, 460 (1938). J. G. Valatin, Phys. Rev. 74, 350 
1948). 

*8G. Herzberg and R. Schmid, Phys. Rev. 52, 467 (1937). G. 
i Chem. Rev. 20, 145 (1937); J. Chem. Phys. 10, 306 
1942). 

*H. D. Hagstrum, Phys. Rev. 72, 947 (1947). H. G. Howell, 
Nature 163, 773 (1949). 

* A. G. Gaydon and W. G. Penney, Proc. Roy. Soc. (London) 
A183, 374 (1949). 

31 J. C. Fox and G. Herzberg, Phys. Rev. 52, 638 (1937). 

® G. Herzberg, Phys. Rev. 70, 762 (1946). 

% Brewer, Gilles, and Jenkins, J. Chem. Phys. 16, 797 (1948). 

% G. Glockler, J. Chem. Phys. 21, 1242 (1953). 

85 L. Hass and C. W. Beckett, Natl. Bur. Standards Rept. No. 
1435 (February 1, 1952). 

%°H. W. Wise, J. Phys. Chem. 58, 389 (1954). 
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TABLE V. Dissociation energies predicted 
from periodic table of n’s. 








Landolt- 
Bornstein* Herzberg» Predicted 
observed Do in observed Do in Do in 





Molecule kcal/mole kcal/mole kcal/mole 
AsN¢ 115+25 (149.9) 120.0 
AsO¢ 113+42.5 < 135.3 112.4 
CP 140+25 (159.1) 135.0 
CS 165+25 (179.9) 143.1 
CSe* 115+25 (156.8) 123.5 
Clos 5347 43.8 54.9 
GeBr¢ 58+10 (69.2) $1.7 
GeCl¢ 62+10 (92.2) 58.7 
GeO 125+25 (113.0) 140.1 
GeS¢ 115+12 (129.1) 114.7 
GeSe® 88412 (94.4) 103.6 
GeTe® 67+10 (73.8) 66.1 
NBr¢ 58+12 (69.2) 52.3 
NS¢ 115+25 (136.0) 125.9 
PN 138+18 (145.3) 150.6 
PO 143+12 (143.0) 129.3 
PbH 41+5 <36.7 49.3 
PbO 76+10 (99.2) 94.5 
PbS 69+12 (108.4) 89.2 
PbSe* 80425 (108.4) 78.0 
PbTe® 80425 (80.7) 59.8 
SbN¢e 71412 (110.7) 106.4 
SbO¢ 74+10 (87.6) 89.1 
SeO° 80+25 (124.5) * 92.0 
SiBr° 69+12 (85.3) §1.2 
SiCl¢ 76412 (92.2) 66.9 
SiF¢ 88+ 10 (110.7) 78.5 
SiN (104+10) (103.8) 119.3 
SiO 185+25 (170.6) 160.5 
SiS 14747 (152.2) 109.9 
SiSe* 127+12 (133.8) 113.2 
SiTe* 115+15 (126.8) 86.9 
SnO 180+25 (129.1) 111.8 
SnS 6742.5 <69.2 79.4 
SnSe° 92+12 (106.1) 89.7 
SnTe® 80+12 (96.9) 112 
TeO* 62.8 (62.9 or 79.6) 82.3 








® Values taken from Landolt-Bernstein Zahlenwerte und Funklionen aus 
Physik, Chemie, Astronomie, Geophysik, Technik (Springer-Verlag, Berlin, 
1951), Vol. I, pp. 26-35. 

b See footnote a in Table I. 

¢ Radii estimated with aid of table of covalent bond radii. Linus Pauling 
Nature of the Chemical Bond (Cornell University Press, Ithaca, New York, 
1948), p. 164. 


definitely indicate that the lower value is correct. The 
predicted value from Eq. (6) is 43.9 kcal/mole. 

In Table V we have tabulated the predicted dissocia- 
tion energies, from the periodic table of n-values, for a 
large number of molecules for which such data have been 
previously known with little or no certainty. In some, 
but not all, cases the predicted dissociation energies 
lie within the estimated error of the experimental value. 
We will refrain from predicting the dissociation energies 
of such strongly polar molecules and HF, BCI, CaCl, 
NaCl, SbCl, PbCl, etc. 


MORE GENERAL RELATION BETWEEN POTENTIAL 
ENERGY AND INTERNUCLEAR DISTANCE 


The simple potential function will now be modified 
to make it more general by inclusion of the [1+<¢/(r) ] 
term. This quantity must be chosen such that condition 
I is satisfied and in such a way that the resulting func- 
tion will correlate or allow a prediction of vibrational- 
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Fic. 4. A plot of potential energy V in kcal/mole, against bond 
length r in cm, for Hz where curve A is calculated from the general 
proposed function, Eq. (15), and curve B represents the experi- 
mental curve. 


rotational coupling constants. At large distances it 
should give a Van der Waals energy of interaction. 
These adjustments must be made without losing the 
desirable features of the simple potential function. This 
latter requirement is surprisingly difficult. 

To accomplish this we will use a power series in the 
quantity [1—exp(—8’nAr’r"'/2r,*) }3. Since the most 
important quantities which we wish to correlate do 
not depend on the coefficients of powers of Ar beyond 
the 4th, it is sufficient to use only three terms of this 
series. Thus 


1+af(r)=1+(—1)a 
X { (r./r) [1 —exp(—B’nAr’r"/2r) } 
— (r,./r)"[1—exp(—B’nAr’r''/2r.!") ]} (14) 


or for the general function 


V=D{[1—exp(—nAr’/2r) | 
X {1+ (—1)a(r./r)*[1—exp(—BnAr’r''/2r,') } 
+a(r./r)"[1—exp(—BnAr’r"/2r,!?) ]}. (15) 


For large values of r this function takes the form 
V=D[1—exp(—ndr?/2r) +a — (r/1)°+ (7/1), 


where f(r) takes the form of a Lennard-Jones (6-12) 
Van der Waals potential.*? The major spectroscopic 
constants may be correlated with or without the use of 
a Van der Waals potential for large values of r. How- 
ever, the shape of the potential curve from Eq. (15) 
will not be in reasonable agreement with the observed 
curve unless f(r) assumes the form of a Van der Waals 
potential for large values of (r). The predicted potential 
curve for H» calculated from Eq. (15) is compared with 
the observed curve'*3738 in Fig. 4. 

It is possible to introduce additional flexibility into 
Van der Waals term through the use of additional 
parameters and thus improve the correspondence be- 
tween the predicted and experimental curves. However, 

87 J. E. Lennard-Jones, Proc. Roy. Soc. (London) A106, 463 


(1924). 
% H. Beutler, Z. physik. Chem. B27, 287 (1934). 
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there is no readily available experimental data which 
may be used to evaluate these parameters for atoms 
which are involved in bond formation and, since such 
parameters do not affect the correlation or prediction 
of the five major spectroscopic constants, they were not 
introduced into Eq. (15). 

On expanding the exponential terms of Eq. (15) 
followed by an expansion of the terms involving inverse 
powers of 7, one obtains 


7=D,(nr./2)(Ar?/r2){1—[1+ab(nr,./2)* JAr/r. 
+[1—mnr./4+3(ab/2) (nr./2)' 
+ab’nr./2]Ar/r2}. (16) 


By comparing (16) with (7) the effect of the additional 
terms in (15) on the simple potential function can be 
studied. 

The form of (14) was arrived at intuitively by con- 
sidering the effect of powers of mr on the predicted 
value of the vibrational-rotational coupling constant 
a. Several related forms of (14) would be adequate in 
that they can be chosen such that the same terms in 
(16) will be obtained up to the 4th power in Ar. 

The acceptability of Eq. (15) depends on whether 
it can be shown that it satisfies the eight conditions 
listed for an acceptable function. Since Eq. (15) con- 
tains two additional constants, @ and 3, its usefulness 
depends on the ease with which they may be evaluated. 
In particular, for Eq. (15) to be a general potential 
function both a and 6 should be true constants for all 
molecules and not be parameters which depend on the 
particular bond properties of the molecule under con- 
sideration. This has been one of the difficulties of most 
potential functions presented previously. It will be 
shown here that ad is constant within 10 percent for a 
large class of diatomic molecules and that 6 is constant 
to 3.0 percent for all diatomic molecules. 

To check Eq. (15), we need to use this potential and 
obtain the energy levels of a nonrigid anharmonic 
oscillator. This must be done by an approximate 


TABLE VI. Calculated values of constants ab and b.* 











Molecule ab b Molecule ab b 
AIH 0.608 1.035 KH 0.436 1.164 
AuH 0.588 1.067 LiH 0.496 1.055 
BiH 0.614 1.050 NaH 0.563 0.978 
CdH 0.451 1.144 No 0.618 1.091 
CH 0.556 1.041 Not 0.672 1.023 
CII 0.612 1.081 NO 0.616 1.050 
CO 0.594 1.027 OH 0.555 1.082 
CuH 0.563 1.050 Oz 0.618 1.061 
HBr 0.542 1.060 O.+ 0.706 1.038 
HCl 0.564 1.065 PbH 0.507 1.160 
HCr* 0.651 0.987 P2 0.574 1.034 
HF 0.601 0.995 RbH 0.567 0.983 
He 0.426 1.068 Se 0.624 1.073 
HI 0.584 1.120 SO 0.634 1.093 
HgH 0.462 1.035 SbH 0.458 1.154 
I, 0.607 1.068 ZnH 0.423 1.008 
InH 0.634 1.076 








8 See footnote a in Table I. 
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method. We will apply the results of the W.B.K. 
method as obtained by Dunham.” He was able to solve 
this problem by writing the potential in the form 


V =ao?(1+a1é+a.+-- + The, (17) 


where = Ar/r,. The energy levels of the nonrigid an- 
harmonic oscillator may be compared with the expres- 
sion for the energy levels in terms of the spectroscopic 
constants w,., wee, Be, ae, Ye, etc. These are for a 
diatomic molecule 


Eviv-rot= howe (v+}) — hewexe(v+})? 
t+hewye(v+43)?+ BJ (J+ 1)he 
—D,J?(J+1)*hc+--+, (18) 
where 
By=Be—ae(v+3)+7e(v+2)+°**, 
Do=D.+B.(v+3)+:"°. 


Here B, is the rotational constant, the subscript v 
referring to the vibrational state v, and subscript e to the 
equilibrium bond length. The quantity D is a rotational 
constant representing the influence of the centrifugal 
force. Dunham found that a comparison of the two 
expressions for the energy levels” gives for the constants 
in Eq. (17) 


ao=w2/4B., (19) 
a= —1—a.0,/6B2, (20) 
a2=5/4a2—2w.x,/3Be. (21) 


Equations (19), (20), and (21) may be used with the 
values of ao, a1, and a2 obtained from Eq. (16). A com- 
parison of (16) with (17) shows that for the general 


TABLE VII. Calculation of vibrational-rotational 
coupling constants.*:>-¢ 








New potential function 


Morse function using Eq. (26)® 





Deviation a: (cm~) Deviation 

Molecule ae (cm™) (%) observed ae (cm™) (%) 
Bro 0.000351 27.6 0.000275 0.000308 12.0 
CH 0.484 9.4 0.534 0.546 2.2 
CO 0.0167 4.6 0.0175 0.0167 4.6 
Cl. 0.00190 11.8 0.0017 0.00145 14.7 
CIF 0.00675 55.0 0.00436 0.00434 0.5 
H. 1.89 38.5 3.07 4.10 33.6 
HBr 0.213 5.8 0.226 0.236 4.4 
HCl 0.267 16.0 0.302 0.303 0.3 
HI 0.232 26.8 0.183 0.178 2.7 
I, 0.000107 8.6 0.000117 0.000110 6.0 
No 0.0172 8.0 0.0187 0.0172 8.0 
NO 0.0158 11.2 0.0178 0.0164 7.9 
Oz 0.015 6.3 0.0160 0.0145 94 
OH 0.626 12.3 0.714 0.728 2.0 
P, 0.00143 0.7 0.00142 0.00140 1.4 
Se 0.0015 6.3 0.0016 0.00145 9.4 
SO 0.00569 1.2 0.00562 0.00503 10.5 
See 0.00041 48.0 0.00027 0.000263 2.6 
Average 16.5 Average 7.3 








® The n-values used are defined by Eq. (6). 
> See footnote a in Table I. 
¢ A value of 0.567 was used for the constant ab. 
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TABLE VIII. Predicted values for the vibrational- 
rotational coupling constant a,.*~4 








Observed 
Molecule ae (cm=!) 


AIBr 0.000853 


Observed 
Molecule ae (cm™') 


Calculated 
ae (cm™~) 


Calculated 
ae (cm™~!) 


0.000774 HgH 0.312 0.382 





AlH 0.188 0.175 IC] 0.000536 0.000494 
AlO 0.00575 0.00498 InH 0.145 0.130 
AuH 0.214 0.205 KH 0.0673 0.0875 
BaH 0.0655 0.0852 LiH 0.213 0.245 
BC] 0.00646 0.00520 MgH 0.167 0.166 
BeF 0.0168 0.0147 MgH*t 0.206 0.207 
BeH 0.300 0.411 MgH? = 0.0654 0.0624 
BeH* 0.294 0.360 N2* 0.0202 0.0171 
BeO 0.0190 0.0190 NaH 0.135 0.137 
BiH 0.148 0.137 O.* 0.0194 0.0160 
BO 0.0165 0.0144 OH? 0.295 0.281 
Ce 0.0168 0.0175 PbH 0.144 0.161 
CaH 0.096 0.026 PN 0.00577. 0.00517 
CdH (0.218 0.275 RbH 0.072 0.0719 
CH? 0.212 0.216 SiN 0.00567 0.00553 
cP 0.00597 0.00512 SiO 0.00494 0.00423 
CS 0.00625 0.00506 SiS 0.00149 0.00123 
CuH 0.249 0.252 SrH 0.081 0.101 
HH? 1.99 2.69 TIH 0.154 0.132 
rn 1.05 1.46 ZnH 0.250 0.335 
HCl* 0.318 0.278 ZnD*t 0.107 0.086 
HF 0.770 0.738 








® The n-values used are defined by Eq. (6). 

b See footnote a in Table I. 

e¢ A value of 0.567 was used for the constant ab. 

4 There are certain classes of molecules in this table where a different 
value of the constant ab would be more suitable for calculating the ae values. 


potential function 
ao=D .nr,/2 (22) 
a,= —1—ab(nr,/2)} (23) 
d= 1—nr,/4+ (3/2)ab(mr./2)'+ab'nr,/2. (24) 
These equations used with (19), (20), and (21) give 
D.=w2/2nr.B., (25) 
ae= (6abB,?/w-) (nr./2), (26) 


¢e=1.5B[0.25+nr,/4+ab(nr,/2)} 
+ (5a?b?—ab?)nr./2]. (27) 


Equation (25) is equivalent to relation (6) of the 
simple potential function, since B,=h/8mur2c and k, 
=4r’w 2c. Equation (26) can be used to define and 
evaluate the constant ab. It is convenient that ab 
depends only on n, w,, r-, and a,. We have evaluated 
the constant ab for the molecules listed in Table VI. 
For a large number of these molecules, ab appears to 
have a value of 0.57. This is particularly true of mole- 
cules which involve primarily covalent binding and 
which do not involve H. Because ad is approximately 
constant Eq. (26) may be used to calculate a, from r, 
and n. The quantity ” may be obtained from Eq. (6) 
or from one or the other of the independent methods 
given to evaluate it. The calculated and predicted 
values of a, are given in Tables VII and VIII. In nearly 
all cases the calculated values of a, are an improvement 
over those obtained by similar calculations from the 
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Morse function.*® These values are also listed in 
Table VII. 

Since the only additional information needed to 
evaluate ad other than that used to evaluate x is a,, it is 
sometimes convenient to treat ab as a parameter when 
using it in Eq. (27). The use of this latter equation de- 
pends on the extent to which 6 is a constant since to 
evaluate it requires 7, w,%, and a,. In Table VI we have 
tabulated 6 for all molecules listed there from 1, wx, 
and a,. In this case m was obtained from Eq. (6). For 
most molecules 6 has the value 1.06; and is remarkably 
constant, the average percent deviation being 3.0. 

The constancy of b and to a lesser extent ab, despite 
the wide range of bond types involved, shows that most 
molecules have a universal form for their potential 
energy curves and that Eq. (15) is a good general ap- 
proximation to the “true” potential function. 

Since 6 has the fixed value 1.06;, Eq. (27) may now 
be used in two ways. It is possible first to calculate 
w.«, from u and a, (m being obtained in the most con- 
venient way), or second to calculate m from a, and 
w.«,. This value of m may then be used with (6) to 
obtain D, and thus Do. In Tables IX and X we 
have tabulated the calculated and predicted values of 
wW.%-. The agreement is remarkable where reliable 
spectroscopic data is available, and represents a large 
improvement over the values calculated by means of 
the simple function, the calculated values in this case 
already being quite good. The average percent deviation 
from the observed values in Table IX is 2.3 percent. 
It would appear that except for the most elaborately 


TABLE IX. Calculated values of w,«, for the 
general potential function.*-» 

















WeXe (cm!) @eXe (cm~!) Deviation 
Molecule calculated observed (%) 
C2 12.0 11.7 | 
CH 62.0 64.3 3.6 
CD 33.7 34.7 2.9 
Ci 1.493 1.467 1.9 
CO 12.93 13.46 4.1 
HBr 44.9 45.2 0.7 
HCl 53.4 52.0 2.5 
H;° 130.4 131.7 1.0 
HO 97.7 95.0 2.8 
D2 64.3 64.1 0.3 
HI 42.3 39.7 6.5 
I, 6.16 6.13 0.5 
Ne 14.6 14.5 0.7 
NO 13.8 13.97 1.4 
OH 84.4 82.8 1.9 
OD 46.8 44.2 5.9 
Oz 12.03 12.07 0.3 
P, se & | 2.80 3.2 
Se 2.87 2.85 0.7 
SO 6.22 6.12 1.6 
Average 2.3 
® The n-values used are defined by Eq. (6). 


b See footnote a in Table I. 
¢ Data used for He computations were taken from H. C. Urey and G. K. 
Teal, Revs. Modern Phys. 7, 34 (1935). 


® C, L. Pekeris, Phys. Rev. 45, 98 (1934). 


studied molecules that the calculated w,.«, values are 
possibly within the experimental error of the observed 
values. This excellent agreement is further evidence 
for the general validity of Eq. (15). 

The dissociation energies calculated from ), w.«,, and 
a, are given in Table XI. The average percent deviation 
between calculated and observed values is 4.6. This 
percent deviation is two times larger than the average 
percent deviation of 2.3 in obtaining the w.«, values 
by the reverse calculations with (27). This error is 
surprisingly large and is caused primarily by the fact 
that the calculated dissociation energies of a few mole- 
cules may be in error possibly due to the use of incorrect 
w-X. or a, values. In particular the calculation of Dy 
values by this method involves relatively small differ- 
ences of quantities involving wx, and a,. Because of 


TABLE X. Anharmonicity constants predicted by 
the general potential function.*»»»* 











Were WeXe 
(cm™}) (cm~!) Wexe (CM!) Wexe (cm™) 
Molecule calculated observed Molecule calculated observed 
AgH 33.2 34.1 Ke 0.333 0.354 
AlBr 1.45 1.28 KH 12.5 14.6 
AlH 28.4 29.1 Liz 2.84 2.59 
AlO 6.39 7.12 LiH ys 23.2 
AuH 43.0 43.1 MgH 24.9 $1.3 
BaH 16.1 16.0 MgD 135 16.1 
BCl Sad $11 MgHt 34.3 30.2 
BeF 8.12 9.12 N2t 16.4 16.14 
BeH 40.8 J0.0 Nae 0.718 0.726 
BeHt 37.3 39.8 NaH 18.3 19.7 
BiH 30.5 31.6 O.+ 15.4 16.5 
BO 10.9 11.77 PbH 32.0 29.8 
CaH 21.1 19.5 PN 6.22 6.98 
CdH 50.4 46.3 RbH 13.0 14.15 
cP 6.11 6.86 SiN 6.58 6.56 
Cs 5.13 6.5 SiO 5.65 6.05 
CuH 36.4 37.0 SiS 2.64 2.56 
HCI* 49.6 aS SrH 18.6 17.0 
HF 86.2 90.1 TIH 26.3 re ae | 
HgH 80.1 83.0 ZnH 52.0 55.1 
InH 25.0 24.7 ZnDt 23.2 19.8 








a The n-values used are defined by Eq. (9). 
b See footnote a in Table I. 
© The value used for the constant b was 1.065. 


this, a relatively small error in w.*, or a, will produce 
a magnified error in the calculation of dissociation 
energies. For example, a 5 percent error in w,x, will 
sometimes produce a 15 percent error in Do. Since both 
w.%, and a, represent quantities which themselves are 
relatively small corrections to the energy levels of a 
nonrigid anharmonic oscillator, it is not surprising that 
the calculation of dissociation energies from quanti- 
ties involving relatively small differences of these pro- 
duces a magnified error. In particular the calculations 
of a first-order quantity such as Do from the small 
difference of two second-order quantities is not very 
practical unless these latter quantities are known with a 
high degree of accuracy. Although for a number of 
elaborately studied molecules w.x, and a, are known with 
high accuracy (it is these which produce good agree- 
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ment), there are a large number of diatomic molecules 
as well as most polyatomic molecules where w,«, and a, 
are known only approximately or not at all. We there- 
fore, in general, will not be concerned with calculating 
Do from a, and w,x,, except in the cases where the ex- 
perimental values of these quantities are known with 
sufficient accuracy. 

Equation (15) is not unique in that it is the only 
modification of the simple potential function which 
will produce good results. However, it is the best of a 
relatively large number of similar functions with which 
we have worked. In particular all these have the 
property that it is not very practical to calculate dis- 
sociation energies from w,x, and a,, whereas the reverse 
calculation is readily made. 


DISCUSSION 


The simple potential function (5) has the advantage 
of simplicity and ease of manipulation as well as general 
applicability to polyatomic as well as diatomic mole- 
cules. Its use with ionic molecules or ones with large 
dipole moments has not been fully investigated. There is 
some indication that similar methods can be devised 
to handle such molecules. Numerical calculations are 
more readily made from it than they are from the less 
accurate Morse function because the former only 
involves one exponential term while the use of the latter 
involves two because of the squaring process. The 
significant difference between this function and pre- 
viously proposed functions is that it introduces an ex- 
ponential term in 1/r. This function can be used to 
predict dissociation energies and anharmonicity con- 
stants from n, r,, and k, with greater accuracy than 
previously possible through the use of relation (6) and 
one of the two methods proposed for obtaining x. If it 
is desirable to calculate dissociation energies without 
using the parameter 7, this can be accomplished through 
the use of k., wee, and r-. 

The general potential function has the advantage 
that it retains all the desirable characteristics of the 
simple function and relation (6) and at the same time 
gives an improved correlation between D,, ke, weXe, fey 
and a,. It has been possible to predict values of both 
wx, and a, more accurately than hitherto possible. Since 
calculated values of b and to a lesser extent a are nearly 
constant, this function suggests that the actual potential 
curves for all molecules are of the same general form, 
to which (15) is a good approximation. Finally the 
proposed function satisfies all seven conditions pre- 
scribed for an acceptable potential function. The addi- 


TABLE XI. Calculated Do values using the general 
potential function from w,%,, ae, B, and 6.*:» 











Do (kcal/ Do (keal/ 
mole) Deviation mole) Deviation 
Molecule calculated (%) Molecule calculated (%) 
CH 81.7 Z.4 HCl 100.0 2.0 
CH? 73.6 9.1 HI 85.0 20.6 
Cll 5.12 3.2 I, BW 0.8 
CO 186.0 11.4 Ne 225.0 0.0 
He 105.7° 0.7 NO 138.0 7.4 
H'H? 110.3 6.1 Oz 114.0 2.6 
H'H? 104.0 0.3 OH 103.4 2.9 
H.? 105.7 0.7 P2 105.4 9.2 
H.3 105.4 0.6 Se 102.8 1.4 
HBr 83.6 a2 SO 124.6 5.1 


Average deviation 4.6 








® Value of b used is 1.065. 

b See footnote a in Table I. 

¢ Data taken from H. C. Urey and G. K. Teal, Revs. Modern Phys. 7, 
34 (1935). 


tional terms in this function have the convenient 
property of reducing to a Lennard-Jones (6-12) Van der 
Waals potential for large values of r. 

The success of the application of these two functions 
to polyatomic molecules has prompted us to use these as 
a starting point for an attack on other problems. In 
particular it has been possible to obtain a one-dimen- 
sional model of hydrogen bonding based on the simple 
potential function, which allows a successful prediction 
of hydrogen bond energies, OH stretching frequency 
shifts, OH bonded distances, etc. We have also made 
encouraging progress on estimating heats of sublima- 
tion and activation energies of chemical reactions. 

The applicability of the periodic table of n-values 
suggests that it defines a molecular or atomic property. 
We are attempting to investigate the relation of this 
n-value to other such properties such as electronega- 
tivity, electron affinity, etc. 

At present no simple theory of the chemical bond has 
been presented which is adequate for predicting a 
potential function. The simplicity of Eq. (5) suggests 
that it should be possible to formulate an adequate 
simple model for most chemical bonds.* 

We wish to acknowledge financial support from an 
Office of Ordnance Research contract. 


* Note added in proof.—The simple potential function, Eq. (5), 
has been derived from a quantum-mechanical model through the 
use of shifted delta functions [E. R. Lippincott, J. Chem. Phys. 
23, 603 (1955) ]. In this note parts of the exponential terms in 
Eqs. (3) and (4) have been omitted. The correct equations are 


E= (—g¢m/2h®)[1+e-ecota/R+R) (3) 
c= (mg/h?) [1-+-e-e(eotay/ R+R) 7, (4) 


and 
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Liquid Surface Tension Measurements by Analysis of Solid-State Curvatures; 
The Surface Tension of Liquid Germanium 


R. C. SANGsTER* AND J. N. CARMAN, Jr.t 
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A procedure based upon zone-melting techniques has been developed for determining liquid-gas surface 
tension coefficients for liquids at their melting points by analysis of the surface curvatures of solid speci- 
mens. The method can give standard deviations of the mean of the order of +1 percent. It has been cali- 
brated with lead and cadmium to be valid to within at least +5-10 percent. The most important factors 
limiting its range of applicability are crystallographic forces which produce facets on the solid and the 
difficulty of producing and maintaining a clean liquid-gas surface. The surface tension of liquid germanium 
at its melting point, 934.5°C, in contact with helium or nitrogen has been found to be 632+5 dyne/cm, 


in good agreement with a previously reported value. 





THEORY 


HE possibility of determining the surface tension 
of a liquid by the study of solid specimens was 
initially indicated by observations made during the 
operation of a zone-melting furnace! for the purifica- 
tion of germanium. (See Figs. 1 and 2.) In this furnace 
a long ingot in a graphite boat is drawn through a 
narrow heat zone, causing a molten section to be swept 
along the length of the ingot. Soon after the beginning 
of a run on a uniform ingot, a state of dynamic 
equilibrium is attained in which as much metal melts 
at the leading edge of the zone as freezes out behind 
and in which the geometrical relationships of molten 
zone and ingot are constant. Under these conditions, 
the shape of a lateral cross section of the refrozen ingot 
is determined by the shape of the liquid surface at the 
solid-liquid interface. 
The shape of the liquid-gas surface at a solid-liquid- 
gas boundary in equilibrium is determined by the 
fundamental equation for the surface of separation of 


LIQUID *MELTING” INTERFACE 
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Fic. 1. Schematic diagram of an ingot in a zone-melting furnace. 
The boat is inclined as shown to compensate for the decrease in 
volume of germanium upon melting. 


* Present address: Texas Instruments Incorporated, 6000 
Lemmon Avenue, Dallas, Texas. 

{ Present address: Pacific Semiconductors, Inc., 10451 W. 
Jefferson Blvd., Culver City, California. 

1W. G. Pfann, J. Metals 4, 747 (1952). 


two fluids,” 


1 1 
o(—+—) =C+es(D.-Ds), (1) 
R 


1 2 


and by the boundary conditions which must hold at 
the line of intersection of three surfaces in local 
equilibrium,’ 


712/sin83= Y23/sin91= 713/sin§>. (2) 


In these equations y=~yi2=coefficient of liquid-gas 
surface tension; R; and R, are the radii of curvature of 
the liquid-gas surface along two mutually perpendicular 
arcs; C is a constant of integration; g is the acceleration 
due to gravity; z is the vertical height of a point on the 
surface measured from a fixed point, z being positive 
when measured toward the concave side of the curve; 
D, and Dz» are the densities of the lower and upper 
fluids, respectively; y23 and 13 are the coefficients of 
solid-liquid and solid-gas surface tension; and 6, 6., 
and @3; are the angles defined in Fig. 3. The effect of 
Eq. (2) is to determine one of the radii of curvature 
which enter Eq. (1): If the solid-liquid interface is 
plane and perpendicular to the axis of the ingot, as 
has been assumed in Fig. 1, the triangle of forces of 
Fig. 3 is the same over the full width of the ingot so 
that @, is constant. It is reasonable physically, and 
could probably be rigorously established mathemati- 
cally, that constancy of the angle 62 under the conditions 
existing in these experiments implies that the radius of 
curvature of the liquid-gas interface in a direction 
normal to the solid-liquid-gas boundary is also essen- 
tially constant at this boundary. The boundary condi- 
tions for longitudinal sections cut normal to the 
solid-liquid-gas junction are essentially the same for 
any portion of the liquid zone (except possibly very 
near the wall of the boat), since the slope of the liquid 
surface is constant at the junction and since the slope 

2N. K. Adam, Physics and Chemistry of Surfaces (Oxford Uni- 
pony Press, London, 1941), third edition, pp. 9, 365-367, 


3 W. Shockley, editor, Imperfections in Nearly Perfect Crystals 
(John Wiley and Sons, Inc., New York, 1950), p. 379. 
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and curvature are zero at any reasonably large distance 
away from the interface, not too close to the other 
interface. Since the slope at the solid-liquid-gas junction 
is in addition known to be small, it is physically im- 
probable that there can be significant variation in the 
longitudinal curvature at this boundary (see Fig. 2). 
Because of the complexity of the mathematics and 
because the assumptions on which it is based are only 
approximately satisfied experimentally, the mathe- 
matics of this situation has not been rigorously worked 
out. 

If one of the radii of curvature in Eq. (1) can be 
regarded as a constant, the equation then becomes 
essentially two-dimensional and amenable to exact 
mathematical treatment. On the assumption that the 





Fic. 2. Photograph of the freezing interface during the zone- 
melting of a cadmium ingot (liquid zone at right). The boat and 
furnace tube in this case are both made of Vycor. The heating 
coil is being drawn along the furnace tube toward the right. The 
ingot is approximately one inch in width. The rough ingot surface 
at the left indicates the extreme perturbations which can be in- 
troduced by crystallographic forces in cadmium. (The perturba- 
tions observed for lead and germanium were insignificant.) An 
oxide film has smoothed out the ingot surface near the present 
position of the interface. 


solid-liquid-gas junction is essentially a plane, cross- 
sectional curve, its size and shape can be determined 
by taking a lateral cross section of the ingot. This lateral 
cross section (neglecting thermal contraction effects 
due to the difference between the temperature at which 
the measurements are made and the melting point of 
the material‘) will be identical to that of the liquid 
at the interface, and the two-dimensional form of Eq. 
(1) can be applied to permit the evaluation of the con- 
stant of integration and the coefficient of liquid-gas 
surface tension. Direct observation indicates that the 
assumptions on which this treatment is based are at 


‘The authors wish to acknowledge the assistance of Dr. J. R. 
Macdonald of Texas Instruments Incorporated, in pointing out 
that the thermal contraction of the ingot had been ignored in their 
original deviation. 
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Fic. 3. Triangle of surface forces at a three phase junction. 


least approximately valid, and the consistency of the 
fit which can be attained between the theoretical ex- 
pressions and the experimental curves implies that no 
serious errors exist. 

The major sources of experimental error are con- 
tamination of the liquid-gas surface and specific crystal 
orientation forces which cause facets to form on the 
solid. The first can be minimized by cleanliness and by 
keeping away from oxidizing atmospheres. The second 
when present can be only partially controlled, by 
attempting to minimize the size of the crystal grains. 

In addition to zone-melt ingot cross sections, several 
samples of solid germanium were studied which had 
frozen from small pools of the liquid resting on graphite 
surfaces. Superficially at least, these samples showed 
some regions in which the surface configuration ap- 
peared to be due predominantly to surface-tension 
forces, particularly around the edges where the initial 
freezing occurred. In these regions, one of the radii of 
curvature, essentially the radial distance from the center 
of the pool, was again almost constant and almost 
negligible. Cross sections of these samples were so 
chosen that the deviations from constancy could be 
ignored and that the constants of integration see [ Eq. 
(3) ] were essentially the same as for the ingot cross 
sections. It was found that the pool and ingot cross 
sections could then be fitted to each other to yield 
composite curves of the type shown in Fig. 4. The basic 
justification for using these composite curves is the 
internal consistency of the curves and of the numerical 
data derived from them. 

Recasting the fundamental surface tension equation 
[Eq. (1) ] for the two-dimensional case of Fig. 4 gives 


ce) Nien O05 Xtm— 10 5 
—— T : 























Fic. 4. Cross section of a surface-tension 
determined germanium surface. 
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the relation 
—dy¥j 


(i+y’)! 


where —y is the distance below the highest point of the 
surface cross section; y is the slope of the surface; 7 is 
the space rate of change of the slope; 6 represents 
¥j/|%| ; pis the density of the liquid; g is the acceleration 
due to gravity, 979.6 cm/sec? in Los Angeles®; a equals 
yj evaluated at the highest point on the surface (the 
origin); and y is the coefficient of surface tension for 
the liquid-gas interface. Integration of Eq. (3) yields 


pgytay= (3) 





pg a 
y= — (4) 
2 1—ay+6(1+y’)- 
or 
2y w 
w-—(1-e-) (5) 
pg y 
where ; 
Ba 
(6) 





—— : 
1+5(1+9) 


Both y and y are quantities which can be easily 
measured experimentally. (It must be kept in mind that 
the y values must be corrected for the contraction of the 
ingot in cooling to room temperature from the melting 
point.) From the values thus found w and —w/y can 
be computed directly. A plot of w versus —w/y yields 
2y/pg as the intercept and a(2y/pg) as the slope. Since 
p and g are known quantities, such a plot permits the 
evaluation of both the surface tension coefficient y 
and the constant of integration a. 


EXPERIMENT 


Liquid-gas surface tension coefficients have been 
determined for lead, cadmium, and germanium. The 
first two materials were studied to check the method, 
while the latter was the substance of primary interest. 

For germanium, shadowgraph enlargements (20X) 
were made of the cross sections of four ingots and of 
three ‘frozen pools.” All but two of the enlargements 
fitted well the original from which the curve of Fig. 4 
was copied. Combining the two exceptional cases 
yielded a curve that differed only slightly from that of 
Fig. 4. Similar cross-sectional enlargements were ob- 
tained for the lead and cadmium samples. 

On these enlargements coordinate lines were ruled 
to correspond to suitably distributed values of y, cor- 
rected for the thermal contraction of the ingot in cooling 
from the melting point, and at each intersection of a 
coordinate line with the curve, the tangent to the curve 
was drawn. Measurement of the intercepts of the 
tangent lines with appropriate vertical and horizontal 
axes then permitted calculation of the slopes y. For 

5C. D. Hodgman, editor, Handbook of Chemistry and Physics 


(Chemical Rubber Publishing Company, Cleveland, 1949), 31st 
edition, p. 2675. Value for 30°30’ north, at sea level. 
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Fic. 5. Plot of parameters determining the surface tension 
coefficient for the surface shown in Fig. 4. The values of y for 
which points are plotted are indicated at the right in Fig. 4. 


each pair of values (y, y), wand —w/y were calculated 
using Eq. (6). From lines fitted to the plots of w versus 
—w/y the intercepts 2y/pg and slopes a(2y/pg) were 
evaluated numerically. Insertion of the appropriate 
values for p and g then permitted calculation of the 
surface tension coefficients y and the constants of 
integration a. 

In Fig. 5 is shown the line fitted to the plot of w 
versus —w/y for the germanium cross-sectional curve 
of Fig. 4. The surface tension coefficient computed from 
the intercept is 631 dyne/cm. The value of the a param- 
eter is —0.096cm™. The surface tension coefficients 
computed for the individual points (y,y) by using 
Eq. (4) with this value of a gave an average value for 
y of 632 dyne/cm with a standard deviation of the 
mean of 4 dyne/cm; five points for which y was very 
small and the accuracy of determination of y very low 
were omitted in computing this average. 

The points in the plot of w versus —w/y made for the 
other, exceptional, germanium cross-sectional curve 
deviated considerably from the theoretical straight- 
line form. With the extreme assumptions that could 
reasonably be used in fitting a straight line to these 
points (i.e., in the one case fitting a line to the whole 
set of points, and in the other merely to the points in 
the region close to the vertical axis), the values found 
for the surface tension coefficient were 623 and 646 
dyne/cm, respectively. 

The density of liquid germanium¢ at its melting point 
was taken as 5.575 g/cm’. The average thermal ex- 
pansion coefficient between room temperature and the 
melting point was taken as 6.6X10~*/°C.’ The gas 
phase in all cases was either nitrogen or helium at 1 
atmos pressure. 

The surfaces studied were very clean and in all 
probability characteristic of pure liquid germanium. 
The effects of floating contaminants were eliminated by 
cleanliness and by studying sections in which such con- 
tamination was not present. It is improbable that any 
oxide film was present, since the reaction product of 
traces of oxygen and germanium is volatile at the 
melting point of germanium. While crystallographic 


6 Klemm, Spitzer, Lingenberg, and Junker, Monatsh. Chem. 
83, 629 (1952). 
7 E. M. Conwell, Proc. Inst. Radio Engrs. 40, 1327-1337 (1952). 
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orientation effects were present, they could be neglected, 
primarily because the crystal grains were small com- 
pared to the size of the samples studied. 

The value indicated by these calculations for the 
coefficient of surface tension of liquid germanium at its 
melting point, 934.5°C,® in contact with nitrogen or 
helium is 632 dyne/cm, with a standard deviation of 
the mean of about 5 dyne/cm. The electrical resistivity 
of the germanium used was for the most part of the 
order of 20 ohm cm, indicating an impurity level in the 
parts-per-hundred-million range. The surface tension 
value reported here is consistent with that determined 
by Keck and Van Horn,’ 600+15-30 dyne/cm. The 
higher precision obtained in the present case is prob- 
ably valid, since the values determined for surface 
tension coefficients are more often below the true values 
than above: since the present value is somewhat higher 
than that previously reported, it probably is a somewhat 
better approximation of the true value. 

For lead in contact with vacuum, an average of the 
surface tension coefficients calculated for five different 
cross sections was 424+10dyne/cm (327.4°C). The 
literature value’ is 442 dyne/cm. The only feasible 
technique found for obtaining a clean lead surface was 
to scrape off the oxidized surface layer mechanically 
just before using the material. An attempt to eliminate 
the oxide by operating in a hydrogen atmosphere was 


8P—. M. Van Winkle, this laboratory, private communication. 

9 P. H. Keck and W. Van Horn, Phys. Rev. 91, 512 (1953). 

10 R. N. Lyon et al., Liquid-Metals Handbook (U. S. Government 
Printing Office, Washington, 1952), second edition, pp. 40-41. 
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not successful. It is probable that the surface tension 
value obtained is low due to a slight residual contamina- 
tion of the surface by lead oxide. Even so, the mean 
value agrees with that from the literature to within 
about 4 percent and to within the limits implied by the 
experimental standard deviation. 

For cadmium in contact with a hydrogen atmosphere, 
the value found by averaging the surface tension 
coefficients determined for the two most valid cross 
sections was 525+30 dyne/cm (321°C) (literature 
value 564-611). The surface was clean: premelts 
were made and the ingots were etched thoroughly with 
aqua regia; in addition, it was found that with a very 
hot zone the oxide film left by etching was reduced by 
the hydrogen atmosphere. However, when a clean 
surface was achieved, crystallographic effects became 
pronounced (see Fig. 2). Only two cross sections taken 
near the beginning of the ingot were usable. One taken 
too near the beginning was perturbed by the three- 
dimensional curvature present at the end of the ingot. 

Density and melting point data for lead and cadmium 
were obtained from the Liquid Metals Handbook." 
Thermal expansion coefficients were taken from Lange’s 
Handbook of Chemistry.“ 

The authors wish to acknowledge the assistance of 
Miss C. M. Taylor and Mrs. P. E. Stello in carrying 
out much of the experimental work and analysis for the 
lead and cadmium samples. 


tN. A. Lange, Handbook of Chemistry (Handbook Publishers, 
Inc. Sandusky, Ohio, 1952), eighth edition, pp. 125-131. 
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The crystal spectrum of hexamethylbenzene has been obtained using polarized light in the region 1725- 


2800 A and the results including extinctions for out-of-plane absorption are interpreted. The vapor spectrum 
has been determined in the region 1300-2800 A and the solution spectrum down to 2150 A. The vapor 
spectrum shows a new band at 2350 A. A suggestion is made for determining quantum numbers in the 


Rydberg series formula. 









INTRODUCTION 


HE spectrum of hexamethylbenzene is closely 
similar to that of benzene itself; moreover hexa- 
methylbenzene is a solid at room temperature, and its 
crystal structure has been worked out.’ This makes 
possible a study of the polarization of absorption over 
the electronic bands, and provides valuable information 
about benzene itself.2 When the present research was 
begun it had been proposed that the 2000 (angstrom 
units understood) band of benzene might be polarized 
out-of-plane (Rydberg series of the type 2p—3s)' 
and the original intention was to check this point. Then 
sometime later Lyons and Craig published the result 
of a brief investigation in which the long wavelength 
tail of the hexamethylbenzene absorption at ca 2375 
was shown to be in-plane.‘ This result probably already 
answered the original question put by Hammond, Price, 
Teegan, and Walsh, since the absorption at 2375 in 
solid hexamethylbenzene no doubt is in the zero-zero 
region of a band which corresponds to the 2000 band of 
benzene. 

In the present investigation the approach is different 
from that of Lyons and Craig in that the measurement 
of polarization of absorption has been carried out down 
to 1725. This not only gives a check of their result, but 
also information over the whole band, as well as over 
the strong band farther in the ultraviolet. Further, the 
vapor spectrum of hexamethylbenzene has been ob- 
tained and the results interpreted as implying the exist- 
ence of a new electronic transition. In addition the 
extinction has been determined quantitatively (though 
not with high accuracy) which has necessitated some 
work in solution. The quantitative extinctions over the 
entire range 2800-1700 A for in-plane and out-of-plane 
absorption can, it is believed, be given satisfactory 
interpretation. Finally Hammond, Price, Teagan, and 

* This research was supported in part by the Air Research and 
Development Command, Contract No. AF 18(600)-375. 

t Eastman Kodak Predoctoral Research Fellow, 1952-1953. 
Present address: Shell Oil Company, Martinez, California. This 
paper is taken from the writer’s Ph.D. thesis. 

tA Brockway and J. M. Robertson, J. Chem. Soc. 1324 
7 Scheibe, Hartwig, and Muller, Z. Electrochem. 49, 372 (1943). 
3 Hammond, Price, Teegan, and Walsh, Discussions Faraday 


Soc. 9, 53 (1950). 
4L. E. Lyons and D. P. Craig, Nature 169, 1102 (1952). 
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Walsh’s suggestion® is examined and general considera- 
tion given the problem of what quantum numbers to 
use in the formulas representing Rydberg series. 

In the Experimental part, which comes next, a 
description of the determination respectively of crystal, 
vapor and solution spectra is given. 


EXPERIMENTAL 
The Crystal Spectrum 


The vacuum spectrograph which was used for both 
the crystal and vapor spectra has been described pre- 
viously in the literature.> Modifications were necessary 
to polarize the radiation and to accommodate a crystal- 
line sample. 

The light was polarized by transmission through a 
quartz Wollaston prism, without binder, 4 mm thick 
and 7 mm high.® The height is that required to intercept 
the entire beam of light when the prism is placed 13 cm 
from the slit between the slit and the grating. The 
thickness is that necessary to provide adequate separa- 
tion (2 mm center to center) of the two polarized beams 
on the photographic plate. The prism was found to 
transmit by itself to about 1550 but for crystals of 
hexamethylbenzene the practical lower limit was found 
to be approximately 1725. 

A crystal holder was designed so that the crystalline 
sample, which was mounted upon an optically polished 
quartz cover slip,’ could be covered with a similar cover 
slip and pressure applied to the sandwich thus formed 
while allowing no rotary motion of the cover slips. 
The slightest slipping of the cover slips upon one 
another would shatter the fragile crystal. The entire 
crystal holder fit into a cylindrical cavity between the 
source and the slit and immediately preceding the slit. 
The source was a Lyman tube® which was attached to 
the spectrograph through an o-ring, enabling the crystal 
holder to be easily inserted and removed. Once the 
crystal holder was in place the extinction directions of 

5H. D. Hunt and W. T. Simpson, J. Am. Chem. Soc. 75, 4540 
(1953), and Noyes, Duncan, and Manning, J. Chem. Phys. 2, 721 
OO Te prism was purchased from Karl Lambrecht, 4318 North 
Lincoln Avenue, Chicago 13, Illinois. 

7The Thermal Syndicate Ltd., 14 Bixley Heath, Lynbrook, 


New York. 
8 R. E. Worley, Rev. Sci. Instr. 13, 67 (1942). 
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ELECTRONIC SPECTRUM OF HEXAMETHYLBENZENE 


the crystal were set parallel to the directions of polariza- 
tion as defined by the prism.® Next, the holder was 
clamped in place by screwing down upon it the anode- 
cooling-fin of the Lyman tube. 

The crystalline sample was a single crystal, four to 
five tenths of a micron thick and large enough to com- 
pletely cover the slit of the spectrograph. The thickness 
was determined under the polarizing microscope from 
the known refractive indices and Newton’s colors. It 
was found that large, thin crystals could be grown 
more easily when sublimed onto cloth than when sub- 
limed in the conventional manner onto glass. The pro- 
cedure was to form with three loosely woven cotton 
laboratory towels three horizontal compartments above 
one another in a large beaker. The cloth which formed 
the top of the upper compartment covered the top of 
the beaker. The hexamethylbenzene, which had been 
sprinkled over the bottom of the beaker before insert- 
ing the cloths, was vaporized by heating the beaker on a 
hot plate. When all of the compound had vaporized, 
the heat was turned off, the beaker well wrapped with 
towels and allowed to stand for at least two hours. 
At the end of that time many large, thin, well-formed 
crystals could be found, especially in the upper com- 
partment. The well-defined angles of these single 
crystals made it easy to identify the prominent crystal 
face as the bc face. 

The spectra were taken with between 50 and 2000 
flashes of the Lyman tube at voltages which varied from 
125 to 17 kv for different exposures. 

Above 2250 the spectrum obtained in the vacuum 
spectrograph was overlapped and extended to longer 
wavelengths by the use of a monochromator-photo- 
multiplier instrument assembled in this laboratory by 
Dr. A. C. Albrecht. The spectra obtained by the two 
methods required a 1 percent change in the density of 
the photographic blank to be put into agreement. The 
crystal spectrum was taken in the region above 2400 
as a check on that reported by Scheibe, Hartwig, and 
Muller.? This was of interest particularly because of 
the rather large amount (10 percent) of out-of-plane 
absorption found by those workers in that region. 


The Vapor Spectrum 


The vapor spectrum was taken in two parts, one 
above 1850 and the other below 1850 (onset of oxygen 
absorption). This division was necessary because of the 
inability of the vacuum spectrograph to hold a vacuum 
sufficient to eliminate oxygen absorption, after the 


*It is known that Beer’s law is obeyed for light polarized along 
the extinction directions. We had attempted to obtain information 
using other orientations but decided experiments of this type 
would not be fruitful. The reader can understand this point by 
thinking of the hexamethylbenzene crystals as pieces of Polaroid. 
If incident polarized light is set parallel, to pass through a Polaroid, 
any absorption spectrum recorded would be for the electron vibra- 
tion direction of essentially no absorption. If the Polaroid is 
rotated by 45° the intensity would be cut in half but the spectrum 
tecorded would be the same. 
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pumps had been turned off for the length of time re- 
quired to attain vapor pressure equilibrium. 

The method for the region below 1850 was to allow 
vapor from a heated bulb, which had previously been 
evacuated, to flow into the spectrograph while the 
pumps were running. The forward part of the spectro- 
graph was also heated to delay condensation of the 
vapor, but the rear part was cooled in order that all 
of the hexamethylbenzene would condense on the walls 
and the baffle system before it reached the grating. 
Since the spectrum was not photographed at equi- 
librium, absolute extinction coefficients would not be 
directly determined. However, this spectrum overlapped 
the spectrum above 1850 for which absolute extinction 
measurements could be made. By fitting the two curves 
together, absolute values were obtained below 1850. 

Above 1850 the presence of oxygen in the spectro- 
graph did not matter. For that region the method was 
to place solid hexamethylbenzene throughout the 
spectrograph, apply a partial vacuum to speed the 
attainment of equilibrium, and, in order to produce 
a higher vapor pressure, heat the entire room to 40°C. 
The room was allowed to stand over night at that tem- 
perature. From the known vapor pressure-temperature 
relationship for hexamethylbenzene,” the concentra- 
tion of the vapor and hence absolute extinction coeffi- 
cients could be calculated. As a check on the spectrum 
obtained by this method, the spectrum above 1850 was 
rephotographed with the hydrogen lamp from the 
Beckman D.U. Spectrophotometer replacing the Lyman 
tube. The photographic plates used in all work with the 
vacuum spectrograph were Eastman 103-0, U.V., V.S., 
X-Thin. The plates were developed for four minutes at 
20°C in Eastman X-Ray Developer which gave a 
gamma of approximately unity at 2000. Calibration 
curves were determined at least once for each emulsion 
number. The variation of gamma with wavelength was 
appreciable above 2000, but in agreement with that 
which has been reported in the literature.” 

The method for determining gamma was to vary the 
number of flashes of the Lyman tube rather than the 
intensity. This method would give the true gamma 
only if the “reciprocity law” were obeyed. There is 
theoretical evidence for the assumption that the re- 
ciprocity law is obeyed for a series of flashes of extremely 
short duration. That assumption was made for exposures 
with the Lyman tube and found to be valid at least for 
the region above 2250 by the method described in the 
following paragraphs. The calibration curves for ex- 
posures with the hydrogen lamp gave gamma values 
about 0.85 times those for exposures with the Lyman 
tube."* 

The vapor spectrum was also taken above 2250 in 
1 Nitta, Seki, and Chihara, J. Chem. Soc. Japan, Pure Chem. 
Sect. 70, 387 (1949). 

11 P. Lee and G. Weissler, J. Opt. Soc. Am. 43, 512 (1953). 

4a Tf the Schwartzchild constant for the exposures with the 


Lyman tube is assumed to be unity, this makes the constant for 
the continuous source 0.85, which is a typical value. 
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Fic. 1. The electronic spectrum of hexamethylbenzene. I—vapor ; II—solution in iso-pentane ; III—crystal, 
parallel to the molecular plane; [Va—crystal, perpendicular to direction for curve III; IVb—crystal, per- 
pendicular to the molecular plane as essentially derived from approximate equation €)= (3/2)évapor; IVe— 


crystal, perpendicular to the molecular plane, smoothed. 


the Beckman Spectrophotometer. This was made 
possible by a special attachment, made available to us 
by Professor D. M. Ritter, designed so that two 20 cm 
cells could be placed alternatively in the light beam of 
the spectrograph while being immersed in hot water. 
A temperature of 73°C gave a suitable concentration of 
vapor in the cell (densities varied from 0.07 at 2500 to 
0.57 at 2250). A correction of 0.06 density unit (3 to 
4 percent) in the photographic blank was required to 
put the spectra obtained by the two different methods 
into agreement. The shapes of the two curves were 
nearly identical. This indicates that the values of gamma 
used in the photographic determinations were correct, 
and that the reciprocity law holds for the short expo- 
sures of the Lyman tube. 


The Solution Spectrum 


Although the solution spectrum to 2150 of hexa- 
methylbenzene had been published,” it was decided, 
because of the importance of the spectrum in that 
region, to repeat the experiment. The spectrum was 
taken with a Cary, Model 11S, Recording Spectro- 
photometer with purified Phillips Pure Grade iso- 
pentane as the solvent. 

For all of the spectra, Eastman Kodak white label 
hexamethylbenzene which had been purified by at least 
one sublimation was used. 

In the next section the spectra are presented and the 


as: ~‘o Backenkohler, and Rosenberg, Ber. 59B, 2617 
1926). 


important features noted. The general significance of 
the results is mainly discussed in a succeeding section. 


RESULTS 


Figures 1 and 2 show the results of the final determi- 
nations of spectra. The similarity of the vapor spectra 
of hexamethylbenzene and that of benzene confirms the 
assumption that information obtained about the spec- 
trum of one can be applied to the spectrum of the other. 
Although four different spectra were traced both manu- 
ally and automatically (two manually on a Hilger 
microdensitometer and all four automatically on a 
Kip microdensitometer), no Rydberg members were 
detected. This result is not surprising in view of the 
known increase in diffuseness of such series with methyl 
substitution.’ 

It will be noted that there is one particular in which 
the vapor spectra of benzene and hexamethylbenzene 
do not agree. Between the 2200 and 2700 bands of 
hexamethylbenzene (which correspond to the 2000 and 
2500 bands of benzene) there appears another band 
(2350) which does not appear in the benzene spectrum. 
It was in order to confirm the presence of this band that 
the spectrum was repeated; first with the hydrogen 
lamp from the Beckman D.U. Spectrophotometer as a 
source, and then in the Beckman Spectrophotometer 
itself. The presence of the new band in all the experi- 
ments obviates any possibility of its generation through 
errors in gamma or failure properly to take account of 
reciprocity failure with the Lyman source. The method 
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Fic. 2. The electronic spectrum of hexamethylbenzene at ten and one hundred times magnification compared 
with Fig. 1. Labeling the same as in Fig. 1. 


for the spectrophotometric experiment was to trace 
through the spectrum taking readings every two milli- 
microns, then to return reading at intermediate wave 
lengths. The elapsed time between the readings at 
2500 and 2480 and that at 2490 was close to an hour; 
nevertheless, the points of the return tracing fell ex- 
actly on the curve defined by the initial tracing. This 
fact not only serves to show that vapor pressure equi- 
librium had been attained in the sample cell, but almost 
entirely eliminates any possibility that the new band is 
a result of a compound produced by photodecomposi- 
tion. The inference is that there is an extra electronic 
state observed in hexamethylbenzene, though to argue 
from ‘“‘new band” to “extra electronic state” admittedly 
requires further experimentation. 

The solution spectrum of hexamethylbenzene had 
been published earlier’? with no indication of a new 
band. For that reason determination of the solution 
spectrum was repeated, and no band was found. This 
tends to confirm that the band was not caused by an 
impurity in our material. The maximum extinction 
coefficient of the new band is about 2400. Now even if 
the absorption band of an hypothetical impurity were 
as strong as the 1950 band of hexamethylbenzene 
(€max 100 000), the percentage of impurity would have 
to exceed two. Because of the initial purity of the com- 
pound and the additional purity introduced by sub- 
limation, it is felt that this percentage is much too high, 
and that impurities cannot be a significant factor. 

The crystal spectrum of hexamethylbenzene shows 
conclusively that the 2000 A band of benzene is polar- 
ized predominantly parallel to the plane of the molecule 
and cannot, therefore, be assigned solely to a per- 


pendicular Rydberg transition. It also shows, as was 
expected, that the 1800 band of benzene is predomi- 
nantly polarized in the same direction. The percentage 
of perpendicular absorption in the 2700 band is found 
to be near 3 percent rather than 10 percent as reported 
by Scheibe, Hartwig, and Muller. Also the shape of 
the out-of-plane absorption curve for the band no 
longer follows that of the in-plane curve. The maximum 
extinction coefficient for light polarized perpendicular 
to the molecular plane in the region of the 2500 band 
is 20. In contrast, the amount of perpendicular absorp- 
tion in the regions of the 2200 and 2700 bands is ap- 
preciable, and it is of interest to know the extent of that 
absorption. 

The spectrum recorded by the light which has passed 
through the crystal in the extinction direction which is 
parallel to the 6 axis is entirely determined by in-plane 
absorption of the molecule. On the other hand, the 
spectrum recorded by the light which has passed through 
the crystal in the extinction direction which is perpen- 
dicular to the b axis is not entirely due to the extinction 
of the molecule perpendicular to the molecular plane. 
Because the molecules are tilted, 10°18’ from the propa- 
gation vector of the light,! the spectrum recorded when 
the plane of polarization is perpendicular to the 6 axis 
contains a small contribution from in-plane absorption. 
The value for the extinction coefficient perpendicular 
to the molecular plane is actually given by the expression 


&— cos?(79°42’) ex 
cos?(10°18’) 





where ¢, and e,, refer to directions perpendicular and 
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parallel to the 6 axis. Above 2250 ¢,, can be obtained 
directly from experiment. Below 2250 its value must be 
approximated. The assumption is made that 


€vapor= (2/3) €y+ (1/3)e, = (2/3) ey. 


Curve IVb is the curve obtained by correcting the 
measured curve (IVa) in this manner. It is obvious that 
the amount of correction near the peak of the 1950 band 
is too large. This indicates that this band is not as 
sharp when the compound is in the crystalline state as 
when it is in the vapor state. The integrated intensity 
of the band, however, should remain nearly the same 
in the two states. This would mean that while the cor- 
rection is too large near the peak of the band it is too 
small on the edges of the band. Curve IVc is drawn so 
as to intercept equal areas above and below itself with 
curve IVb. This should be an approximate representa- 
tion of the true absorption of the hexamethylbenzene 
molecule perpendicular to the plane of the ring. The 
value of the extinction coefficient in the vapor spectrum 
which would be necessary to bring curve IVb into coin- 
cidence with curve IVc at its peak is 58 000 rather than 
the observed 98 000. This is in good agreement with the 
variance observed in the condensed phase (solution) 
and vapor spectra of benzene—46 000 for the maximum 
extinction coefficient in solution as compared with 
79 000 for the vapor. The larger values for hexamethyl- 
benzene agree with the trend toward greater intensity 
with methyl] substitution. 

In summary, the vapor spectrum shows general agree- 
ment with benzene except for a new band (é€max= 2400). 
The out-of-plane absorption is quite small over the 
entire region percentagewise, but nevertheless is ap- 
preciable on an absolute basis (€max* 200 for the 2200 
band, and 1800 for the 1950 band). We now examine the 
significance of these results in the light of the theoretical 
work on benzene electronic states. 


DISCUSSION 


As noted by Lyons and Craig, and now confirmed 
for the whole band, the 2200 band (2000 band of 
benzene) is not polarized out-of-plane. The question 
as to whether or not the transition is NV (valence 
shell) or an in-plane Rydberg series member is not 
answered by this research; but Albrecht and Simpson 
have recently found that the transition is A1,—B,,," 
which along with much previous experimental and 
theoretical work, marks the transition as VV. 

The next question is whether or not there might still 
be an out-of-plane Rydberg member in the 2200 region. 
We have calculated a transition moment for 2p—3s 
using a reasonable effective Z (3.2) and find ~0.1 A. 
The area under the corrected perpendicular absorption 
from 1700 to 2350 corresponds to ~0.3 A; so that the 


3A. C. Albrecht and W. T. Simpson, J. Chem. Phys. (to be 
published). See also A. C. Albrecht and W. T. Simpson, J. Chem. 
Phys. 21, 940 (1953), where the 2600 band of benzene is shown to 
be Aig Bay. 


R. C. NELSON AND W. T. SIMPSON 


answer must be yes, there could be a Rydberg member 
after all (note however that the perpendicular absorp- 
tion in the 2200 region is only a small fraction of the 
total absorption, 1700-2350). The simple intensity 
criterion employed here is not often used with all the 
confidence that it may deserve. If we had used the 
criterion we might not have attempted to test the 2200 
band to see if it was out-of-plane in the first place, as it 
has an intensity corresponding to a transition moment 
ca five times the calculated value of 0.1 A for 2p—3s. 
A particularly sure observation of a related nature is 
that the 1950 band (1800 band of benzene) must be 
allowed in-plane, as the molecules are not thick enough 
for the development of sufficient transition moment out- 
of-plane. (Each component of the degenerate pair has 
a transition moment of ~1.3 A, as computed from the 
vapor spectrum area.) 

We have seen that there is enough out-of-plane 
intensity in the region 1700-2350 to account for a 
Rydberg member; nevertheless this does not mean 
that there is a Rydberg member in the region. In the 
next section it is shown that it is not necessary to adhere 
to the theoretical argument for an out-of-plane Ryd- 
berg member. We may therefore use as a working 
hypothesis the idea that the perpendicular absorption 
is a natural part of the VV bands themselves. 

Many fairly strong WV bands must have appreciable 
out-of-plane “backgrounds,” as indeed is formally im- 
plied by the well-known Sponer-Teller treatment. The 
fact that the out-of-plane intensity can be considerably 
higher than for individual Rydberg members means 
that a large number of states (perhaps prominently 
including the continuum) are contributing. This is not 
surprising, because empirically the out-of-plane polariz- 
ability is of the order of the in-plane, if somewhat 
smaller. Therefore it is useful to think of a resultant 
band or frequency (in the sense of the one-term dis- 
persion formula) which is about as strong as the VV 
bands. Let us assume now that the perpendicular 
absorptions at 1950, 2200, and 2700 all arise by borrow- 
ing from a single transition, and use the resonance 
denominator concept quantitatively. 

If the 1950 and 2200 bands are assumed to borrow 
from the resultant band with equal effectiveness, then 
using the observed crystal out-of-plane intensities one 
locates the resultant band at 1725. Using this position 
and again assuming equal borrowing effectiveness one 
calculates for €max at 2700 a value of 90. The observed 
value is 20 and this discrepancy is in accord with theory. 
That is, in benzene itself transition to the Bj, state 
(2200 band of hexamethylbenzene) can be made 
allowed out-of-plane by a single vibration in the upper 
state, but the state of By», (2700 band of hexamethyl- 
benzene) needs to mix with a vibration which doesn’t 
exist in the molecule. 

Another though not a new argument, using resonance 
denominators, can be made for the in-plane or, essen- 
tially, total vapor absorption. It is assumed that the 
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2700 and 2200 bands borrow from the 1950 band with 
equal matrix elements, as is suggested by the fact that 
for benzene the same vibrations mix £,, with B,, and 
B,. The in-plane intensities then depend solely on the 
resonance denominators. Using the observed 2700 
intensity one calculates for the 2200 band é€max= 6000. 
From Fig. 1, curve I, it can be seen that this value is 
about right, if correction is made for the tail of the 
1950 band. 

The last part of the discussion is about the new band 
at 2350 found in the vapor spectrum. The most obvious 
consideration is that more experimental work needs 
to be done, particularly to determine whether the band 
persists in such a set of derivatives as to show that it 
also belongs to benzene. It is tempting to suggest that 
the band may be a transition to the E2, upper state 
which comes in when orbital theories are extended." 
The absence of the band in solution or in the crystal 
may be linked up with a red shift of the 2200 band, or 
even the 1950 band, together with no shift or even a 
blue shift for the new band, assuming that in the con- 
densed phase the new band is hidden under the other 
absorption. 


QUANTUM NUMBERS IN RYDBERG SERIES 


In this final section a suggestion is made about the 
quantum numbers in the Rydberg formula for un- 
saturated molecules. When the suggestion is applied to 
benzene it does away with the need for postulating 
absorption in the neighborhood of 2000 as arising from 
a Rydberg type transition. To begin, we review briefly 
the argument given by Hammond, Price, Teegan, and 
Walsh. 

The apparent first observed frequency (wavelength 
1600) considered to be out-of-plane is given by* 


I.P.—v=R/(4—1.03)?. 


The expression is written with four as the principal 
quantum number because on physical grounds an 
appreciable negative quantum defect needs to be as- 
sumed. [Otherwise the right side would have to be 
R/(3—0.03)?. ] From the fact that the z electrons in 
benzene have n= 2 it is supposed that there should be 
observed a band given by R/(3—1.03)*, (wavelength 
= 2146) so that the 1600 band is postulated to be really 
the second member of the out-of-plane series. 

Let us now attempt to refute the argument. We may 
positively characterize the molecular orbital reached in 
the first out-of-plane transition. It is essentially a linear 
combination of 3s atomic orbitals with phases to match 
the originating orbital (highest filled benzene z orbital), 
hence with one nodal plane perpendicular to the plane 
of the molecule. After this step the orbitals are re- 


a9 See for example Parr, Craig, and Ross, J. Chem. Phys. 18, 156 
950). 
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characterized in what is called “fused atomic orbital” 
description. The originating orbital becomes 3d. That is, 
when the 2 atomic orbitals are moved to a common 
point of origin, as for a united atom approach, two 
nodal planes remain: one in the plane of the molecule, 
and one perpendicular to it. Similarly, the orbital 
reached in the first out-of-plane transition becomes 4p. 
Note that the separated atom approach is used in 
building up the molecule, in the conventional way. 
Only then are the atomic orbitals fused. 

The fused atomic orbital description gives the selec- 
tion rules, but certainly not the energy of the electron 
in the originating molecular orbital. The energy is best 
thought of as described by n=2, modified by overlap 
forces to give bonding. The energy of the orbital reached 
in the transition likewise may be thought of as described 
by =3. However energy considerations are not ger- 
mane to the problem of deciding whether there is a 
transition given by R/(3—1.03)*. The important point 
is the nodal character of the wave functions and the 
Pauli exclusion principle. 

As m increases the fused atomic orbital approach 
becomes increasingly accurate, and ‘gives the wave 
functions correctly in the limit. Consider an orbital 
which has a high enough quantum number to be 
hydrogen-like, with a true quantum number of m. Then 
as the quantum number is successively lowered the 
hydrogen-like quality disappears but the fused atomic 
orbital description remains appropriate for keeping 
track of the quantum number. At m=4 the orbital is 
certainly no longer hydrogen-like but has spread out 
into what is a linear combination of 3s atomic orbitals 
on the carbons. The quantum number is four because 
the fused atomic orbital description of this orbit is 4. 
The next lower orbital, 3 in this description, is filled 
(it is a linear combination of 2s carbon orbitals) so 
that the series stops at n=4. It is believed that only 
for the fused atomic orbital description is it required 
on physical grounds that there be an appreciable nega- 
tive quantum defect. [Hence there is no objection to 
writing the series so that the 1600 band is represented 
by R/(3—0.03)? provided one does not misinterpret the 
virtual vanishing of the quantum defect ]. 

It is concluded that the adoption of the form 


R/(n—1.03)? n=3,4,5--- 


is incorrect in that the member n=3 represents transi- 
tion to an already filled orbital. Generalizing, if there is 
to be invoked the necessity of an appreciable negative 
quantum defect, a fused atomic orbital approach should 
be used for the determination of the principal quantum 
number. Application of this idea seems to make simpler 
the understanding of Rydberg series in a number of 
unsaturated molecules, but this point is still under 
investigation. 
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A systematic procedure is developed for the analysis of the spin-spin multiplets that are observed in the 
high-resolution NMR (nuclear magnetic resonance) spectra of liquids. It is shown how the symmetry proper- 
ties of nuclear spin functions can be used to simplify the interpretation of NMR multiplets in terms of the 
empirical quantities, chemical shifts, and spin-spin coupling constants. It is also pointed out that when NMR 
multiplets have been properly interpreted in terms of these empirical quantities, it is then possible to predict 
theoretically relative intensities of multiplets to the same degree of precision as that involved in the meas- 


urement of multiplet frequency separations. 


As an example the multiplet splittings of the H' and F" resonances in 1,1-difluoroethylene are analyzed 


using the procedure proposed in the present paper. 





INTRODUCTION 


WO magnetic nuclei in a molecule can exert two 
distinct magnetic forces on one another. The 
direct magnetic dipole-dipole interactions are respon- 
sible for the large line widths observed in the nuclear 
magnetic resonance (NMR) spectra of solid materials.' 
A much weaker indirect magnetic interaction between 
nuclei is responsible for the so-called “spin-spin” 
multiplets that are observed in the high resolution 
NMR spectra of liquid samples.? For liquids, the line- 
width broadening by direct magnetic dipole-dipole 
interaction is greatly reduced because the energy of this 
interaction is averaged to zero by the high-frequency 
molecular motions characteristic of normal liquids.* 

Multiplicities in the resonance signal from a given 
nuclear species can also arise because of differences in 
the magnetic shielding of chemically nonequivalent 
nuclei.t However, multiplets due to spin-spin inter- 
actions can be distinguished from the “chemical shift”’ 
multiplets in that the former are field independent 
whereas the latter are proportional to the applied 
magnetic field intensity. 

The numbers and relative intensities of the spin-spin 
multiplets can be accounted for empirically if the energy 
of interaction between any two magnetic nuclei in a 
molecule is taken to be proportional to the dot product 
of the spins of the two nuclei I;-1j.? The constant of 
proportionality is called the spin-spin coupling con- 
stant J;;, so that the energy of interaction of nuclei 7 
and J is J li: I,. 

Gutowsky, McCall, and Slichter? have shown that 
for many molecules there is a simple relation between 
the observed multiplet splittings, their intensities, 
and the coupling constants. For example, the F” 
resonance of PF; is a simple symmetrical doublet 


1 See, for example, R. V. Pound, Phys. Rev. 79, 685 (1950) ; 82, 
343 (1951); R. Livingston, J. Chem. Phys. 20, 1170 (1952); N. A. 
Schuster and G. E. Pake, Phys. Rev. 81, 157, 886 (1951). 

( 2 ee McCall, and Slichter, J. Chem. Phys. 21, 279 
1953). 

3 Bloembergen, Purcell, and Pound, Phys. Rev. 71, 466 (1947). 

4W. D. Knight, Phys. Rev. 76, 1259 (1949); W. C. Dickinson, 
Phys. Rev. 77, 736 (1950); W. G. Proctor and F. C. Yu, Phys. Rev. 
77, 717 (1950). 


corresponding to the two equally probable “‘spin-up” 
and “spin-down” orientations of the P*' nucleus in 
the applied magnetic field. The P—F coupling constant 
J®F is simply equal to the multiplet separation (in 
cps). The P*! resonance in PF; is split into a sym- 
metrical quartet with relative intensities 1:3:3:1. 
This multiplet pattern corresponds simply to the four 
possible components of the total F; spin along the field 
axis: —3%; —43h; +4h; +3h, and the relative intensi- 
ties correspond to the threefold statistical weights of the 
—ih and +4h states of the F; group. Again the multi- 
plet separations are simply equal to J?*. 

As will be seen from the discussion in the present 
paper, such simple multiplet analyses are possible only 
for (1) a few simple rigid and symmetrical molecules 
and (2) those molecules for which rapid internal rota- 
tion effectively increases the symmetry. For many other 
relatively simple substances, and for a host of complex 
compounds, the analysis of multiplet splittings and 
relative intensities in terms of coupling constants and 
chemical shifts is by no means trivial. For example, 
the simple symmetrical 1,1-difluoroethylene molecule, 
CF,=CHbp (to be discussed later in this paper), shows 
at least eight distinct signals in both the H' and F" 
resonance spectra. As another example, it may be 
mentioned that we have observed fifty-two distinct 
signals in the F® resonance spectrum of a slightly more 
complex substance, perfluoropropylene; CF;CF=CF>. 
The purpose of the present paper is to propose what we 
believe to be a systematic and useful procedure for the 
analysis of multiplet splittings and intensities in terms 
of chemical shifts and coupling constants. According 
to this procedure, the Zeeman energy levels of an 
assembly of molecular nuclei are classified as to their 
angular momenta and symmetry properties. Just as in 
other fields of spectroscopy, this type of classification 
greatly facilitates the factorization of the secular 
equation which determines the energies of the nuclear 
spin states; in addition this classification provides 4 
convenient formulation of the spectroscopic selection 
rules. 
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SPIN-SPIN MULTIPLETS IN NUCLEAR MAGNETIC RESONANCE 


I. OUTLINE OF THE METHOD 


The present quantum-mechanical procedure for the 
analysis of NMR spectra is, in outline at least, quite 
similar to the methods that have been extensively em- 
ployed in other fields of spectroscopy (e.g., infrared, 
ultraviolet, etc.). According to these methods the exact 
Hamiltonian for the energy of a molecule is simplified 
in some way so as to give an approximate Hamiltonian ; 
the approximate Hamiltonian is chosen to be as accurate 
as possible and, at the same time, to be such that the 
Schrédinger equation can be solved exactly and con- 
veniently. The zero-order energies and wave functions 
thus obtained are then used as a starting point for a 
more accurate calculation of energies and wave func- 
tions using, in so far as possible, a complete, exact 
Hamiltonian. This latter calculation is, in many cases, 
greatly simplified by selecting the zero-order wave 
functions to be eigenfunctions of all those molecular 
properties that commute with the complete Hamil- 
tonian. Molecular symmetry and spin or rotational 
angular momenta are typical of such molecular proper- 
ties. The exact wave functions and energies are also 
commonly classified according to such molecular proper- 
ties inasmuch as the spectroscopic selection rules are 
generally conveniently formulated in terms of such 
classifications. Also the classification of energy states 
according to these molecular properties often enable one 
to predict how transition energies and intensities will 
behave under specified perturbations. 

In the remainder of the present section there are 
given the exact and approximate Hamiltonians that are 
used for calculating the Zeeman energies of a system 
of magnetic nuclei in a molecule where there is (indirect) 
spin-spin coupling. The classification of the zero-order 
spin functions for a molecule in terms of symmetry and 
spin angular momenta is discussed in Secs. II and III. 
Section IV describes how such classifications simplify 
the solution of the secular equation for the energies. 
Section V gives a formulation of the spectroscopic 
selection rules. As an example of the application of these 
methods, Sec. VI presents an analysis of the high- 
resolution NMR spectra of 1,1-difluoroethylene. 

In the present work we shall regard all NMR signals 
as arising from radiation induced transitions between 
stationary state energy levels. The calculation of the 
energy levels, and the derivation of the spectroscopic 
selection rules are based on the Hamiltonian® given in 
the following equations: 


H=IHO+5C0, (1) 
where 1 
HO=— > vH,I.(i), (2) 
2r i 
HV= > J,[(i)-1()). (3) 
i<j 


5 This Hamiltonian is discussed by Gutowsky, McCall, and 
Slichter (reference 2), and by N. F. Ramsey and E. M. Purcell, 
a Rev. 85, 143 (1952) and N. F. Ramsey, Phys. Rev. 91, 303 

953). 
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In Eqs. (1), (2), and (3) the complete Hamiltonian 3 
is the sum of two terms 3C® and 3C"). The HK gives the 
sum of the magnetic interactions of all nuclei with the 
externally applied (stationary) magnetic field, and the 
3 gives the sum of the spin-spin interactions of all 
pairs of nuclei. In Eq. (2), y; is the magnetogyric ratio 
of nucleus 7, H, is the stationary magnetic field acting 
at nucleus 7, and /,(i) is the component of the spin 
angular momentum vector of i along the stationary 
field which is here taken to be the z-axis. In Eq. (3), 
J;; is the spin-spin coupling constant between nuclei i 
and j. The spin angular momentum vector of nucleus 
iis I(4). 

For convenience in comparisons with experimental 
data all energies are here expressed in cycles per second. 
All spins [I(z) ] are expressed in units of # and so the 
quantities I(z) and J,(i) are dimensionless and J;; is in 
cycles per second. 

Only nuclei with spin 3 will be considered here; ex- 
tension of the equations and results to systems contain- 
ing nuclei with spin greater than 3 is straightforward 
provided there are no complications due to quad- 
rupole coupling. 

We let ®; and ®/ be the stationary state eigen- 
functions of 3 and 3C, respectively, and let 6; and 
&; be the corresponding eigenenergies. Our problem 
will then be to solve the secular equation, 


|3omn— E8nn| =0 (4) 
for the eigenenergies. In (4), 
Hmn= (On| K|P,°), (5) 


and bmn=1 if m=n and bmn=0 if m¥n. The exact eigen- 
functions of the complete Hamiltonian are expressed in 
terms of the ®,° by the equations 


M 


?,,= a Amn?,”, (6) 


n=1 


where the @m, are obtained from the solutions of the M 
simultaneous equations, 


M 
Y [5Cmn—SmnEm ]omn=0. (7) 


n=1 


The order of secular equation (4) is 2”, where # is the 
number of nuclei in the molecule with spin 3. Evidently 
then Eq. (4) can only be useful for obtaining the ener- 
gies &, for molecules with, say, p>5, when the secular 
equation is easily factored. Sections II and III discuss 
the manner in which the ®,, are to be selected so as to 
achieve the optimum factoring of secular equation (4). 

The solutions of (4) give the energies in terms of the 
coupling constants J;;, the y;, and the H;. A later sec- 
tion on selection rules, Sec. V, then permits one to de- 
termine which of the transition frequencies 6,,— &, are 
observable. 








1154 McCONNELL, 


McLEAN, AND REILLY 


TaBLE I. Zero-order spin functions for equivalent nuclei. 


























No. Group No. Group 
nuclei symmetry Spin function Designation nuclei symmetry Spin function Designation 
2 Den (aa) §(Aig)i 4 Dir 2 (88Ba+fBaB+fafB+aBBB) 5(Aig)-1 
1 ; 
2 Den —(a8B+Ba) 3(Ag)o . Dir (8888) 5(A1g)-2 
v2 4 Day } (aaaB— aaBa+aBaa— Baa) 3(Bog)1 
2 Deh (6B) 3(A ig)-1 1 
1 4 Ds, —(eBaB—BoBea) 3(Bog)o 
2 Deh eae '(Aau)o v2 
Vv 
3 Dsh, (aaa) 4(Ay’) 4 Dap 3 (BBBa— BBaB+BaBB—aBBB) 3(Bog)-1 
1 1 
3 Dsn —(aaB+aBa+ Bax) 4(A1'); —(aaaB—aBac) 
v3 v2 
1 4 Dp * 3(E.,)1 
3 Dn eer 4(A1')_4 | 1 
—(aaBa— Baaa) 
3 Dsh (888 4(Ay')-4 \v2 ) 
rl > 
1 
— (aaB+aBa—2Bac) wre 
6 aaBb+aBa cre Ponca BBaw) 
3 Dsr 4 2(E’), 4 Dan } 3(Eu)o 
) , 
Va (aaB— aBa) J | ——— BaaB) 
ra 
ae ee € " 
lata _ —(68680.— 6a) 
2( FR’ ‘ 
a sti 4 Da 4 *(Ey)-1 
ae = 1 
aii = (8808-2888) 
V J 
4 Dan (aac) 5(Aig)2 
1 1 
4 Dir} (aaaB+-aaBa+-afaa+ Baca) *(Aig)t 4 Dn ——(aa8B+ca8Bat+Bac8+BBox (Atg)o 
1 /12 —2aBaB—2BaBa) 
4 Dy —(aaBB+a6Ba+BaoB+ BBaa ®(Aig)o 
V6 +aBaB8+ fafa) + Dan 1(Big)o 





} (aa88—aBBa—BaaB+SBac) 











II. ZERO-ORDER SPIN FUNCTIONS FOR GROUPS 
OF CHEMICALLY EQUIVALENT NUCLEI 


Let us consider a molecule which contains only one 
group of chemically equivalent nuclei of spin 3 (e.g., 
CH;Br). We shall refer to this group as group A. 
For group A we may write the Hamiltonian in the form 


5(A)=3C (A) +50 (4A), (8) 
1 

50 (A) =—y4H aF,(A), (9) 
2r 

KH (AA)=D JijA41(A,) VAS), (10) 
i<j 

F,(A)=L IA i). (11) 


In solving secular equation (4) either for a molecule 
containing only group A, or for a molecule containing 
additional groups of chemically equivalent nuclei 
(B,C,---+), it is of great convenience to choose the 
eigenfunctions of 3¢ (A) to be also eigenfunctions of all 


those operators which commute with 3C(A). These 
operators include F(A), F?(A), and R;(A), where 


F(4)=> 1(4)) (12) 


and where the R;(A) are the covering operations of the 
point group to which A belongs. As an example of the 
operations R;(A) consider the three chemically equiva- 
lent protons in a CH; group (group A). The Hamil- 
tonian for this system is formally identical to that of 
three bare protons arranged in an equilateral triangle. 
In this case 50 (A) and 3C(A) commute with the cover- 
ing operations of the point group D3,.° 

Represent the exact eigenfunctions of 5¢(A) and 
5¢(A) by ®p°(A) and ®,,(A). These functions, or linear 
combinations of them, may be classified according to 
their behavior with respect to the covering operations 
of the point group to which group A belongs. In the 
case of the three nuclei with spin } and arranged as in 

6 The group notation used throughout the present paper is 


that of Eyring, Walter, and Kimball, Quantum Chemistry (John 
Wiley and Sons, Inc., New York, 1944). 
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CH; with D3), effective symmetry, there are four spin 
functions of A,’ symmetry and two pairs of spin func- 
tions belonging to the symmetry degenerate repre- 
sentations EF’. 

Since F?(A) and F,(A) also commute with # (A) 
and 3¢“ (AA), and with one another, and also with 
R;(A), the functions ®,,°(A) and ®,,(A) can be chosen 
to be simultaneous eigenfunctions of all these operators. 
Actually, instead of classifying the spin functions 
,,°(A) and ®,,(A) according to their eigenvalues of the 
operator F?(A), it is more convenient to use the multi- 
plicity S, which is related to the eigenvalue of F?(A) by 
the equation 

S?—1 


FE+i)=——, (13) 


where F(F+1) is the eigenvalue of F?(A) in the state 
for which S is the multiplicity. 

In Table I there are given ®,°(A) functions for two 
nuclei with D,, symmetry, three nuclei with D3; sym- 
metry, and four nuclei with Ds, symmetry. 

The functions given in Table I are easily derived 
using standard group-theoretical methods; the func- 
tions are eigenfunctions of F?(A), F,(A), and R;(A). 
The symbols in Table I which are used to identify the 
spin functions are defined according to the following 
scheme: 

S(X) uv. (14) 


In (14), S is the multiplicity defined according to (13), 
M is the eigenvalue of /,(A), and X gives the designa- 
tion of the particular representation of the group to 
which the spin function belongs. 

In the following tables and text we use the convention 
that in all products of single nucleus spin functions the 
nuclei are written in serial order; i.e., the product spin 
function aaBa is a(1)a(2)8(3)a(4). Also, since the spins 
are expressed in units of %, 


T,(1)a(1)=3a(1), 
T,(1)8(1)= —38(1). 


III. ZERO-ORDER SPIN FUNCTIONS FOR MOLECULES 
WITH NONEQUIVALENT NUCLEI 


Let us next consider a molecule containing more than 
one group of chemically equivalent nuclei, say groups 
A,B,C,---. In this case the Hamiltonian can be written 
in the form, 


5¢(AB---)=5C(A)+350(B)+--- 
+3 (4A)+350™ (BB)+ 5 gig 
+50“ (AB)+---, 


KH” (AB) a » J ;471(A;)-1(B;) 


(15) 
(16) 


where 


and the other terms in (15) are similar to those defined 
for Eqs. (8)—(11). Except for degenerate spin functions, 
the zero-order spin functions corresponding to the solu- 
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tion of the Hamiltonian may be taken as simple 
products 


©,0(AB- ++) =@,0(A)®,0(B)+ ++. (17) 


In cases of degeneracies one may, in general, take linear 


combinations of products of the type given in (17). 
The eigenenergies of 30 (A)+3¢® (B)+---+ are 


Em (AB: ++)=6,(A)+8,(B)+--+. (18) 


The only operators which always commute with 
KH (A)+5(B)+--- and H(AB---) are F,(AB---) 
and R;(AB---), where 


and R,(AB---) are all those covering operations for 
the entire molecule AB: --; i.e., those covering opera- 
tions common to the point groups of groups A,B,-:--. 
Only in certain special cases, to be discussed later, 
do other operators commute with 3(AB---). In 
designating the complete nuclear spin functions for 
molecules containing more than a single group of 
equivalent nuclei, we shall use the same notation as that 
proposed in the previous section except that the multi- 
plicities will no longer be given. In such cases the 
multiplicities are deleted because F?(AB---) does not 
commute with 3((AB---). If for a particular molecule 
there is more than one spin function belonging to the 
same representation of the molecular point group, 
and having the same eigenvalues of F,(AB---), then 
these states will be distinguished by labeling arbi- 
trarily these spin functions. For example, in CH,=CF»2 
there are four states with (41))9 symmetry and these are 
labeled arbitrarily according to the scheme: 1(A1)o, 
2(A1)o, 3(A1)o, and 4(A1)o. 

Table II shows the detailed products which are used 


TABLE II. Zero-order spin functions for two nuclei in group A, 
two nuclei in group B, and Cy molecular symmetry. 











}9(A —Donh) ;°(B —Donh) O° (AB —Co)*® 
3(Aig)i 3(Aig)1 1(A1)2 
3(A1g)o 3(Aig)1 1(Ai)1 
3(A1g)1 3(A1g)o 2(Ai)1 
3(Aig)_1 3(4 1g)! 1(A1)o 
3(Aig)1 3(Atg)-1 2(A1)o 
1(Aou)o 1(Aou)o 3(A1)o 
3(Aig)o 5(Aig)o 4(A 1)o 
3(A1g)o0 3(A1g)-1 1(A1)_1 
3(A19)-1 3(Aig)o 2(A1)-1 
3(Aig)-1 3(Aig)-1 1(A1)-2 
1(Aou)o 3(Aig)1 1(B2) 
3(Aig)1 1(Aou)o 2(Be): 
3(4 19)o 1(4 2u)o 1 (Be)o 
1(Aou)o 3(Aig)o 2(B2)o 
1(Aou)o 3(A lg)-1 1(Be)_1 
(A 1g)-1 1(Aou)o 2(B2)-1 








® Note that the n°(AB) are products of #°(A) and #;°(B) listed on the 


Same row. 
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TABLE III. Spin states for three nuclei in group A, three nuclei in 
group B, and D3, molecular symmetry. 











Symmetry Number of states 
(A1’)s 1 
(A1')o 2 
(Ay’): 4 
(A1’)o 6 
(Ay’)-1 4 
(Aj’)_2 2 
(A1’)-3 1 
(A2’) 1 
(A2’)o 
(Ao’)-1 1 
(E’)s 2 
(E’); 5 
(E’)o 6 
(E’)1 5 
(E’)_2 2 








in obtaining the zero-order spin functions for a molecule 
with C2, symmetry containing two nuclei in group A 
and two nuclei in group B. 

To illustrate this procedure a little further, let us 
consider the zero-order spin functions corresponding 
to a molecule with D3, symmetry and having three 
nuclei in group A and three nuclei in group B. By using 
the information containing in Table I for the zero- 
order spin functions for group A and group B, and by 
using the group multiplication table for the D3, point 
group, one can show that the molecule (A B—D3,) will 
have zero-order spin functions corresponding to the 
various symmetries given in Table III. Explicit formulas 
for all of the states listed in Table III (in terms of a’s 
and #’s) are easily obtained as products of the spin 
functions listed in Table I (under D;,) except in those 
cases which involve products of pairs of degenerate E’ 
spin functions. In this latter case, for which E’ XE’ 
=A,'+A,'+E’, one must take linear combinations of 
the four possible products of each member of the 
degenerate E’ states which correspond to Aj’, Ay’, 
and E’. 


IV. SOLUTION OF THE SECULAR EQUATION 


The solution of the secular equation (4) can now be 
greatly simplified by using zero-order spin functions 
of. the type described in the two previous sections. 
This simplification is achieved by specifying those 
conditions under which the nondiagonal matrix ele- 
ments in (4) are zero, i.e., those conditions for which 
KHmn=O0 when m¥n. 

Let the symbol Q stand for all those operators that 
commute with the complete Hamiltonian 3((AB-- -) 
and also 3 (A)+3(B)+---. The class Q will 


always include R,(AB---) and F,(AB---), but in 
special cases other operators will be included in the 


class Q. 
The zero-order spin functions have been chosen to be 
eigenfunctions of Q so that 


QP m= Qn Pm’. (20) 
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Therefore, we have in general 


HP m= > HamPnY, (21) 
QHD m=) HamOnPn’, (22) 

and 
Om 2. Kam? = Zz HamOnPn”. (23) 


According to (23), mn=0 unless Om=Qn. One can also 
show that, in general, 3C,,,=0 when m and n are mem- 
bers of a degenerate (£) set provided that the de- 
generate functions are orthogonal. 

Since the class Q always includes R;(AB---) and 
F,(AB---) for any molecule, we always know that 
Hmn=O0 if ®,,° and ®,° belong to different representa- 
tions of the same point group, or if ®,,° and ®,° have 
different eigenvalues of F,(AB---). 

For example, we can now immediately say that the 
secular equation for a molecule with C2, symmetry 
having two nuclei in group A and two nuclei in group B 
(compare Table II) will exactly factor into two 1X1 
determinants [the 1(A1)2 and 1(A;)_+ states ], five 2X2 
determinants [involving (A1);, (A1)-1, (Be)1, (Be)o, 
and (B,)_; states ] and one 44 determinant [involving 
the four (A;)o states ]. In many cases the solutions of 
the factored secular equation can be quite well ap- 
proximated by perturbation theory. 

The starting spin functions #,,°(AB) will be repre- 
sented as in Table II [e.g., 3(A1)o ] and the correspond- 
ing exact functions ®,,(A B) or the perturbation theory 
approximation to the exact functions ®,,(AB) are 
represented in the same manner except that a prime 
will be placed after the first index [e.g., 3’(A1)o]. 

It may be of interest to point out that there are some 
relatively simple rules that can be used in the evalua- 
tion of nonzero matrix elements involving spin-spin 
interactions. In the evaluation of a matrix element of 


the type 
(6 n.°|D Fesl(é)-1(,) |®29) 


there occur many terms of the type 
(Wr! Jis@-1(s)|¥0), 
i<j 
where the y, and y,, are single products of spin functions 
such as aBaa: --. These integrals are easily evaluated by 
the equations 
WrlX Jil @-U(j) |b) =F LO SJisTis, — (24) 
i<j i<j 
where 7;;=-+1 if spinsi and j are parallel, and 7;;= —1 
if spins 7 and j are antiparallel. 


Yr|d JA) -1(j) bo) =2USii, (25) 


i<7 


where U=1 if y, only differs from y, in the permuta- 
tion of spins i and 7, and U=0 in all other cases, 
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For some molecules still other operators belong to 
the class Q. This is true for a few simple substances 
(such as PF; mentioned in the Introduction) and is 
also true for many molecules having rapid internal 
rotations. Let us consider a molecule containing a group 
of equivalent nuclei A and another group of equivalent 
nuclei B, and having internal rotation such that 
J 42 =J4* for all i, 7. An example of this would be 
CH;—CF;, where rapid internal rotation about the 
C—C single bond effectively averages to zero all the 
instantaneous differences between the various H—F 
coupling constants. The complete Hamiltonian for the 
molecule under consideration is then given by 


5C= 3 (A)+5C (B) 
+3¢(4A)+5¢ (BB) 
+ J4BF(4)-F(B). (26) 


For the Hamiltonian in (26), the following operators 
belong to the class 0: R,(A), R;(B), F(A), F°(B), 
50° (AA), 30 (BB) as well as R;(AB) and F,(AB). 
Moreover, the zero-order spin functions discussed in the 
previous sections are eigenfunctions of these operators. 
Thus, for the Hamiltonian in (26) we have that, for 
MN, 


Hmn= J43(@,,°(AB) | F(A)-F(B)|,°(AB)). (27) 
Equation (27) may be rewritten in the form 


Hmn= J 48 (b,9(A) | F(A) |,°(A)) 
X (@,°(B) | F(B)|®,°(B)), (28) 
where 
®,,°(A B) = ©/(A)®,°(B) (29) 
and 


©,°(AB)=@)(A)®,"(B). 
We note that 3,,,=0 unless: 


(1) 6°(A) and #,°(A) belong to the same repre- 
sentation of the symmetry group of the A group of 
equivalent nuclei; i.e., these two functions must have 
the same eigenvalues of R,(A). 

(2) &°(A) and (A) have the same multiplicity. 

(3) (F.(A)):=(F.(A));+1, where 


F,(A)®?(A)= (F,(A)) (A). (30) 
(4) Conditions (1)-(2) hold also for #,°(B) and 
,°(B) and (F,(B)) p= (F.(B)),¥1. 
(S) (F.(AB))m= (F2(AB))n. 


It is easily shown that all the diagonal matrix ele- 
ments of J42(F4-F,) are given by the equation, 


(®,,°(A B) | J42F(A)- F(B) |®,,°(A B)) 
= J43(F,(A))i(F.(B))p. 


In the section on selection rules, it will be shown that 
for those classes of molecules corresponding to the 
Hamiltonian in (26), it is not necessary to calculate 
eigenvalues of 3(AA) and 3“)(BB) since these 
eigenvalues do not affect the observed spectra. 


(31) 
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V. SELECTION RULES 


The probability P(m—n) (in sec) that a nuclear 
system undergoes the transition m—n (i.e., ®n—®,) is 
given by the equation’ 


8x3 
P(m—n)= Gp ta lmnin (32) 
1 
where 
wh D yileli) (33) 
and 
(uz)mn= (P| uz |Pn). (34) 


In (32), p, is the energy density per unit frequency 
range arising from the oscillatory radio-frequency field 
in the x-direction. 

For a molecule containing groups of chemically 
equivalent nuclei, A,B,---, one condition that (uz)mn 
be different from zero is 


This is our first selection rule and is the familiar require- 
ment for magnetic dipole radiation. Additional selec- 
tion rules are derived by the following considerations. 

Of the operators Q which commute with the complete 
Hamiltonian 3, there will be a subclass Q’, which also 
commute with u-: 


O'us—n20’=0. (36) 


One then has the set of selection rules that if (42) maX¥0 
then Om’ =Q,’, or conversely if Om’¥Q,’ then (uz) mn=0 
and the m—n transition is forbidden. 

For any arbitrary nuclear system the only operations 
which always belong to Q”’ are the symmetry operations 
R,(AB---). We therefore have the general selection 
rule: If the m—n transition is allowed, then the upper 
and lower energy state spin functions belong to the 
same representation of the molecular point group. If 
the spin functions of the upper and lower energy states 
belong to different representations of the molecular 
point group, the transition is forbidden. 

For example, referring to Table II, we see that in this 
particular case transitions of the type 1’, 2’, 3’, 4’(A1)o 
—1’, 2’(A;); are all allowed (although some may be 
weak in many cases). It is extremely interesting to note 
that some of these allowed transitions correspond to 
“combination bands’’; i.e., signals can be expected at 
principal frequencies other than the resonance fre- 
quency of group A, (1/27)yaHa or the resonance fre- 
quency of group B, (1/27)yszHx. These will, however, 
be of very low intensity except when |ysHa—vysH | 
~|J48|. For example, the energy of the allowed 
2'(A1)o1'(A); transition contains the term, 1/27 
X[2vsHe—yaHa] and corresponds to the simul- 
taneous “flip” of three nuclei. Of course transitions of 
the types (A1)-1—(A1)4: and (Be)o—(A1); are always 


7A derivation of the corresponding equation for electric dipole 
radiation is given in Chapter VIII of reference (6). 
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Fic. 1(a). The fluorine NMR spectrum of 1,1-difluoroethylene. The abscissa is the applied sweep field in milligauss. 
(1 mgauss=4.00 cps.) 


forbidden irrespective of the relative magnitudes of 
lyaHa—vyesH p| and | J48]. 

For those molecules for which the Hamiltonian in 
(26) is appropriate, still other selection rules apply. 
In this case, for an allowed transition m—n, one must 
have (Ri(A))m=(Ri(A))n, (Ri(B))m=(Ri(B))n. The 
operators 30 (AA) and 3¢C®(BB) also belong to the 
class Q’ for the Hamiltonian in (26) and (3° (AA))m 
= (350) (AA)),, and (30 (BB)) m= (30 (BB)) ,. There- 
fore since there is no change in the energy of interaction 
between equivalent nuclei during an allowed transition, 
these interactions do not give rise to multiplets. Also, 
since F?(A) and F?(B) belong to the class Q’, there is 
no change in the multiplicities of the spin functions for 
groups A and B during an allowed transition. 

To illustrate these rules let us consider the spin 
functions given in Table II and consider that the 
Hamiltonian in equation (26) is applicable. In this case, 
for example, transitions 1’(A1)o—1'(A1)1 and 1’(A1)1 
—1'(A,)2 are allowed, whereas transitions 3’(A1)o 
—1'(A,); and 3’(A,)o—2’(A)); are forbidden. 
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Fic. 1. (b) The proton NMR spectrum of 1,1-difluoroethylene. 
The abscissa is the applied sweep field in milligauss. (1 mgauss 
= 4.26 cps.) 


VI. EXAMPLE: 1,1-DIFLUOROETHYLENE 


The purpose of the present section is to illustrate the 
application of the general methods outlined in the 
present paper to the analysis of the high-resolution 
NMR spectrum of CH.= CF». The H! and F"® resonance 
spectra of this substance are given in Figs. 1 (a) and 
(b), and it will be noted that each spectrum shows four 
strong signals and four weak signals. The signals have 
been labeled 1-8 in Figs. 1 (a) and (b). These spectra 
were obtained with a Varian high-resolution NMR 
spectrometer at a fixed frequency of 40 mc and mag- 
netic fields of 9396 and 10 000 gauss for the H! and F" 
resonances, respectively. 

The Hamiltonian corresponding to Eq. (15) for 
CH,= CF, is 


R= yaa (1.(Hi)+1.(A2)) 
+r e(I.(Fi)+12(F2)) 
+Jiy#? (Ay) -U(Fi1)+-Si2"? (A) - UF 2) 
+J oF 1 (He) -1(F 1) +S 227" 1(A2) - 1(F2) 
+J2441(H,)-1(H2)+J FP 1(F1)-U(F 2). (37) 
Since CH.= CF, has C2, symmetry, we have 
J BF = Jop4F , 
J gtP =Jo,4F 
where the H! and F’ nuclei have been labeled according 


to the system 
(1) H F (1) 
C=C , (I) 


(2) H F (2) 


The appropriate zero-order spin functions for (I) are 
those listed in Table II where group A comprises the 
H, and Hz nuclei and group B the F; and F» nuclei. 
As indicated in a previous section, the secular determi- 
nant for this problem exactly factors into two 1X1, 
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five 2X2, and one 4X4 determinants. Since, for this 
problem |yxHuH—yrHr|~2.4X10° cps, and the J’s 
are ~40 cps, the solutions of the 2X2 and 4X4 de- 
terminants are accurately approximated by perturba- 
tion theory. 

When first-order perturbation theory is used the 
secular determinant further factors into twelve 1X1 
and two 2X2 determinants. The two 2X 2 determinants 
arise from accidental degeneracies in the 3(A1)o and 
4(A,)o, and 1(Be)o and 2(Bz)o states. Transition fre- 
quencies are readily obtained from these determinants 
and the frequencies of allowed transitions are given in 
Table IV for the resonance lines of the H! nuclei. 
The multiplet splittings (and relative intensities) for 
the F! resonance spectra are theoretically identical to 
those of the H! nuclei. Table IV employs the following 
definitions: 

K=J.#4#+-J,,F", 
L=J 8? —J 24? 
M=J 28 —JyoFF 
N=Jyy2?+J 2". 

Table IV shows that there are ten distinct allowed 
transitions in the H! (as well as F") resonance spectra 
for CH,= CF». In Figs. 1 only eight distinct transitions 


are observed. We find that the observed spectrum is 
accounted for if we make the following assignments: 


Ji#4#= 4 cps, 
Ji2"* = 37 cps, 
Jy? = 1 cps, 
J 24” = 34 cps. 


(38) 


(39) 


For these J values the transitions 2’ (A )_;—3’(A1)o and 
2' (Bz) 02’ (Be); and (3’(A 1)0—2’(A 1 and 2'(Bo)_1 
—2'(Bz)o) are separated by about <2 cps and are there- 
fore not resolved in Fig. 1. The numbers listed in 
Eqs. (39), were determined directly from measured 
multiplet splittings and the theoretical expressions for 
the transition energies given in Table IV. Actually, on 
the basis of the theoretical equations and the observed 
spectrum in Figs. 1, there is in fact no way of deciding 
whether the coupling constant of 37 cps is equal to 
Jio¥? or Ji24", or whether the coupling constant of 34 
cps is Jy2#" or Jy;4". The assignments in Eqs. (39) 
were made on the basis of comparison of these coupling 
constants with multiplet splittings in other molecules, 
to be described elsewhere. Also, it is not possible to dis- 
tinguish between positive and negative values of the 
coupling constants. 
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TABLE IV. Proton multiplet spectrum for CH2= CF». 
























bs Theo- 
Transition energy* retical 
Band Theoretical Observed _ relative 
No. Transition (cps) intensity 
1 4'(A1)o 22'(Ai): 1K+3(K2+12)t 48 0.11 
2 2'(B2)_1—1' (B2)o 3M+3(M?+L*)t 40 0.14 
3 1’(Ai): —1'(A1)2 4N 17.5 2.00 
1’(Ai)o —1'(Ai): 3N 
4 2°(A1)-1-73'(A1)o 1K+3(K2+ 12) 6.5 1.74 
2'(Bz)o —2'(Bz)1 4M+3(M?+L?)4 
5 3'(A1)o —2’(A1)1 4K—3(K?+L*)t —6.5 1.74 
2' (Bz)_1—2' (B2)o —3M— 4(M?+L?)s 
6 1’(A1)-1-2'(A1)o —3N —17.5 2.00 
1’(A 1)-2—1'(A i)-1 ™ 4N 
7 1'(Bs)yo -2'(Bs): 41M—43(M?2+12)! —40 0.14 
2'(A1)-1-4'(A1)0 S38. K—-4(K24+-L*)t =—48 0.11 








® These transition energies are measured relative to the principal reso- 
nance frequency at (1/2r)yHHu. 


In Table IV there is no serious mixing of the starting 
functions except in the case of 3’(A1)o9 and 4’(A1)o, and 
1’(Bz)o, and 2’(Bs)o, and so the final’ functions listed 
with these exceptions are essentially the same as the 
corresponding starting functions. The zeroth-order per- 
turbation wave functions for the aforementioned two 
sets are: 


3’(A1)o=C13(A 1)o+C24(A1)o, 
4'(A1)o=C23(A1)o—C14(A1)o, 
1’(Bz)o=C31(Be)o+C42(Be)o, 
2’(B2)o=Cal (B2)o—C32(Be)o, 


(40) 














where 
C. LD ! 
| Cc, 2 ee 
C3 [ LP y 
C. ee ee 


The theoretical relative intensities were calculated 
using these wave functions and the experimentally de- 
termined coupling constants in Eqs. (39). It is quite 
likely that these theoretical relative intensities are 
more precise than those which can be obtained experi- 
mentally at present with available instrumentation. 
Table IV also gives the experimental values of the multi- 
plet separations listed for the H! resonances according 
to the numbering used in Fig. 1(b). The observed F¥ 
multiplet separations were equal to those of H' to 
within the experimental accuracy (1 cps). 
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Absorption cross sections of methane and ammonia for electromagnetic radiation in the range from 1300 A 
to 374 were obtained with a two-meter radius of curvature, grazing incidence vacuum spectrograph. For 
methane 85 wavelengths were measured. Starting from «= 14 Mb (1 Mb=10~'* cm?) at 1300 A, the absorp- 
tion first increased slowly and then rose more rapidly to a maximum of ¢=56 Mb at 960278 A correspond- 
ing to the first ionization potential of methane. The absorption then decreased gradually to 14 Mv at 374 A. 
The total f-value pertaining to the transitions of 2p-electrons was found to be 6.1. For ammonia, 100 wave- 
lengths were measured. Band absorption appeared at longer wavelengths. The continuous absorption began 
near 1210 A and extended to the shorter wavelengths. The structure of the absorption contour suggested 
the existence of two ionization continua: a weaker one with maximum ¢=21 Mb at 1130420 A and a larger 
one with its maximum of 34 Mb at 730+20 A. These two maxima corresponded to the ionization limits of 
the outer electrons of ammonia. The total f-value was found to be 5.9. 





INTRODUCTION 


BSORPTION spectra of methane and ammonia in 
the vacuum ultraviolet have been studied by 
several investigators. For methane, Duncan and Howe! 
found a continuous absorption between 1450 A and 
850 A. Wilkinson and Johnston? working in the range 
from 1850 A to 1370 A found that the absorption began 
to be observable at 1450 A increasing to a value of the 
coefficient of 70 cm™ at 1370 A. Dalgarno® made a 
theoretical calculation of the photoionization cross 
section between 946 A and 500 A by the use of a neon- 
like wave function which will be compared to the ex- 
perimental results presented here. 

The absorption of gaseous ammonia at room tem- 
perature begins at 2200 A and extends to the vacuum 
ultraviolet region.‘:> Duncan‘ extended these investiga- 
tions to 850 A and found a system of bands at wave- 
lengths longer than 1160 A and a continuous absorp- 
tion for shorter wavelengths. These bands were classi- 
fied into four electronic transitions. The maxima of the 
intensities in the four transitions had the wavelengths 
of 1905 A, 1538 A, 1288 A, and 1178A respectively. 
The present work deals with the absorption cross sec- 
tions of methane and ammonia between 1306 A and 
374 A. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The investigations on the absorption cross sections of 
methane and ammonia were carried out with a grazing 
incidence vacuum spectrograph. A grating with a 
radius of curvature of two meters and ruled with 14 405 
lines per inch, had a plate factor of from 2.5 A per mm, 


1A. B. F. Duncan and J. P. Howe, J. Chem. Phys. 2, 851 
(1934); G. Moe and A. B. F. Duncan, J. Am. Chem. Soc. 74, 
3140 (1952). 

( 2 hg Wilkinson and H. L. Johnston, J. Chem. Phys. 18, 190 

1950). 

3 A. Dalgarno, Proc. Phys. Soc. (London) A65, 663 (1952). 

4S. W. Leifson, Astrophys. J. 63, 70 (1926). 

5 J. K. Dixon, Phys. Rev. 43, 711 (1933). 
sie) B. F. Duncan, Phys. Rev. 47, 822 (1935) and 50, 700 

6). 


at 500 A to 3.5 A per mm at 1300 A. A constant inten- 
sity line emission source’ supplied the required light 
from a condensed ac spark discharge, which passed 
through a quartz capillary of two millimeters in di- 
ameter. Lines of different wavelengths ranging from 
1300 A to 374 A were used. Air, argon, and freon were 
used in the source, and their pressures ranged from 15 
to 100 microns with breakdown potentials from 1500 
to 8000 volts and one to three sparks per cycle. Listed 
in Table I are the photographic densities, D, of four 
different exposures of the same air line. The exposure 
times were constant and the spectrograph tank was 
maintained at high vacuum. A condenser of 0.018 ufd 
connected across the source gap was charged every 
cycle to a potential at which the spark would pass 
through the quartz capillary of the discharge tube. The 
results of Table I show that the source was constant to 
within 2.5 percent. 

Eastman spectroscopic plates, type 103a-0, sensi- 
tized for the ultraviolet by a thin layer of fluorescent 
lacquer, were used. For each individual plate, a calibra- 
tion curve was obtained using light of wavelength 
3150 A as discussed by Weissler, Lee, and Mohr.® This 
yielded a relationship between the photographic density 
and the natural logarithm of the time of exposure. It 
has been shown’ that the reciprocity law and constant 
quantum efficiency were valid between light of 3150 A 
and vacuum ultraviolet radiation used in these experi- 
ments. After the calibrated plate was introduced into 
the spectrograph, the tank was pumped out to a pres- 
sure of less than 0.1 micron. Then the absorbing gas 
was allowed to flow into the tank until the pressure was 
100 microns and pumped out again. This was repeated 
several times to rinse out any residual air and other 
contaminating gases. In the meantime, the source tube 
was adjusted for steady-state operation. Four identical 
time exposures were taken for different pressures of the 
absorbing gas in the tank. The time of exposure for 

7P, Lee and G. L. Weissler, J. Opt. Soc. Am. 42, 80 (1952). 


8 Weissler, Lee, and Mohr, J. Opt. Soc. Am. 42, 84 (1952). 
®P. Lee and G. L. Weissler, J. Opt. Soc. Am. 43, 512 (1953). 
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different plates lasted from five to thirty minutes. The 
pressure for each exposure was measured by a cali- 
brated mercury McLeod gauge, to which a liquid- 
nitrogen or dry-ice trap was attached to prevent con- 
tamination from mercury vapor. A thermocouple and a 
Philips gauge were two auxiliary instruments for pres- 
sure measurement. The pressures in all experiments 
were smaller than 35 microns. Both spectrograph tank 
and source tube were maintained in a state of dynamic 
equilibrium by continuous pumping and supplying of 
new gases. A value of 5 percent has been estimated for 
the accuracy of the pressure measurements. 

The light beam from the source passed through the 
primary slit of 30 microns width into the spectrograph 
tank which was either at a high vacuum or contained 
the absorbing gas at various pressures. There the grat- 
ing dispersed the light and reflected it onto the photo- 
graphic plate. From the progressively decreasing densi- 
ties of the source lines with increasing pressures of the 
absorbing gas, the absorption coefficients or cross 
sections could be evaluated according to standard 
procedure. 

Methane and ammonia, supplied by the Matheson 
Company in cylinders, were purified by repeated con- 
densations and fractional distillations. By using freezing 
agents of suitable cooling temperature, either higher or 
lower boiling point impurities could be removed. A 
liquid-nitrogen trap was used to condense methane 
while allowing gases of lower boiling point uncollected, 
such as Ne and He, to be pumped off. Impurities of 
higher boiling points such as ethane and carbon di- 
oxide were frozen out by passing the evaporated 
methane through an alcohol-ice trap which was ob- 
tained by the addition of liquid nitrogen into alcohol. 
The process can be repeated by exchanging the posi- 
tions of the two traps. Usually, the gases were purified 
three times. For ammonia, traps of dry ice and salted 
ice water were used. The purities of methane and 
ammonia were higher than 99.0 percent and 99.9 per- 
cent respectively as stated by the supplier. 


EXPERIMENTAL RESULTS AND DISCUSSION 


I. Methane 
As the pressures of the absorbing gases in this work 
were low, not over 40 microns, they could be considered 


TABLE I. Constancy of the light source with 
spectrograph tank at high vacuum. 








Wavelength (A) 





of the line Standard Probable 
measured Di D2 D3 Ds deviation error percent 
1306.0 OI 0.88 0.91 0.91 0.90 0.014 1.0 
1304.9 OI 0.92 0.94 0.96 0.97 0.022 2.0 
1302.2 OI 1.03 1.06 1.05 1.04 0.014 0.9 
11521 GO 1.47 1.49 1.46 1.51 0.024 Le 
979.8 NII 3.61 3.62 3.66 0.036 0.7 
977.0 CIIT 3.04 3.14 3.26 0.11 2.4 
574.7 NII 1.52 1.54 1.54 0.01 0.4 
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as ideal gases. Lambert’s and Beer’s law lead to the 
equation 

T= Toe #TorL/ pot) = Ioe~2?, 
where 
RToL 





a= and k=no0. 


pol 


Io is the intensity of the incident light, J the intensity 
of the transmitted light, Z the length of the absorption 
path, & the absorption coefficient in cm™ at standard 
conditions of po7'o, « the absorption cross section, m the 
number of molecules per cm*, p and T the pressure and 
temperature of the absorbing gas. The quantity a is 
equal to the slope of the straight line obtained by 
plotting log. Jo/I against p. From a either k or o can 
be calculated. 

The absorption cross sections, ¢, of methane ob- 
tained from six plates are listed in Table II and Fig. 1, 


TABLE II. Absorption cross sections of methane. (The number 
in ( ) following the value for o indicates the number of photo- 
graphic plates used to evaluate o. Each plate contained four ex- 
posures at different pressures of the absorbing gas.) 











Wavelength Wavelength 

(A) a Mb (A) oa Mb 
1306.0 OI 14 (2) 871.1 ATIT 42 (1) 
1304.9 OI 14 (2) 864.7 CIII 42 (1) 
1302.2 OI 14 (2) 851.6 CIII 44 (1) 
1275.1 NII 16 (2) 850.6 AIV 43 (1) 
1243.3 NI 18 (3) 840.0 AIV 41 (1) 
1217.6 OI 19 (1) 835.1 OTIT 42 (2) 
1215.7 Ha 16 (1) 834.6 OII 48 (1) 
1206.9 Sill 18 (1) 833.7 OII 46 (2) 
1200.7. NI 19 (2) 833.3 OII 43 (3) 
1200.2 NI 20 (2) 796.7. OII 42 (2) 
1199.5 NI 19 (1) 776.7 OII 42 (1) 
1184.5 NIII 20 (2) 775.9 OIl 39 (1) 
1183.0 NIII 23 (2) 772.9 NII 43 (2) 
1176.4 CII 25 (1) 772.4 NIII 38 (1) 
1175.5 CII 23 (1) 771.9 NIII 43 (2) 
1152.1 OI 19 (1) 771.5 NIII 39 (2) 
1135.0 NI 19 (3) 765.1 NIV 40 (2) 
11344 NI 19 (3) 764.5 NIV 36 (2) 
1085.5 NII 29 (2) 763.3. NIV 36 (2) 
1084.6 NII 27 (2) 747.0 NII 35 (1) 
1071.8 CIIT 32 (1) 745.8 NII 39 (2) 
1065.9 CII 31 (1) 686.3 NIIT 36 (2) 
1037.0 CII 31 (2) 685.0 NIIT 32 (2) 
1036.3 CII 31 (2) 660.3 NIT 33 (3) 
991.5 NII 29 (3) 645.2 NII 29 (2) 
989.8 NII 38 (2) 644.8 NII 32 (2) 
979.8 NII 41 (3) 644.6 NII 27 (2) 
977.0 CIII 44 (2) 644.1 NII 36 (2) 
961.5 CII 56 (1) 629.4 NII 35 (1) 
958.5 FI 60 (1) 629.2 NII 36 (1) 
955.5 FI 56 (1) 617.1 OTT 34 (2) 
954.8 FI 56 (1) 616.3 OII 31 (2) 
951.9 FI 56 (1) 600.6 OII 31 (1) 
932.0 AIIT 48 (1) 599.6 OIII 31 (2) 
924.3 NIV 42 (2) 582.2 OII 25 (2) 
923.2 NIV 46 (3) 581.0 OII 25 (2) 
916.7 NII 49 (1) 580.4 OII 25 (2) 
916.0 NII 46 (1) 538.3 OII 23 (2) 
887.4 AIT 38 (1) 537.8 OII 24 (2) 
883.2 AIII 39 (1) 508.2 OIII 23 (2) 
879.6 AIII 41 (1) 507.7 OIII 25 (2) 
875.8 AIII 45 (1) 374.3. NIV 14 (1) 
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Fic. 1. Absorption cross sections of CH. The solid lines represent 
the measured values of o, and circles are Ditchburn’s data. 


which shows a continuous absorption with c= 14 Mb* 
at 1300 A increasing slowly up to 980 A where the ab- 
sorption rises steeply to a peaked maximum with o 
equal to 56 Mb at 960 +20 A and decreases gradually 
to c=14 Mb at 374 A. Using a Lyman continuum as a 
source revealed no obvious discreet absorption bands. 

The results are in good agreement with those of 
Ditchburn,” whose values are also shown by circles in 
Fig. 1, and with the direct photoionization measure- 
ments by Wainfan, Walker, and Weissler.'! The wave- 
length corresponding to maximum absorption, 960 
+20A or 12.9_9.:*+°4 ev was identified with the first 
ionization potential of methane. Recent electron impact 
experiments”-" gave the value of 13.07+0.02 ev. 
According to Mulliken’s model'® the electron configura- 
tion of methane is 1s? 2s? 2°, where the p-electrons are 
rather loosely bonded to the nucleus in comparison 
with the 1s-, 2s-electrons. Therefore the first ionizing 
process of methane must correspond to the removal of a 
2p-electron from the nuclei. The present measurements 
may be compared with the theoretical work of Dal- 
garno® as shown in Table III. Dalgarno considered the 
methane molecule as quasi-atomic and used neon-like 
wave functions in his calculations. The values obtained 
by him are of the same order of magnitude (within 40 
percent) as those of this work; they are somewhat 
larger than the experimental ones in the region near the 
spectral head. However, the relative difference becomes 
smaller at the short wavelength end. A part of the dis- 
crepancy might be due to the fact that exchange effect 
was neglected in the theoretical calculations.t 

At the long wavelength side a o value of 14 Mb at 
1300 A agrees roughly with an extrapolation of the 


* Mb=1 megabarn= 10~'8 cm’. 

10 R. W. Ditchburn, private communication, submitted to Proc. 
Roy. Soc. (London). 

1! Wainfan, Walker, and Weissler (to be published). 

12 Lossing, Tickner, and Bryce, J. Chem. Phys. 19, 1254 (1951). 
( 18 J. J. Mitchell and F. F. Coleman, J. Chem. Phys. 17, 44 

1949). 

14M. B. Koffel and R. A. Lad, J. Chem. Phys. 16, 420 (1948). 

15 R. S. Mulliken, Phys. Rev. 40, 55 (1932). 

t A. Dalgarno, private communication, 1953. 
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work by Wilkinson and Johnston.? Moe and Duncan! 
determined absolute absorption cross sections between 
1450 A and 1050 A and found a flat maximum between 
1300 A and 1200A with o=22 Mb (our value at 
1243.3 A: c=18 Mb). Below 1100A their data agreed 
closely with those presented here. The continuous 
absorption contour obtained from the work presented 
here showed only the barest indication of a maximum 
at approximately 1180 A. The application of a quasi- 
atomic model to methane seems strongly supported 
for the region of its ionization continuum. However, 
the continuous absorption at wavelength longer than 
the ionization limit cannot be explained on the basis of 
this assumption. In the atomic case, the absorption at 
longer wavelengths should be zero except for discrete 
absorption of Rydberg series bands. It seems unlikely 
that the observed continuous absorption at the long 
wavelength side of the ionization limit is the tail part 
of the dissociation continuum of methane. Recent data 
on the dissociation of methane'® showed the following: 


CH,=CH;+H—101 kcal (4.4 ev or 2880 A); 
CH;~CH.+H— 87 kcal (3.8 ev or 3260 A); 
CH.~CH+H —125 kcal (5.4 ev or 2300 A); 
CH =C +H-— 80 kcal (3.5 ev or 3600 A). 


Because of the absence of Frank-Condon curves for the 
transitions involved, the probable position of the maxi- 
mum of the dissociation continuum cannot be guessed 
at. However, the results of Wilkinson and Johnston’ 
showed that methane had no appreciable absorption 
between 1850 A to 1450 A. This might mean that the 
dissociation continuum of methane ended in the wave- 
length region longer than 1850 A. The absorption start- 
ing at 1450 A and increasing to a value of 2.6 Mb at 
1370 A could be extrapolated and joined to the long 
wavelength side of the absorption curve of the present 
work. It is therefore felt that the continuous absorption 
(below 1450 A) is not a portion of the dissociation 
continuum. The existence of the continuous absorption 
at wavelengths longer than 960 A might be explained 
by the influence of coupling between vibration and elec- 
tronic motion as discussed by Sponer and Teller.!” Using 
again the quasi-atomic model, one would expect a 


TABLE III. Experimental and theoretical absorption cross sections 
of methane between 946 A and 500 A. 











Wavelength a (Mb) a (Mb) 
(A) experimental theoretical 
946 56 94 
834 41 77 
rg ks 36 57 
625 30 42 
556 26 33 
500 22 24 








16K. J. Laidler and E. J. Casey, J. Chem. Phys. 17, 1087 (1949). 
17H. Sponer and E. Teller, Revs. Modern Phys. 13, 75 (1941). 
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Rydberg series of bands at the long wavelength side of 
the ionization limit. In the region near the series limit 
many electronic states are present which usually are 
degenerate because of the symmetric structure of the 
molecule and should be split due to the vibration of the 
nuclei. For a molecule like methane, a stable sym- 
metrical configuration requires a nondegenerate elec- 
tron wave function in the initial state. Subject to the 
selection rules for this kind of molecule, the absorption 
takes place only from a nondegenerate ground state to 
a degenerate higher level which does not have the same 
symmetry as the former. Many nontotally symmetrical 
vibrations would be excited simultaneously. Thus the 


TABLE IV. Absorption cross sections of ammonia. (The number 
in ( ) following the value of o indicates the number of photo- 
graphic plates used to evaluate o. Each plate contained four ex- 
posures at different pressures of the absorbing gas.) 











Wavelength Wavelength 
(A) ao Mb (A) o Mb 
1036.0 OI 27. «—((4) 765.1 NIII 33 (3) 
1034.9 OI 8.2 (4) 764.5 NITI 36 (4) 
1032.2 OI 15 (4) 763.3 NIII 36 (4) 
1276.2 NII 4.5 (2) 747.0 NII 3a 2) 
1275.1 NII 5.6 (2) 746,8 NII 31 (1) 
1243.3 NII 3.6 (2) 740.2 ATI 25 {1 
1200.7 NI 7.8 (3) 730.9 AIT 34 (1) 
1200.2 NI 7.8 (3) 725.5 AII 32 (1) 
1199.5 NI 7.8 (3) 723.4 AII 34 (1) 
1184.5 NIII 7. <8) 718.5 OII 34 (2) 
1183.0 NIII 18 (1) 703.9 OIII 35 (2) 
1135.0 OI 23 {) 702.9 OIII 35 2) 
1134.4 NII 22 (2) 702.3 OII 33 (2) 
1084.6 NII 20 (3) 686.3 NIII 29 (4) 
1084.0 NII 19 (3) 685.8 NIII 31 (4) 
1037.0 CII 2 (2) 685.5 NIIT 31 (4) 
1036.0 CII 19 (2) 685.0 NIII 33 (4) 
991.5 NIII 20 (1) 673.0 NII 32 (2) 
989.8 NIII 19 (2) 672.0 AIT 32 (2) 
988.8 OI 23 @) 671.9 AIT 31 (2) 
979.8 NIII 25 63) 670.9 AIT 31 @) 
977.0 CIII 24 (3) 666.0 AIT 32 (1) 
924.3 NIV 24 (2) 664.6 AIT 30 (1) 
923.5 NIV 26 (2) 661.9 AIT 30. (1) 
923.2 NIV 2 @) 660.3 NII 28 (3) 
923.0 NIV 23 (2) 645.2 NII 28 (3) 
922.5 NIV 23. +) 644.8 NII 30 (3) 
916.7 NII 21 (3) 644.6 NII 31 (2) 
916.0 NII 20 (3) 644.1 NII 31 (1) 
915.9 NII 21. (1) 643.3 ATIT 28 (1) 
887.4 AIIT 35 (2) 641.8 AIII 3a 6G) 
883.2 AIIT 32 2) 641.4 ATIT 27. (1) 
879.6 AIIT a. @) 637.3 AII 34 (2) 
878.7 AIII 26 (2) 635.2 NII go 1) 
875.5 AIII 29 (2) 617.1 OII 31 (2) 
871.1 AIII 30 (2) 616.3 OIT 32 (2) 
850.6 AIIT 35 (2) 604.2 AIT 31 (1) 
843.8 AIV 34 (2) 599.6 OIII 27° (2) 
840.0 AIV 35 (2) 582.2 NII 29 (1) 
835.3 OIII 32 (4) 581.0 OIL 29 (1) 
835.1 OITI 30 (2) 580.4 OII 28 (1) 
833.7 OLII 32 (2) 555.1 OII 27 «((1) 
833.3. OI 31 (4) 539.9 OII aa. @) 
832.8 OII 32 (4) 539.4 OII 26 (1) 
796.7 OII 33: (3) 539.2 OII 28 (1) 
776.0 OIT 33 (4) 538.3 OII 28 (1) 
773.0 NIII 34 (3) 511.5 AII 24 (1) 
772.4 NIII 34 (2) 503.7 AIT 29 (1) 
771.9 NIII 33 (3) 374.3 OITI 7 6) 
771.5 NIII 3s 374.1 OIII 20 (1) 
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Fic. 2. Absorption cross sections of NH;. The solid lines repre- 
sent the measured values of o, and bands are shown in the upper 
left part. 


spectrum will have a rather complicated appearance. 
If, moreover, the equilibrium positions differ con- 
siderably in the two states, the number of bands might 
be increased so greatly that the spectrum appears 
continuous. 

The oscillator strength or f-value for methane in the 
measured region from 1300 A to 374 A was found to be 
5.5 by integrating the area under a curve obtained by 
plotting the absorption coefficient k versus wave number. 
According to the sum rule, the total f-value of the whole 
spectrum should be equal to the number of electrons 
which take part in the transitions, i.e., 6, due to the six 
2p-electrons. Dalgarno integrated from the wavelength 
at the ionization limit to zero wavelength and gave the 
theoretical f-value as 6.3. The f-value for wavelengths 
longer than 1300 A was obtained by connecting the 
absorption contour of this work with Wilkinson’s value, 
k=70 cm™!, at 1370 A and was found to be 0.04. At 
wavelengths shorter than the present measurements, 
namely 374 A, the absorption was still rather large. 
By extrapolating the absorption curve to zero wave- 
length and integrating the area of the extrapolated 
portion of the curve, a value of 0.57 was found. The 
total f-value for all transitions is then 6.1 which is in 
good agreement with the sum rule, Dalgarno’s estimate 
and Friberg’s dispersion data!® (f;=0.42 at \;=1255 A 
and fo=5.08 at \2»=753 A). 


II. Ammonia 


Figure 2 and Table IV show the absorption cross 
sections of ammonia measured from five plates in the 
spectral region from 1300 A to 374 A. From the large 
fluctuation of values of o of the closely spaced successive 
lines at 1306.0 A, 1304.9A, and 1302.9 A, it can be 
concluded that absorption in this region is due to bands. 
Figure 2 shows that the continuous absorption starts 
at about 1210 A and extends toward the shorter wave- 
lengths. Several plates showed clearly the absorption 
bands of ammonia when photographed with a Lyman 
continuum. The results of these plates agree with the 
earlier observations of Duncan® in the region between 
1300 A and 1170 A. The absorption bands are sketched 


18S. Friberg, Z. Physik 41, 378 (1927). 
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TABLE V. Statistical error of ¢ measurements. 




















oa Mb 

(Average and Probable 

Wavelength oa Mb standard error in 

(A) (Individual measurement) deviation) percent 

CH, 
1306.0 OI 16 12 14 +2.8 14 
1243.3 NI 16 19 18 18 +1.6 6 
1135.0 NI 17 16 25 19 +5.0 18 
1084.6 NII 29 25 27 +2.8 7 
1036.3 CII 29 32 31 +2.2 5 
991.5 NII 29 29 29 20 +0 0 
979.8 NIII 35 41 48 41 +6.5 11 
923.2 NIV 50 43 46 46 +3.5 5 
833.3 OII 47 41 41 43 +3.4 5 
764.4 NIV 36 36 «6336: «+0 0 
763.3 NIV 30 37. 36 «+:1-4 3 
660.3 NIII 30 36 33 «33: +3.0 6 
616.3 OII 33 28 31 +3.6 8 
538.3 OIL 22 24 23 +1.4 4 
NH; 

1306.0 OIL 27 28 29 25 27 +1.7 4 
1243.2 NII 3.0 4.1 3.6+0.8 17 
1134.2 NII 21 22 22 +1.0 3 
1084.6 NII 17 25 17. 20 +4.7 16 
979.8 NIII 24 28 22 25 +3.2 9 
916.0 NII 17 25 17 20 +4.7 16 
871.1 AIII 32 28 30 «330 +2.8 6 
835.3 OIII 36 24 37 300 «332 +6.1 13 
796.7 OII 32 37 30 333 +3.6 7 
776.0 OII a St 32 «638. 2.7 6 
686.3 NIII 21 27 36 31 29 +6.3 15 
660.3 NII 24 31 29. 28 +3.6 9 
644.8 NII 23 32 35 30 +63 14 
§99.6 OIII 30 25 27 +3.6 9 








in the top of Fig. 2. Recently, Watanabe” measured the 
absorption cross sections of NH; between 2000 A and 
1070 A. His results generally agree with the data ob- 
tained here in the overlapping region. The absorption 
curve seems to be composed of two parts with a minor 
maximum at 1130+20 A and a major one at 730+20A 
with o equal to 21 Mb and 34 Mb respectively. Both 
maxima are rather flat. The wavelength of the first max- 
imum, corresponding to 11.9+0.2 ev, can be identified 
with the first ionization potential of ammonia. Values 
obtained from electron impact measurements”! were 
11.2 ev. Duncan® found that his Rydberg series limit 
was 11.6 ev, approximately. The second maximum at 
730+20 A corresponds to 17.0+0.5 ev. From this 
maximum on toward shorter wavelengths the absorp- 
tion falls gradually to 18 Mb at 374 A. 

The electronic structure of the ammonia molecule 
may be compared with that of the nitrogen atom, which 
~ 9K, Watanabe, J. Chem. Phys. 22, 1564 (1954). 


*” J. H. Bartlett, Phys. Rev. 33, 169 (1929). 
21C, A. Mackay, Phys. Rev. 24, 319 (1924). 
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has the form 1s? 2s? 29%. According to Mulliken,” 
when a nitrogen atom and three hydrogen atoms 
combine to form an ammonia molecule, the two 1s- 
electrons of the nitrogen atom become the two inner- 
most electrons of the ammonia molecule. Omitting 
these two electrons, the electronic configuration of the 
ground state of ammonia is (sa;)?(me)*(za;)?. The 
orbital sa;-electron is primarily a 2s-orbital of the 
nitrogen atom and it is only very slightly influenced by 
the bonding between the nitrogen and hydrogen atoms. 
One of the 2-electrons of the nitrogen atom and three 
electrons of hydrogen atoms form the four zre-electrons 
which are strongly bonded. The two za;-electrons are 
nonbonding. Using this configuration, the two absorp- 
tion maxima in the spectrum may be explained. The 
first one at 11.0 ev must correspond to the removal of a 
z2a;-electron and the second one at 17.0 ev to that of a 
me-electron. 

The f-value in the range measured was found to be 
4.9, Assuming that the whole absorption spectrum is 
the superposition of two continua due to za;- and ze- 
electrons, the sum rule indicates that the f-value of the 
transitions due to excitation of all za,- and ze-electrons 
should be six. Extrapolation from 374 A towards shorter 
wavelengths resulted in an f-value of 1.0, thus yielding 
a total f-value of 5.9, close to that predicted by the sum 
rule. The agreement is not so good with the data de- 
rived from dispersion measurements!* where f,;=0.072 
at 1968 A and f2=3.68 at 874 A. 

In Table V, the statistical errors of the absorption 
cross sections of methane and ammonia are listed for 
some wavelengths. These errors were calculated directly 
from the value of o for the same line from different 
plates. 

The greatest statistical error in this table is 18 per- 
cent. A detailed analysis of the uncertainty in the 
experimental results due to all possible causes has been 
made.” It was found that the upper limit of the over- 
all experimental errors was at most 25 percent and on 
the average 10 percent. For many lines, the accuracy 
is higher yet. 

The authors wish to thank Professor R. W. Ditch- 
burn for his many helpful discussions and for making 
his unpublished results on CH, absorption available 
for quotation. The assistance of the Office of Naval 
Research is also gratefully acknowledged. 


2R. S. Mulliken, J. Chem. Phys. 1, 492 (1933) and 3, 506 
(1935). 

23H. Sun, Dissertation, June, 1953, The University of Southern 
California. 
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Note on Hyperconjugation 


Y. Haya 
Department of Chemistry, Tokyo University of Education, 
Otsuka, Tokyo, Japan 
(Received April 5 1955) 


N several computations which have been carried out on the 
MO theory of hyperconjugation, the choice of semiempirical 
parameters, particularly of corrected term 6 for the Coulomb 
integral of Hs or H; quasi-atom, seem to be considerably arbitrary. 
The values of 6 proposed by several authors to date are divided 
into two main classes, namely, the values in the neighborhood of 
—0.2'-5 and —0.5.%§ Among these only Muller, Pickett, and 
Mulliken’ give a theoretical explanation on the basis of LCAO MO 
theory and their argument is very satisfactory from a qualitative 
viewpoint. Still it seems desirable to quantify it. When they esti- 
mated the binding energy of an H2 quasi-x group orbital of the 
form 1s—1s, there should have been added to an atomic integral 
(In in their paper) a term w (see below) as mentioned in the note 
added in proof in their paper. The following computation including 
this term w appears to give a more quantitative basis for deter- 
mining such a parameter. 
According to LCAO MO theory’ the orbital energy (or binding 
energy) of an antibonding 1s—is MO is approximately given by 


€1s—1s “aH —Bun/(1—Syx) 
where 


ayq= €1s +a, Q~ S uaat4(JaatJas), 
Bun> fusab—Suun Sf uaat Sf aa\ab—3Sun(JaatJar), 
and 
Jaa=faa\aa, Ja=faa|bb. 

Here a and 6b denote two hydrogen atoms separated 1.780 A from 
each other (assuming tetrahedral configuration in CH» or CH; 
group), #, is approximately the potential energy function for an 
electron in a field of the positive ion H,*, and Syq is the overlap 
integral between hydrogen atoms a and b. 


Using the Slater-type AO’s with the effective nuclear charge 
unity,! we get the following integral values: 


Jaa= —17.00 ev, Jap= —7.89 ev, 
Smaa=—8.04ev, /mab=—4.11 ev, 
JS aa|ab= —3.36 ev, San =0.282. 
With these values and e1,= — 13.595 ev, we find 


ay=—9.19ev and BuH=—1.98 ev, 
then 


€ls—1s > — 6.42 ev. 


This may be recognized as the Coulomb integral of a quasi- 
1s—1s AO of He or H; and be compared with Coulomb integrals of 
2pr AO’s of the other atoms in unsaturated molecule with 
which to be hyperconjugated. 

When ¢:s_1, is required to be related to the Coulomb integral of 
the 2x carbon AO in benzene (for example, hyperconjugations in 
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toluene, benzenium ion, etc.), the former is found to be slightly 
smaller than the latter (a,(sepc.) = —7.2 ev) in absolute magnitude 
and is written as 


€ls—1s — Qc +6Bec. 


If we use the spectroscopically determined values a-=—7.2 ev 
and 6cc= —2.56 ev," 6 is found to be approximately —0.3. 

Another point to be added is as follows: as far as this value and 
the group overlap value 0.541! between C and H: or H; are used, 
the assumption that y is proportional to S seems to be not ade- 
quate and it should be assumed that 8 is proportional to S as 
proposed by Mulliken and Rieke." A detailed computation of 
hyperconjugation including the above determined parameter will 
be published in the near future. 


1G. W. Wheland, J. Am. Chem. Soc. 64, 900 (1942). 

2 Pullman, Mayot, and Berthier, J. Chem. Phys. 18, 257 (1950). 

3H. C. Longuet-Higgins and R. G. Sowden, J. Chem. Soc. 1404 (1952). 

4C. A. Coulson, Proc. Phys. Soc. (London) 45, 933 (1952). 

5H. H. Jaffe, J. Chem. Phys. 20, 778 (1952). 

6C. A. Coulson and V. A. Crawford, J. Chem. Soc. 2052 (1953). 

7 Muller, Pickett, and Mulliken, J. Am. Chem. Soc. 76, 4770 (1954). 

8 Y. I’'Haya (to be published). 

9R.S. Mulliken, J. Chim. Phys. 46, 497 (1949). 

10 For such a larger internuclear separation where the overlap is appreci- 
ably small, effective nuclear charge for hydrogen atom may be considered 
essentially unity. 

1C, C. J. Roothaan and R. S. Mulliken, J. Chem. Phys. 16, 118 (1948); 
R. S. Mulliken, J. Chim Phys. 46, 675 (1949), Table XVIII. 

12 See reference 8, Sec. III of Part I. 

13 R. S. Mulliken and C. A. Rieke, J. Am. Chem. Soc. 63, 1770 (1941). 





Dimorphism of Para-Dichlorobenzene* 


G. A. JEFFREY AND W. J. McVEAGHT 
The University of Pitisburgh, Pittsburgh 13, Pennsylvania 
(Received March 28, 1955) 


HE literature relating to the structure of p-Cl—CsH,—Cl 
between room temperature and the melting point (53°C) is 
somewhat confusing. The original observation! of a sudden con- 
traction in volume indicated a lattice change at 39.5°C, and later 
this received some measure of confirmation from the report? of an 
inflection in the cooling curve at that temperature. Other investi- 
gators,>-> who were attempting to interpret the low-frequency 
spectra, maintained that a change took place at 32°C with the 
onset of molecular rotation. This interpretation was criticized on 
the basis of work in the same field®-* and from an x-ray study,® 
which appeared to show that only one crystal lattice existed over 
the temperature range 18-45°. On the other hand, the velocity 
of a phase transformation measured” by direct observation of a 
single crystal enclosed in a capilliary gave a transition temperature 
at 30.8°C. It was also observed that the low-temperature form 
could remain indefinitely superheated up to 34°C and sometimes 
remained unchanged for some time at 8-9° above the transition 
point. More recently this phase change has been detected by the 
chlorine nuclear quadrupole coupling": with the transition 
temperature close to 32°C. 

We have confirmed the existence of the high-temperature 6 
form by optical and x-ray examination and have characterized it 
as triclinic with a unit cell a=6.844, b=5.960, c=3.978 A, a 
=91°25’, 8=98°40’, y=92°30’, V=160.2 A,* containing one mole- 
cule. This cell has half the volume of that for the room temperature 
monoclinic a form reported by Hendricks" and there is at least a 
superficial similarity in the cells which have approximately equal 
b- and c-axes. 

The single crystals of the triclinic form were obtained by 
sublimation from about 40° on to a cooler surface. Under these 
conditions both forms are obtained as plates, the a on (100) and 
the B on (010). The 8 form tended to be the more elongated in the 
direction of the c-axis and often appeared as flat needles. The 
crystals can be easily distinguished since the 8 form has oblique 
extinction at 28° to the c-axis direction. When a crystal of one 
form was partly transformed to the other (a— by heating to 40°C 
8—a by cooling below 0°C), the reversible phase transformation 























































was observed through the polarizing microscope to correspond 
with the description of the a—8 transition reported in the kinetic 
study of the Russian workers." 

We found no evidence of the trimorphic monoclinic forms with 
transitions at 25° and 29°C reported briefly in 1914.4 

So far our x-ray study shows no evidence to support Saksena’s 
postulate® that the high-temperature phase is disordered due to 
excitation of free rotation about an axis normal to the molecular 
plane. 

A detailed analysis of the room temperature form has been 
completed by Croatts, Bezzi, and Bua.’® We are undertaking an 
analysis of the triclinic crystals to ascertain the mechanism of the 
phase change and also to establish a more complete structural 
correlation with the nuclear quadrupole data. 


* Work done jointly in the Sarah Mellon Scaife Radiation Laboratory 
and the Chemistry Department and assisted by a grant from the National 
Science Foundation, Washington, D. C. 

+ Present address: Gulf Research and Development Company, Pitts- 
burgh 30, Pennsylvania. 

1K, Beck and K. Ebbinghaus, Ber. deut. chem. Ges. 39, 3870 (1906). 

2A. N. Campbell and L. A. Proden, J. Am. Chem. Soc. 70, 553 (1948). 

3M. Vuks, Compt. rend. acad. sci. U.R.S.S. 1, 73, (1936). 

4A. Rousset and R. Lochet, J. phys. radium 3, 146 (1942). 

5 B. D. Saksena, J. Chem. Phys. 18, 1653 (1950). 

6S, C. Sirkar and J. Gupta, Indian J. Phys. 10, 473 (1936). 

7C. S. Venkateswaran, Proc. Indian Acad. Sci. 8A, 448 (1938). 

8S. C. Sirkar, J. Chem. Phys. 20, 742 (1952). 

9S. C. Sirkar and J. Gupta, Indian J. Phys. 11, 283 (1937). 

10 VY. I, Danilov and D. E. Ovsienko, Doklady Akad. Nauk. S. S. S. R. 73, 
1169 (1950). 

11C, Dean and R. V. Pound, J. Chem. Phys. 20, 195 (1952). 

12 B. C. Lutz, J. Chem. Phys. 22, 1618 (1954). 

13S, B. Hendricks, Z. Krist. 84, 85 (1933). 

4 F, Wallerant, Compt. rend. 158, 385 (1914). 

18 Croatts, Bezzi, and Bua, Acta Cryst. 5, 825 (1952). 





On the Specific Adsorption of Ions in the 
Electrical Double Layer 
Davip C. GRAHAME 


Department of Chemistry, Amherst College, Amherst, Massachusetts 
(Received April 13, 1955) 


N the Stern theory of the electrical double layer it is assumed 
that the number of ions specifically adsorbed at an interface is 
to the number of ions of the same kind in solution as the number of 
adsorption sites is to the number of free places for the ion in solu- 
tion multiplied by a Boltzmann factor, e~”/*?, where w; is the 
energy of specific adsorption. Unfortunately the ratio of the num- 
ber of sites to the number of free places in solution cannot readily 
be defined or evaluated. In an earlier publication! the writer 
suggested that this ratio is given by 2r, where r is the radius of the 
adsorbed ion, but this suggestion is now withdrawn. It was based 
upon the supposition that if a centimeter cube be divided into 
smaller cubes of dimensions 2r, the small cubes on one face of the 
centimeter cube will represent adsorption sites whereas the re- 
mainder of the small cubes represent free places in the solution. 
The defect in this argument lies in the fact that when the center 
of an ion wanders into one of the cubes called adsorption sites it is 
not immediately in a potential well of depth w;, as is implied by the 
subsequent use of the Boltzmann factor. 

There will now be given a more general solution to the problem 
as follows. Let V(r) be the average potential energy of an ion at a 
distance r from the plane interface. Consider an increment of 
distance dr. Then the excess of ions in this increment, per unit of 
area, will be 

dn'=noi expl— V (r)/kT ]dr—noidr (1) 
where mo; is the concentration of ions of type X; in the interior of 
the solution. The total excess per unit of area is accordingly 


ni=no J {expl—V(r)/RT]—1)ar. (2) 


The potential energy function V(r) is composed of two parts, 
one electrostatic and one chemical, and as usual it is not possible to 
separate these parts experimentally or even conceptually. Also, 
V (r) will be approximately a Morse function, but since the intro- 
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duction of this function into Eq. (2) leads to an integral not ex- 
pressible in terms of tabulated functions, it has been suggested? 
that a parabolic well be employed instead. This requires omission 
of the constant 1 from Eq. (2) to take account of the fact that 
exp — V(r) /kT] now goes to zero, rather than to unity, as r> 0. 
The lower limit of integration is changed to — for a similar 
reason. If ro is the value of r at the minimum of V(r), the sug- 
gested form of V(r) is therefore 


V(r) = V (70) —3 (r—10)?(@V/dr*)r =r0, (3) 


where (0?V/dr?)r=ro is minus the force constant of the “bond” 
holding the adsorbed ion to the surface. The subscript r=7ro is 
superfluous for a parabolic potential well but is written here to 
denote the manner in which 0?V//dr? would be chosen in another 
case. 

Putting Eq. (3) into Eq. (2) with the aforementioned changes 
gives after integration 


ni=noil —2ekT /(2V/dr®)r=ro} expl—V(ro)/kT]. (4) 


Although V(ro) and (0?V/dr?)r=ro are both unknown, it is 
possible to adopt a semitheoretical relationship between these 
variables by use of the Morse function and a reasonable value of 
the constant a, whereupon they can both be evaluated from 
measured values of n‘. 

The fact that the adsorbed ions are quantized in their vibration 
relative to the surface suggests the possibility of an alternative 
treatment by the methods of statistical mechanics. It is considered 
by the writer that the quantization of the motion does not render 
the above treatment significantly less valid or useful, however. 

1D. C. Grahame, Chem. Rev. 41, 441 (1947), Eq. (82). 

2 Private communication from Professor Carl Wagner, to whom the 


author wishes to express his gratitude for this suggestion and for the per- 
mission to use it. 





Proton Resonance in Barium Chlorate 
Monohydrate 
R. D. SPENCE 
Department of Physics, Michigan State College, East Lansing, Michigan 
(Received April 5, 1955) 


HE unit cell of Ba(ClO3)2- HO contains six water molecules. 
The proton resonance signal from the hydration waters is a 
simple well resolved doublet indicating that all the p—p’ (proton- 
proton) directions are the same. By rotating crystals about the 
crystallographic axes it was found that the p—/’ vectors are 
parallel to the (010) plane. Determinations on four crystals gave 
an average value of the angle between the c-axis and the p—}’ 
vector of 124°+1.5° (i.e., 30.5° below the positive a-axis since 
B=93.5° for this crystal). The maximum splitting in the (101) 
plane gives a value of 1.56 A° for the p—p’ distance. The compo- 
nents of the doublet show an anisotropic line width which appears 
to arise from a dipole-dipole interaction among four protons which 
lie at the corners of parallelograms parallel to the (010) plane and 
which are associated with nearest neighbor water molecules. 

The crystal structure of this compound has been examined by 
Kartha.! From his results it would appear that if the protons lay on 
lines connecting the water oxygens and the nearest oxygens of 
appropriate chlorate groups the p— p’ vector would make an angle 
of 113.6° with the c-axis as compared to the value of 124° given by 
the present experiment. While other workers? have shown that in 
certain crystals the protons may lie off the 0—O directions, it 
seems rather unlikely in the present compound. 

In addition to the doublet structure most of the crystals showed 
a rather weak narrow central line. The intensity of this line relative 
to that of the doublet components varies from crystal to crystal 
and may be due to minute amounts of water trapped in the 
crystal during its growth. 

1G. Kartha, Proc. Indian Acad. Sci. 36, 501 (1952). 


( 2Itoh, Kusaka, Kiriyama, and Yabumoto, J. Chem. Phys. 21, 1895 
1953). 
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Comparison of the Approximate Solutions for 
Free Neutral Atoms 


T. TIETz 
Nicolas Copernicus University, Torun, Poland 
(Received March 31, 1955) 


HE method of Thomas-Fermi treats the atomic electron as 
a gas at zero temperature, obeying Fermi-Dirac statistics. 
This leads to the equation! 





rp | 
7 tp}, (1) 
The boundary conditions for neutral atoms are 
@=1 for x=0 
@—0 for x >. (2) 


The comparison of the different approximate solutions of the 
Thomas-Fermi equation would be facilitated if there existed a 
measure for the approximation degree of any approximate solution. 
For this measure Umeda? has proposed the numerical value of the 
variational integral 


1(®)= fC (@)?-+$05/x" Vax, (3) 


evaluated by putting the given approximate solution in place of 
&. For Miranda’s* exact solution, direct numerical quadrature of 
(3) gives the value 


T=1.3625, (4) 


which should of course be the limiting minimum value of J. Since 
the minimization of J is equivalent to the integration of the 
Thomas-Fermi equation, the better approximate solution should 
result in the smaller numerical value of 7. The general formula, 
© >t (5) 
ip eeeneneons = a 5 x 
(1+ax)®’ 
is now being studied on the basis of the approximation degree 
(private communication of Professor K. Umeda) previously 
mentioned. If we take a=2, a=7/5, and a=9/5, we obtain 


= 1.3663 = 1.3636 
- pe 0.569272 &= 4/5; t =0.881206 (6) 


._ [1 =1.3650 
a=9/S if = 0.645996. 


Comparing the values to the standard value J = 1.3625 we see that 
the formula for a=2, a=7/5, and a=9/5 is of fairly high approxi- 
mation degree. Table I gives a comparison of the various 
approximations, Baker> approximation pa, Sommerfeld® 
approximation ®go, Buch-Caldwell-Fermi’ approximation ®F¢, Bu, 


v2, 














TABLE I. 

x Pre, Bu Pso Ppa 1PTi UPTi WIPTi 
0.01 0.985 0.969 0.985 0.991 0.988 0.989 
0.03 0.959 0.931 0.959 0.968 0.970 0.966 
0.08 0.902 0.860 0.902 0.915 0.909 0.913 
0.1 0.882 0.836 0.882 0.895 0.888 0.893 
0.2 0.793 0.741 0.793 0.806 0.797 0.804 
0.3 0.721 0.667 0.720 0.729 0.721 0.726 
0.4 0.660 0.607 0.659 0.663 0.655 0.661 
0.5 0.607 0.556 0.606 0.605 0.600 0.604 
0.6 0.562 0.514 0.561 0.555 0.553 0.555 
0.9 0.453 0.412 0.437 0.442 0.438 
1.0 0.425 0.385 0.407 0.413 0.408 
1.4 0.333 0.302 0.310 0.327 0.313 
1.8 0.268 0.244 0.245 0.265 0.251 
2.0 0.244 0.221 0.219 0.241 0.225 
2.5 0.194 0.176 0.170 0.196 0.177 
3.0 0.157 0.143 0.137 0.163 0.144 
4.0 0.108 0.099 0.0931 0.121 0.101 
4.5 0.093 0.084 0.0788 0.106 0.0863 
5.0 0.079 0.073 0.0676 0.0942 0.0746 

10.0 0.024 023 0.0223 0.0410 0.0269 
20.0 0.0058 0.0056 0.00652 0.0167 0.00874 
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and our approximation ;@7; for a=2; 1:1i for a=7/5 and 
111; for a=9/5. We have limited the values to three significant 
decimal places, which are sufficient for our purposes. 

From Table I we see that the well-known Sommerfeld asymp- 
totic formula is not a better approximation. It has a sufficient 
foundation in regard to the asymptotic behavior, while the 
March? formula is obviously an improved approximate solution. 
The Sommerfeld approximation is relatively complicated. More 
details will be published elsewhere. 

In conclusion the writer wishes to thank Professor Dr. Kwei 
Umeda for friendly private comments. 

1L. H. Thomas, Proc. Cambridge Phil. Soc. 23 (1926); E. Fermi, Rend. 
reale acad. Naz. Lincei 6, 602 (1927). P. Gombas, Die statistische Theorie des 
Atoms (Verlag Julius Springer, Wien, 1949). 

2K. Umeda, J. Phys. Soc. Japan, 9, 290 (1954). 

3C, Miranda, Mem. R. Acad. d’ italia 5 (1934). 

. Tietz, J. Chem. Phys. 22, 2094 (1954); Ann. Physik 15, 186 (1955). 
. Baker, Phys. Rev. 36, 630 (1930). 
. Sommerfeld, Rend. reale acad. Naz. Lincei 15, 788 (1932). 


. Bush, and S. H. Caldwell, Phys. Rev. 38, 1898 (1931). 
. H. March, Proc. Cambridge Phil Soc. 46, 356 (1950). 
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Electron Theory of Metals and Hydrogen 
Overvoltage 


PAUL RUETSCHI* AND PAUL DELAHAY 


Department of Chemistry, Louisiana State University, 
Baton Rouge, Louisiana 


(Received March 28, 1955) 


T was recently pointed out! that differences in hydrogen over- 
voltage, 7, from one metal to another for given electrolysis 
conditions primarily depend on the heat, D(M—H), of adsorption 
of atomic hydrogen. Then—D(M — H) relationship is approximately 
linear. Other quantities such as work function, lattice constant, 
etc., have been considered in the comparison of overvoltages for 
different metals. It is shown below that these observations can be 
correlated to the 7—D(M—H) relationahip. 
The heat of adsorption of atomic hydrogen can be calculated by? 


D(M —H) =}{D(M—H)+D(H—#)}+23.06(Xu—Xx)’, (1) 


where D’s are the bond energies and X’s the electronegativities. 
Characteristics of the metal appear in D(M—M) and Xy. The 
latter is approximately 0.355¢, @ being the work function of the 
metal.?.4 Furthermore, D(M—M) can be computed from the heat 
of sublimation L of the metal, and L can be correlated to param- 
eters characterizing the metal. Thus, L~3¢/5 for the alkali metals, 
copper, silver, and gold’ and D(M—#H) depends on ¢. The rela- 
tionship between L and ¢ for other metals is more involved, but 
the simple equation L~3/5 suffices to indicate a trend. The 
n— dependence observed by Bockris* can thus be accounted for 
qualitatively; L and consequently D(M-—H) increases with ¢, 
and since 7 decreases with increasing values of D(M—H), the 
overvoltage decreases with increasing work function. 

The energy of sublimation L for Na, K, etc., is proportional® to 
the power 3 of the free electron density, and consequently an 
increase in electron density in the electrode causes a decrease in 
overvoltage. This conclusion is verified experimentally.’ Con- 
versely, large lattice constants and large compressibilities corre- 
spond to relatively low electron densities and high overvoltages. 

Another approach in correlating overvoltage to electrode mate- 
rial can be followed by applying the expression for ¢ derived by 
Wigner and Bardeen.® The expression contains the cohesive energy 
of the metal, and consequently the bond energy D(M—#) can be 
expressed in terms of the work function. Still another approach 
would be to apply Mulliken’s treatment of charge-transfer-no- 
bond adsorption.?:” 

These various treatments show that hydrogen overvoltage 
(or exchange current) can be correlated to various quantities 
characterizing the electrode material. However, the resulting 
relationships would probably be more complicated than the 
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n—D(M—H) dependence which follows more directly from the 
kinetic treatment. A detailed treatment will be published. 

We are indebted to Dr. W. Oldekop for valuable comments on 
the electron theory of metals. 


* Postdoctoral fellow, 1953-54, on a project sponsored by the Office of 
Naval Research. 

1P, Riietschi and P. Delahay, J. Chem. Phys. 23, 195 (1954). 

2D. D. Eley, J. Phys. Chem. 55, 1016 (1951). 

3D. P. Stevenson, J. Chem. Phys. 23, 203 (1955). 

4R.S. Mulliken, J. Chem. Phys. 2, 782 (1934); 3, 573 (1935). 

5H. Frélich, Elektronentheorie der Metalle (Verlag Julius Springer, Berlin, 
1936), pp. 256-285. 

6 J. O'M. Bockris and E. C. Potter, J. Electrochem. Soc. 99, 169 (1952). 

7M. J. Brabers, thesis, Delft, 1954. 

8 F. Seitz, The Modern Theory of Solids (McGraw-Hill Book Company, 
New York, 1940), p. 399. 

9R. J. Mulliken, J. Am. Chem. Soc. 74, 811 (1952); J. C. P. Mignolet, J. 
Chem. Phys. 21, 1298 (1953). 

10 Matsen, Makrides, and Hackerman, J. Chem. Phys. 22, 1800 (1954). 





On the Entropy of Mixing of Liquid Solutions 
A. ENGLERT-CHWOLES 


Faculty of Sciences, University of Brussels, Brussels, Belgium 
(Received March 4, 1955) 


ANY binary mixtures of polyatomic nonpolar molecules 

with approximately central field of forces show an im- 
portant excess entropy [Table I (B)], which at first may be 
attributed to the following causes: 


(1) Order-disorder effect.—This leads to a negative, and practic- 
ally negligible excess entropy.!? 

(2) Changes in the rotational (or orientational) partition function 
on mixing.—The contributions of this effect to Ts, and to g, are 
of the same order of magnitude and of the same sign.* 

(3) Effect of the change in the motion of molecules around their 
equilibrium position—The corresponding excess entropy is 
mainly related to the volume change on mixing.*~® 

Let us consider in more detail the excess entropy resulting from 
this effect and calculated by the cell model assuming an inter- 
molecular potential independent of orientation. We also assume 
that 

eaB’?=eaa*epp* rap*=(raa*+rep*)/2, (1) 


where ¢;;* and r;;* are coordinates of the minimum of the curve 
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describing the interaction between molecules 7 and j as function of 
their distance apart. Experimental data on second-virial coeffi- 
cient of mixtures of simple gases’ and even of complicated poly- 
atomic molecules® justify the use of (1). 

For a solution composed of molecules of the same size (raa*=rpp*, 
but e44*~egp*), Ts, is of opposite sign to, and of the order of 
10 percent to 50 percent of g-; at zero pressure »,-<0, Ts,<0, 
ge>0.45 For a solution composed of molecules of different size 
(rasa*¥rpp*, and €4a* eps"), for sufficiently large differences in 
diameters, when | (rpp*—raa*)/raa* | >4| (esp*—eaa*)/ega* | 
both the excess volume and excess entropy became positive.*:® 

The aforementioned conclusions are valid when €43*~ (€44* 
+eg5*)/2, as is the case for homopolar solutions as long as (1) is 
valid. 

It is to be noticed, that the structure of a solution of molecules 
of the same size is very similar to that of pure liquids, the order- 
disorder effects being small; while the structure of a solution of 
molecules of different size can no longer be considered as identical 
to that of the pure liquids. 

It has not as yet been possible to draw definite conclusions as 
to the origin of the excess entropy, since experimental data on the 
excess entropy of mixtures of molecules of similar size were lacking. 

We have measured the heat of mixing of one such system, 
namely CCl,+-neopentane at 0°C. As the vapor pressure and the 
excess volume of CCl,++-neopentane at 0°C were already measured 
in our laboratory,’ all the excess properties of this system are at 
present known. The heat of mixing is for a mole fraction 0.5, 7545 
cal /mole™.! 

The experimental excess properties of mixtures of globular 
molecules and the parameters of the central force field, estimated 
from critical ratio, virial coefficients, heats of vaporization, den- 
sities, and viscosities, are given in Table I. The comparison of these 
data lead to following conclusions: 

The excess entropy seems to depend rather strongly on the 
excess volume: for the four mixtures of molecules with 2,>0, 
Ts->0, and Ts.~g,., whereas for the mixture CCl,+neopentane 
with v,<0, we obtained a very small and probably negative value 
of Ts, and Ts.<g,. 

The sign and the relation between the excess properties and 
their dependence upon the intermolecular forces are, for all sys- 
tems studied, correctly predicted by the cell theory assuming (1) 
and a central force law. The observed negative entropy (—1+8 


TABLE I. 








A. Solution of molecules of the same size, | (rz8* —raa*)/raa*| <K| (eps* —eaa*)/eaa*|. 











Ve TSe ge 
cm*mole7! cal mole™! 
AA+BB (epp* —eaa*)/eaa* (reB*—raa*)/raa*® for a mole fraction 0.5 

neopentane 

+cyclohexane* 0.30 0.00 —1.0 +44 
CO+CHa4> 0.44 +0.04 —0.3 +28 
neopentane 

+CClas-¢ 0.30 —0.04 —0.5 —1 +76 
neopentane 

+benzene* 0.32 —0.08 —0.5 +135 

B. Solutions of molecules of different size, | (ra38* —r4aa*)/raa*| >4| (eps* —e4a*)/eaa*|. 
Ve Tse ge 
cmmole~! cal mole 
AA+BB (epp* —eaa*)/eaa*® = (reB* —raa*)/raa* for a mole fraction 0.5 

SICl4a+CCla4 0.07 —0.04 +0.015 +13 +20 
CCli+benzenee! 0.02 —0.04 +0.01 +7 +19 
cyclohexane 

+benzene!.¢ 0.02 —0.08 +0.65 +115 +76 
cyclohexane 

+CCi4f-b 0.00 —0.04 +0.16 +20 +17 








® See reference 9. 
b Mathot, Staveley, Young, and Parsonage (to be published). 
¢ See reference 10. 
4S. E. Wood 


Chem. Soc. 54, 3592 (1932). 
e B. G. Cheesman and B. Whittaker, Proc. Roy. Soc. (London) A212, 406 (1952). 
{ For references on ge and ve see S. E. Wood and J. A. Gray, J. Chem. Am. Soc. 74, 3729 (1952). 
® Scatchard, Thicknor, Goates, and McCartney, J. Am. Chem. Soc. 74, 3721 (1952). 
b D. S. Adcock and M. L. McGlashan, Proc. Roy. Soc. (London) A226, 266 (1954). 


, J. Am. Chem. Soc. 59, 1510 (1937); R. D. Vold, J. Am. Chem. Soc. 59, 1515 (1937); J. H» Hildebrand and J. M. Cartner, J. Am. 
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cal mole) of CCl,+neopentane seems slightly smaller than that 
calculated by the cell model (—10+5 cal mole™)*:* but these two 
values agree within the experimental uncertainties. It should, 
however, be pointed out that a difference between calculated and 
experimental value should be expected due to the neglected 
orientational forces. 

We are much indebted to Professor Prigogine, who suggested 
the present work, for constant advice and interest. We are 
indebted to Dr. Tompa for his help in the experimental part of 
this work. 


1L. Sarolea, J. Chem. Phys. 21, 182 (1953). 

2Z. W. Salzburg and J. G. Kirkwood, J. Chem. Phys. 20, 1538 (1952). 

3 J. A. Pople, Discussions Faraday Soc. 15, 35 (1953) 

40. Prigogine and V. Mathot, J. Chem. Phys. 20, rh (1952). 

5 I, Prigogine and A. Bellemans, Discussions Faraday Soc. 15, 80 (1953). 

6 Prigogine, Bellemans, and Englert- Chwoles (to be published). 

7E. A. Gugenheim, Mixtures (Oxford University Press, New York, 1952) 
Chap. VIII. 

8 F. G. Walbroeck (to be published). 

9V. Mathot and A. Desmyter, J. Chem. Phys. 21, 782 (1953). 

10A detailed description of the measurements will be published in Bull. 
soc. chim. Belge. 





Mass Spectrometric Detection of Radicals in the 
Mercury Photosensitized Decomposition 
of Acetone 


J. B. FarMErR,* F. P. Losstnc, D. G. H. MARSDEN,* AND E. W. R. STEACIE 


Division of Pure Chemistry, National Research Council, 
Ottawa, Canada 


(Received March 24, 1955) 


NUMBER of studies of the reactions and properties of free 

radicals have been made by various authors using mass 
spectrometers modified to permit continuous sampling of a stream 
of radicals and other products resulting from the pyrolysis of 
reactants in furnaces and on hot filaments, from the action of 
hydrogen atoms, or from combustion flame reactions.! Owing to 
the relatively high temperatures usually prevailing in the pro- 
duction of the radicals, most of these studies have of necessity 
been confined to radicals having considerable thermal stability. 
This limitation could to a large extent be removed if the radicals 
could be produced at much lower temperatures such as are found 
in photolytic reactions. The absorption coefficients of nearly all 
organic compounds are so small, however, that very little energy 
can be transferred to a reactant carried at a high rate of flow 
through a reaction zone of reasonable proportions. Since the walls 
of the reaction vessel would absorb at least as much of the useful 
radiation as would the reactant at such low pressures, the use of 
external reflectors to increase the path length would improve the 
situation only slightly. 

A way out of this difficulty would be to take advantage of the 
large absorption coefficient of mercury vapor for 2537 A reso- 
nance radiation as has been done in the extensive studies of photo- 
sensitized reactions. Some preliminary experiments have been 
made to examine the feasibility of this proposal. 

The photosensitized decomposition of acetone, using 2537 A 
radiation from a low-pressure mercury lamp, has been carried out 
in a quartz reactor attached to the ionization chamber of a mass 
spectrometer. Acetone carried at a few microns pressure in a stream 
of helium saturated with mercury vapor was passed through a 
quartz tube surrounded by a water-cooled mercury lamp of cy- 
lindrical form. After traversing the illuminated zone the stream of 
gas passed over a quartz cone containing a small orifice,through 
which a sample of gas entered directly into the ionization chamber 
of the mass spectrometer. On irradiation, the decrease in the parent 
peak of the acetone showed that a considerable fraction had been 
decomposed during the time taken to traverse the illuminated zone 
(about 0.002 sec). Under some conditions the extent of decompo- 
sition reached 80 percent. Using low-energy electrons suitable for 
the detection of free radicals,? CH; radicals were found to be pres- 
ent in considerable abundance. An increase in the mass 43 peak 
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upon illumination, when using electrons of energy insufficient to 
produce CH;CO?t from acetone or biacetyl, showed that CH;CO 
radicals were also present. 

The dimerization products of these radicals, ethane and biacetyl, 
were also found in considerable amounts. Cooling the illuminated 
zone with a blast of air increased the yield of biacetyl, suggesting 
that the temperature in the reactor was sufficiently high to disso- 
ciate an appreciable fraction of the CH3CO radicals. This is not 
surprising in view of their low thermal stability."» The formation of 
CO in large amounts also suggested the decompositon of CH;CO 
radicals, either by a thermal reaction, or by a further collision 
with an excited mercury atom. Ketene was also identified as a 
product as well as small amounts of CH, and He. No indications 
of the presence of the acetonyl radical CH;COCH» could be ob- 
tained. It is hoped that with some modifications this apparatus can 
be of use in studying the mechanisms of a number of photosen- 
sensitized reactions and also the reactions and properties of radicals 
such as CH;CO which are too unstable to be produced by thermal 
means. 

The authors would like to express their appreciation of the in- 
valuable assistance of Mr. G. Ensell, who designed and constructed 
the mercury lamp and the reactor. 

* National Research Council Postdoctorate Fellow. 

1 For reviews see (a) A. J. B. Robertson, Mass Spectrometry (Methuen and 
Company, Ltd., London, 1954), and (b) E. W. R. Steacie, Atomic and 


Free Radical Reactions (Reinhold Publishing Corporation, New York, 1954). 
2G. C. Eltenton, J. Chem. Phys. 15, 455 (1947). 





Ground State of the Helium Hydride Ion 


ARTHUR A, EVETT 
Department of Physics, Yale University, New Haven, Connecticut 
(Received March 24, 1955) 


HE variational method developed by James and Coolidge for 
molecular hydrogen has been applied to the ground state 
of the helium hydride ion (HeH)*, extending the earlier work of 
Coulson and Duncanson! and of Toh.? Several terms not considered 
previously in the power series expansion in elliptical coordinates 
were found to be very effective in increasing the binding energy. 
The wave functions considered were of the type ¥= Zici¥; with 
pi =e) 875 Er +82) Emig nin, jingkipPi+ £,"iE Qin; kinglip” ], The sym- 
bolism agrees with that used in the earlier work. 











TABLE I, 
Term Exponents Term Exponents 
No. # mnjkp No. # mnjkp 
1 00000 13 00050 
2 00010 14 10030 
3 00110 15 10200 
4 00020 16 10300 
5 10000 17 00120 
6 10100 28 00130 
7 00001 19 00220 
8 10010 20 00230 
9 00011 21 11000 
10 00030 22 20000 
11 00040 23 10001 
12 10020 








Table I gives the values of the exponents for the 23 terms con- 
sidered in the function ¥. Coulson and Duncanson' had used 
terms 1-5, 7, while Toh? had included terms 1-12. It should be 
noted, however, that terms 1 and 3 are twice those of Toh. 

Table II shows the binding energy values obtained for several 
internuclear separations with 20-term and 23-term wave functions. 
These energy values indicate that the equilibrium internuclear 
separation is about 1.44a. The fundamental vibration frequency 
was computed to be 3600 cm“, leading to a corrected dissociation 
energy of 1.68 ev. This is considerably greater than the value of 
about 1.05 ev reported by Toh for a 12-term function. Employing 











TABLE II. 








Binding energy (e?/ao) 





Internuclear 

Separation Terms Terms 
(ao) 1-20 1-23 
1.20 —2.9559 
1.30 —2.9674 
1.40 —2.9713 —2.9730 
1.44 —2.9716 
1.50 —2.9710 
1.60 —2.9673 —2.9687 








an ionic-polar Wang-type function, Coulson and Duncanson! 
arrived at a value of 2.10 ev, which they considered to be an upper 
limit because of decreased flexibility of their wave function at 
large internuclear separations. The value of 1.68 ev represents a 
lower limit so the actual corrected dissociation energy of (HeH)* 
can be placed with some confidence in the range 1.75—2.05 ev. 











TABLE III. 
Term R=1.40a0 R=1.44a0 
No. i Ci Ci 
1 1.677 1.662 
2 —2.675 —2.765 
3 0.804 0.777 
4 2.118 2.306 
5 —0.3413 —0.4152 
6 0.5712 0.6292 
7 0.3654 0.3377 
8 0.0026 0.1010 
9 —0.5731 —0.5499 
10 —0.9539 —1.064 
11 0.5933 0.5991 
12 0.3253 0.2170 
13 —0.1796 —0.1861 
14 —0.1526 —0.1103 
15 —0.2532 —0,3442 
16 0.1827 0.2254 
17 —1.728 —1.710 
18 0.3382 0.3570 
19 0.4576 0.4700 
20 —0.2066 —0.2226 








Table III lists the coefficients c; for the normalized 20-term 
function at internuclear separations of 1.40a9 and 1.444». 

A more detailed presentation of these results will be published 
later. 

1C. A. Coulson and W. E. Duncanson, Proc. Roy. Soc. (London) A165, 


90 (1938). 
2S. Toh, Proc. Phys. Math. Soc. Japan 22, 119 (1940). 





Absence of Hydrogen Bonding in an 
Alcohol-Fluorohydrocarbon System 
R. S. McDonaLp, J. H. GiBBs, AND J. R. LADD 


General Electric Research Laboratory, Schenectady, New York 
(Received March 28, 1955) 


HE hydrides of nitrogen, oxygen, and fluorine (H;N, HO, 

HF) form hydrogen bonds. The organic compounds of 

nitrogen and oxygen [e.g., (CHs)sN, (CHs)20] act as proton 

acceptors in hydrogen bond formation. This communication 

describes some evidence concerning the proton accepting proper- 
ties of an alkyl fluoride. 

The system benzyl fluoride-benzyl alcohol was chosen because 
of the stability and nonvolatility of the former and the fact that 
any reaction involving interchange of functional groups between 
these two compounds would leave the system unchanged. 

The benzyl fluoride was prepared by the method of Bernstein, 
Roth, and Miller.! A sharp band of moderate intensity at 3680 
cm~! was present in the spectrum of the purified benzyl fluoride. 
The position of this band did not shift when 10 percent pyridine 
was added, indicating that the band is not due to an OH bearing 
impurity. 
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The spectrum of a 3 percent (by volume) solution of benzy] 
alcohol in benzyl fluoride was compared with the spectra of simi- 
larily dilute solutions of benzyl alcohol in both proton accepting 
(anisole) and nonproton accepting (toluene) solvents. The 
concentration was a compromise between that required to 
eliminate completely hydrogen bond formation between alcohol 
molecules, and that required to obtain OH bands of intensity 
comparable to that of the 3680 cm™ band of benzyl fluoride. The 
path length was 0.36 mm. The spectra were measured with a 
Perkin-Elmer Model 21 spectrophotometer using a sodium chloride 
prism. 

The O—H stretching frequency characteristic of isolated benzyl 
alcohol OH groups was found to be 3610 cm™ from the benzyl 
alcohol-toluene spectrum. An OH stretching frequency due to 
hydrogen bonds between pairs of alcohol molecules was found at 
3460 cm. The 3610 cm™ free OH band was much more intense 
than the 3460 cm™ bonded OH band. 

In a 5 percent solution of benzyl alcohol in anisole the OH 
frequency was 3520 cm~. The very small shift of the OH frequency 
from the free OH value indicates a very weak hydrogen bond be- 
tween anisole and benzyl alcohol. No free OH band (e.g., at 3610 
cm~') was observed in this solution. 

The spectrum of a 3 percent solution of benzyl alcohol in 
benzyl fluoride was essentially the same as the corresponding 
spectrum of benzyl alcohol in toluene. The strong narrow free OH 
band was again observed at 3610 cm. The weaker band occurring 
at 3460 cm was again attributed to OH—OH rather than 
OH-F on the basis of the following observations. In a 1 percent 
solution, the 3610 cm™ band was approximately 3 as strong as in 
the 3 percent solution, while the 3460 cm™ band was only § as 
strong as in the 3 percent solution. Dilution would have had the 
same effect on the intensity of OH—F bands as on that of free OH 
bands in these systems containing excess benzy] fluoride. 

The similarity of the benzyl alcohol spectrum in benzy] fluoride 
to that in toluene and the contrast with that in anisole indicates 
that there is little if any OH—F hydrogen bonding in this alcohol- 
fluorohydrocarbon system. 

1 Bernstein, Roth, and Miller, J. Am. Chem. Soc. 70, 2310 (1948). 

2Smith and Creitz, J. Research Natl. Bur. Standards 46, 145 (1951), 


have shown that the 3460 cm™! band in dilute solutions of alcohols in 
nonpolar solvents is due to alcohol-alcohol dimers. 





Diffusion of Zinc in Crystalline Zinc Oxide* 
E. A. SEcco AND W. J. MoorRE 


Department of Chemistry, Indiana University, Bloomington, Indiana 
(Received April 13, 1955) 


HE diffusion of zinc in crystals of zinc oxide has been meas- 

ured from 900 to 1025° in an atmosphere of zinc vapor. The 

ZnO crystals, incorporating radioactive Zn®, were prepared by 
the method of Scharowsky.! A 50 mg sample of the crystals was 
weighed into a small quartz bucket, which was suspended in a 
cylindrical quartz vessel. After addition of enough pure zinc to 
give the requisite vapor pressure during the diffusion process, the 
vessel was evacuated and sealed. The ZnO sample contained about 
1000 individual acicular crystals, with a mean thickness of 0.01 
mm and a selected narrow distribution of thicknesses. After each 
successive diffusion anneal the bucket was withdrawn, and the 
residual radioactivity of the ZnO was determined. The diffusion 
coefficient D of Zn in ZnO was calculated by an adaptation of the 
method of Zimens,? and the use of an appropriate solution of the 
diffusion equation given by Wilson. The fact that the measured 
exchange rate is diffusion-controlled was established by the good 
fit of the data with the theoretical diffusion curves, and by experi- 
ments in which the cross sections of the ZnO crystals were varied. 
At 1 atmos zinc pressure, it was found that D=4.8 exp(—73.0 
kcal/RT)cm’sec™. This result corresponds to AH*=70.5+3.0 
kcal and AS* =8.1+2.3 cal deg for the parameters of the Eyring 
diffusion equation‘ with \=3.21 A. Variation of zinc pressure from 
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0.2 to 2.9 atmos indicated that D varies as Pz,°-*. This dependence 
suggests that the diffusing species is the singly dissociated inter- 
stitial zinc ion, Zn*+. The D vs Pz, curve does not pass through the 
origin, indicating that there may be some mechanism other than 
solution from the vapor for forming excess zinc in ZnO crystals at 
low zinc pressure. This observation is consistent with the results 
of Lindner,’ who found a D for Zn in sintered ZnO heated in air 
which is very close to our figure. A structural interpretation of 
these results, and a correlation with the solubility of Zn in ZnO 
and the oxidation kinetics of zinc, will be included in the detailed 
account of this investigation to be published later. 

* This work has been carried out under U. S. Atomic Energy Commission 
contract. 

1 E. Scharowsky, Z. Physik 135, 318 (1953). 

2K. Zimens, Arkiv Kemi, Mineral. Geol. 20A, No. 18 (1945). 

3A. H. Wilson, Phil. Mag. 39, 48 (1948). 

4 Glasstone, Laidler, and Eyring, The Theory of Rate Processes (McGraw- 


Hill Book Company, Inc., New York, 1941), p. 524. 
5 R. Lindner, Acta Chem. Scand. 6, 457 (1952). 





Third-Order Conjugation Energies 


Y. Haya 
Department of Chemistry, Tokyo University of Education, 
Otsuka, Tokyo, Japan 


(Received April 5, 1955) 


N a previous paper,' the third-order conjugation (second-order 
hyperconjugation) energies computed for various carbon- 
carbon bond lengths were appreciably less than the Mulliken, 
Rieke, and Brown? (M. R. B.), Roberts and Skinner’ (R. S.), and 
even than the Coulson and Crawford‘ (C. C.) values. Although 
we have no method of directly examining these energies, the para- 
meter 6 the Coulomb integral correction term for quasi-z orbital 
has been successfully determined on the basis of theoretical treat- 
ment, hence it seems interesting to rescrutinize the third-order 
conjugation energies. 

The third-order conjugation energies E;(CJ) per bond per di- 
mension are computed for various bond lengths by solving the 
secular determinants for ethane or ethylene and the methyl 
group,° and are listed in Table I. Here the following should be 


TABLE I. Third-order conjugation energies, in units of |8]|. 











r(C—C),A E3(CJ) r(C—C),A E3(CJ) 
1.55 0.0157 1.39 0.0266 
1.53 0.0169 1.35 0.0303 
1.46 0.0214 1.33 0.0323 








noted: (1) the assumption that 8 is proportional to S is taken here, 
while in the previous work y was assumed to be proportional to S, 
(2) 6 value —0.3 determined theoretically in the preceding letter 
is used, while the previous work has been done with the 6 value 
of —0.5, (3) the theoretically computed overlap integral of the 
group orbitals of C—H; or C—H2(S*=0.541) is used, and not the 
empirical value determined in the previous paper, and (4) all 
secular determinants involve overlap integrals for adjacent atoms 
but not non-neighbor interactions as before. 

Using these third-order conjugation energies, theoretically 
corrected conjugation energy of benzene becomes — 1.03838. The 
value 8 obtained by comparison of this and empirical conjugation 
energy for benzene (75 kcal) is found to be —72.2 kcal (—70.0 
kcal in the previous work). In Table II, the third-order conjuga- 


TABLE II. Comparison of third-order conjugation energies in kcal. 











r(C—C),A 1.55 1.53 1.46 1.39 1.35 1.33 
M. R. B. ie 1.35 2.37 3.93 5.00 5.54 
6. 2.50 2.76 3.98 5.60 ies 7.40 
CWC. 0.68 asi 0.90 1.14 1.30 1.38 
Previous work 0.08 0.09 0.12 0.15 gat 0.18 
Present work 1.13 1.22 1.55 1.92 2.19 2.33 
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tion energies converted into kcal are compared with those of the 
other authors and the previous work. 

The considerably larger values in the second and third rows of 
Table II is no doubt due to the neglecting of the overlap integrals. 
The extremely smaller values of the previous work may be as- 
cribed to the fact that y was assumed to be proportional to S and 
5 was taken as —0.5. The intermediate and fairly satisfactory 
values of rows 4 and 6 are different in the method of computations; 
the present work has been done with the conditions (1)—(4), while 
Coulson and Crawford assumed that y is proportional to S, 
S*/S is 2.5, and 6 is neglected. Of course we cannot say which is 
the better value, but from the viewpoint of the quantitative treat- 
ment which has been done as nonempirically as possible, the 
present work would seem to be more satisfactory than any other 
previous computations. 

1Y, I’'Haya (to be published in Bull. Chem. Soc. Japan). 

2 Mulliken, Rieke, and Brown, J. Am. Chem. Soc. 63, 41 (1941). 

3 J. S. Roberts and H. A. Skinner, Trans. Faraday Soc. 45, 339 (1949). 


4C. A. Coulson and V. A. Crawford, J. Chem. Soc. 1953, 2052 (1953). 
5 See reference 1, Sec. IV of Part II. 





Theory of the Taylor-Benedict-Strong Effect* 


GILBERT AMATT AND MARK GOLDSMITH 


Department of Physics and Astronomy, The Ohio State University, 
Columbus, Ohio 


(Received March 21, 1955) 


AYLOR, Benedict, and Strong,! in calculating the vibra- 
tional constants of COs, have observed that the theory 
of Fermi-Dennison resonance corrected to second order does 
not lead to results in complete agreement with experiment. These 
authors discovered that satisfactory agreement is obtained if one 
supposes that the resonance energy W, which had been previously 
assumed equal? to Ki22/2}, is in reality a function of the vibra- 
tional quantum numbers. As an empirical form of this function, 
they have proposed : 


W2=W{1—BoL(V2+2)2—12}}Vi}—282—BsV3}, (1) 


where Wo=Ki22/24; B2 and 8; are adjustable parameters inde- 
pendent of the quantum numbers. 

The Taylor-Benedict-Strong effect has subsequently been used 
by other authors qualitatively to rationalize difficulties encoun- 
tered in the calculation of the rotational constants* of COz and the 
vibrational constants‘ of N2O. 

Now it can be shown that the variation of W with the vibra- 
tional quantum numbers is easily explained if one computes the 
vibrational Hamiltonian to third order. In the usual first- or 
second-order® theory, the resonance energy enters the calculation 
through the matrix elements: 


(Vi, V2,l2,V3,-++|H’| Vi—1, V2+2, le, Va, +++) =WoZ (2) 


where Z=(4)[(V2+2)?—/.?]!Vi+. The transformed third-order 
Hamiltonian H;’, however, contains terms in Ri R2R2RRo, 
Ri Ri Ri R2Re, and R:R2R2R;R; (where we have designated by R; 
either the ith normal coordinate or its conjugate momentum) 
whose nonvanishing matrix elements, (Vi,V2,l2,V3,---|Vi—1, 
Vot2, le, Vz, +--+), are respectively of the types: Z(a+bV2+el2), 
Z(d+eVi), and Z(f+gV;) where a, b, --- g are constants inde- 
pendent of the V; and J». 

Since it may also be shown that H;’ has neither diagonal nor 
(V1, V2,lo,V3| Vi—2, Vo+4, le, Vo: +) matrix elements which are 
nonvanishing, it follows that to perform a calculation which is 
correct to third order, one needs only to replace Wo in Eq. (2) by 


W'= Wo(1 —Bo'—Bi'V; —B,’ V2—Bi'le—B;' V3: . -) (3) 


where the #’s are complicated combinations of the anharmonic 
force constants, the constants? €g¢, 5’¢* and Aso, the moments of 
inertia, and the fundamental frequencies. The calculation of these 
coefficients is in progress at present and forms part of our general 
study of third-order rotation-vibration energies. 
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In principle therefore it would seem to us desirable to use 
(V1,V2,Va,l2|H| Vi—1, V2+2, lo, Vs) =W'Z (4) 


rather than to obtain the value of these matrix elements from the 
empirical equation (1) although the latter, due to the presence of 
the arbitrary parameters 82 and 83, has been found adequate in 
practice to explain the existing experimental data. 


* This research was supported in part by Contract N6-onr-22526 NR403, 
with the Office of Naval Research. 

+t Foreign Operations Administration Fellow (1954-55) on leave from the 
Laboratoire d’Infrarouge P.C.B., Paris. 

1 Taylor, Benedict, and Strong, J. Chem. Phys. 20, 1884 (1952). 

2 Kioo designates the coefficient of the potential energy term in qi(q@ei? 
+222). Throughout the present discussion, we shall use the notation of H. 
H. Nielson, Revs. Modern Phys. 23, 90 (1951). It should be observed that 
formula (1), as given here, differs from the corresponding equation in 
reference (1) because of a difference in definition of V2. 

3G. Herzberg and L. Herzberg, J. Opt. Soc. Am. 43, 1037 (1953). 

4G. Amat and M. L. Grenier-Besson, J. phys. radium 15, 591 (1954). 

_ 5 The matrix elements (2) are obtained from the first-order Hamiltonian; 
it should be observed that the second-order Hamiltonian has no nonvanish- 
ing matrix elements of this type. 





Microwave Spectrum of Cyclopentanone 
JAMES H. BURKHALTER 
Depariment of Physics, University of Georgia, Athens, Georgia 
(Received March 16, 1955) 


HE R-branch lines identified by Erlandsson! in the micro- 
wave spectrum of cyclopentanone have been remeasured to 
frequency standard accuracy, and the rotational constants deter- 
mined. If one neglects centrifugal distortion corrections, all the 
energy levelsinvolved, except the 4o4 and 422 levels, are quadratic or 
of lower order in the asymmetry parameter x. Thus, eight of the 
ten lines listed in Table I are expressible as explicit functions of A, 


TABLE I. 








Observed frequency, Calculated frequency, 





Transition mc/sec mc/sec 
212-322 17 287.54 17 286.63 
220321 17 952.40 17 952.71 
211-312 18 576.78 18 577.10 
3137414 20 867.76 20 867.76 
303404 21 568.33 21 568.07 
322423 22 9118 22 910.94 
331432 23 346.37 23 346.37 
330421 23 469.59 23 469.02 
3217422 24 388.86 24 389.65 
312413 24 512.22 24 512.22 








® Measured with wave meter only. 


C, and x. Any three of these lines can be used to determine a set of 
values of these constants without recourse to approximation 
methods. Using the measured values of the absorption frequencies 
reported in Table I, the rotational constants have been deter- 
mined for several sets of these lines. The 404 and 422 levels were 
then calculated, using the continued fraction method of King, 
Hainer, and Cross.? In all cases, calculations were carried out to at 
least one decimal place further than reported, to prevent accumu- 
lated rounding off errors. The analysis yielding the best agreement 
with experiment yields the rotational constants listed in Table II. 
The calculated line frequencies of Table I are derived from these 
constants. 

The absorption lines were observed with a Stark modulation 


TABLE II. Rotational constants. 








A =6621.440 mc/sec 
B =3351.994 mc/sec 
C =2410.217 mc/sec 
« = —0.5527298. 
Ia =76.3354 amu —A? 
Ip =150.7908 amu —A? 
I-e =209.7114 amu —A? 
A=Ie4+Ip —Ie =17.4148 amu —A?. 
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spectroscope. The frequency standard used was of the Unter- 
berger-Smith type,* and was monitored by comparison to radio 
station WWV. The interpolation receiver used was calibrated at 
each reading. The absorption lines were measured at the limit of 
vanishing Stark field, and corrections were made for relative phase 
shift of the frequency markers and lines, by sweeping in both 
directions with equal sweep voltages, and averaging results. It is 
believed that the experimental rms error is considerably better 
than the rms discrepancy of 0.48 mc/sec between the calculated 
and observed values of Table I. It appears, therefore, that cen- 
trifugal distortion effects are not entirely negligible. 
1 Gunnar Erlandsson, J. Chem. Phys. 22, 563 (1954). 


2 King, Hainer, and Cross, J. Chem. Phys. 11, 27 (1943). 
3R. R. Unterberger and W. V. Smith, J. Sci. Instr. 19, 580 (1948). 





Number of X-Ray Diffraction Groups 


WERNER NOWACKI 
Department of Mineralogy, University of Berne, Switzerland* 
(Received October 6, 1954) 


NDER this title C. D. West! published a note of the number 
of x-ray diffraction groups in which it is pointed out that 
there exist 122 and not 120 different diffraction groups as indicated 
by Buerger,? Zhdanov and Pospelov,*and Nowacki.‘ Now this ques- 
tion of the number of different diffraction groups depends on the 
definition of a diffraction group. If one merely considers Laue 
symmetries together with an observed set of absent spectra and if 
one calls ‘diffraction group” the totality of all space groups which 
show the same Laue symmetry and the same set of absent spectra, 
then there exist 120 different diffraction groups. If in addition the 
absolute lengths of the vectors aa’ (see West!) are determined, 
then one is led to 122 diffraction groups (diffraction units would 
be a better designation, because the word group should be reserved 
for a group in the mathematical sense). This latter point is equiva- 
lent to say (for Cyv', C:?f.e.) that the d-value of the mirror planes 
(//c) is a/2 for C3o!'—P3m1—P33m (see Nowacki®) and (a/2)v3 
for C3.2— P31m—P.3m. But the determination of absolute lengths 
is something new, which leads further than a Laue symmetry. 
The writer was glad to discuss this problem with Dr. C. D. West 
at the 3rd International Congress of Crystallography in Paris. 
* Contribution No. 80. 
1C, D. West, J. Chem. Phys. 22, 150-151 (1954). 
2M. J. Buerger, X-Ray Crystallography (1942). 
3G. Zhdanov and V. Pospelov, Zhur. Eksptl. i Teort. Fiz. 15, 703-708 
OO W, Nowacki, Fouriersynthese von Kristallen (1952). 


5 W. Nowacki, Schweiz. Mineralog. Petrog. Mitt. 32, 186-212 (1952) 
(allgmeine Ausléschungseinheiten). 





Crystallographic Formalism IB: Reply to Nowacki’s 
Letter ‘The Number of X-Ray Diffraction Groups” 
C. D. WEsT 


Polaroid Corporation [Cambridge 39, Massachusetts 
(Received January 4, 1955) 


HIS note is written as one of a series in which a previous 
letter! is designated as IA. I agree that there have been 
advanced two different concepts concerning the number of kinds 
of crystal units that can be distinguished by x-ray diffraction, the 
earlier one leading so far as is now known to 120 units, and the later 
one of IA leading so far as is now known to 122 units. As a satis- 
factory name for the earlier concept, I adopt Nowacki’s name 
“extinction unit” (“Ausléschungseinheit’’). For the later concept 
I now replace my previous name “diffraction group” by the name 
“diffraction unit,” in accordance with the suggestion of Nowacki 
in the preceding letter. 

The earlier concept of extinction unit in current usage by other 
writers is explained in the “1952 International Tables for X-Ray 
Crystallography,” p. 52. To the writings already cited as listing the 
extinction units according to this earlier concept may be added 
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another recent book.” To describe the later concept of diffraction 
unit, I now propose the following definition: those collections 
of symmetry operations which can be distinguished, identified, 
set and coded, conveniently and without ambiguity, as they are 
found in real three-dimensional single crystals, by so-called qual- 
itative Friedel diffraction of x-rays alone. A further sharpening 
of this statement may become desirable or necessary from ex- 
perience. 

The units answering to the two different concepts have been 
coded in substantially the same international symbolism. The 
information carried by the symbolism must therefore differ for the 
two concepts. The parts of the symbolism that require examination 
are first, the Laue symmetry symbol, and second the lattice 
symbol. I consider that the information carried by both of these 
parts of the symbol, as they are found in current usage, is unduly 
indefinite, and I accordingly put more definite meanings on them 
as follows. 

With the Laue symmetry symbol, I associate a definite set of 
lattice vectors taken in a definite order, and designated for con- 
venience by letters such as abc, caa’, aa’a’’, etc. My writing of the 
Laue symmetry symbol presupposes a knowledge, arrived at 
unambiguously through diffraction, of both the absolute length 
and the Laue symmetry of every one of the lattice vectors, and of 
setting of the lattice as regards the nontrivial symmetry operations 
of the Laue group. 

With the lattice symbol I associate a lattice which has been 
completely identified as belonging to one of the fourteen lattice 
groups, set and described by diffraction. My writing of the lattice 
symbol thus again presupposes a knowledge of the absolute 
lengths of all of the lattice vectors of the lattice. 

The older concepts of crystal lattices and extinction units in 
current usage by other writers have given rise to undesirable 
complications in the literature of crystallography, complications 
which become avoidable through the adoption of the newer and 
more definite concepts proposed here. Some evidence for this veiw 
is found in IA, and more comes out of a closer examination of such 
a pair of space groups as C3.' and C3.*. We agree that these two 
belong to a single extinction unit. Nowacki’ has implied that to 
separate this pair in real crystals one can resort to a more sophis- 
ticated concept based on diffraction, i.e., an implication diagram. 
But before there had been advanced any clear ideas of extinction 
units, diffraction units, or implication diagrams it had been es- 
tablished‘ that such a pair of space groups as D3! and D;? (which 
in this respect are similar to C3' and C3.) could be separated by 
elementary methods, using only qualitative Friedel diffraction 
of x-rays. That the two space groups in question do come out in 
different diffraction units is simply a convenient way of restating 
the conclusion of Barnes and Wendling.* 

1C, D. West, J. Chem. Phys. 22, 150 (1954). 

1980), I. Kitaigorodsky, Rentgenostrukturny Analiz (Moscow/Lenigrad, 

IW. Nowacki, Fouriersynthese von Kristallen, (Basel, 1952) p. 177. 

4 E.g., by Barnes and Wendling, Z. Krist. 99, 152 (1938) and other papers. 

* Note added in proof, May 2, 1955.—Since writing the above reply I 
learn that M. A. Porai-Koshits already in 1951 published definitions and 
descriptions of two different kinds of “diffraction groups,’’ which corre- 
spond respectively to the foregoing 120 ‘extinction units’’ and 122 ‘‘diffrac- 
tion units.” This 1951 work therefore anticipates both my 1954 Letter as 
well as the first question raised in W. Nowacki’s comment above. Appa- 
rently it does not touch on Nowacki's second question, i.e., the propriety 
of associating the word “‘group”’ with the concepts in question. [G. B. Boky 


iM. A. Porai-Koshits, Prakt. Kurs Rentgenostrukturnovo Analiza, Moskva, 
(1951), str. 281-300. ] 





Sensitized Luminescence of Zinc Sulfide Phosphors 
Activated with Copper and Manganese 
SHIGEO SHIONOYA 
Faculty of Engineering, Yokohama National University Yokohama, Japan 
(Received April 11, 1955) 

HE sensitized luminescence has been one of the most inter- 
esting problems in the field of crystalline phosphors in recent 
years. However, this phenomenon has been investigated almost 
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Fic. 1. Excitation spectra for (1) Cu emission of ZnS:Cu, (2) Mn emission of 
Zn:Mn, and (3) Mn emission of ZnS:(Cu+Mn). 








only for the nonphotoconducting phosphors and not for the photo- 
conducting ones such as ZnS phosphors. In the photoconducting 
phosphors, the sensitization due to the following two mechanisms 
may possibly take place. The first is the resonance transfer of ex- 
citation energy from sensitizer to activator as in the nonphoto- 
conducting phosphors,! and the second is the transfer of photo- 
electrons through the conduction band simultaneously accom- 
panied with the migration of holes through the filled band.? In 
order to examine whether Mn incorporated in ZnS phosphor is 
sensitized by an impurity incorporated as sensitizer, ZnS: (Cu 
+Mn) phosphors were prepared and their emission spectra, ex- 
citation spectra, and photoconductivities measured. 

A series of samples was prepared, in which Cu concentration was 
fixed to be 3X 10~5g/gZnS and Mn concentration was varied from 
zero to 3X10-%g/gZnS. These were fired at 1200°C for 1 hr in the 
air with the flux of NaCl(0.02g/gZnS). 

The emission spectra were measured under 3650 A excitation 
with a glass monochromator of constant deviation type and a 
photomultiplier, photocurrent being amplified by a dc amplifier. 
The samples containing less than 2X10~* Mn show the Mn 
emissions scarcely observable, those containing 4~8X10-! Mn 
show distinctly both the Cu and Mn emissions, and those contain- 
ing more than 1.5X10- Mn show the predominant Mn emissions, 
while the Cu emissions almost disappear. The emission peaks of 
Cu and Mn are located at about 5200 A and 5800 A, respectively. 

The excitation spectra were measured with a quartz mono- 
chromator of Littrow type using a tungsten incandescent lamp as 
the excitation source. The samples were set behind the exit slit, and 
their emissions were detected with a photomultiplier and a dc 
amplifier, Cuand Mn emissions being isolated from each other with 
filters, namely, Matsuda V—Y1+V—B2 for Cu and V—0O2 or 
V—R3 for Mn. 

The results are given in Fig. 1, including those for ZnS: Mn 
(Cu not incorporated). All samples have an excitation peak near 
3400 A, which is regarded as the one due to the absorption of host 
crystal, since this wavelength corresponds to the fundamental 
absorption edge of ZnS crystal.** ZnS:Cu has, in addition, the 
excitation band regarded as the one due to the absorption of Cu 
impurity, the peak of which seems to be located at about 3800 A. 
These results are nearly in agreement with those of Bube.* While 
Mn in ZnS: Mn has only the host excitation band, Mn in ZnS: 
(Cu+Mn) has, in addition, the excitation band due to Cu. This 
result shows that Mn is really sensitized by Cu. According to Bube?® 
ZnS: Mn has, in addition to the host excitation band, four excita- 
tion peaks due to the forbidden transition within Mn* ion itself in 
the wavelength region 3900~5100 A. However, they were not 
found in the present phosphors, which seems to be probably due 
to the effect of impurity, especially oxygen. 

Photoconductivity cells were made by packing the phosphor 
powders between a conductive glass and an aluminium plate. 
Photocurrents induced by applying dc electric field (280 v/cm) 
under 3650 A excitation were detected with a sensitive amplifier 
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and a galvanometer. It was found that the photoconductivities of 
the samples with relatively large Mn concentrations and distinctly 
observable Mn emissions are by far smaller than those of the 
samples with relatively small Mn concentrations and scarcely 
observable Mn emissions. 

Further work on this problem is in progress, and the sensitiza- 
tion mechanism will be discussed later. 

The author wishes to express his thanks to Professor S. Maki- 
shima, Mr. Y. Kotera, and Assistant Professor K. Oshima for 
their encouragements and discussions, and to Mr. S. Kamiya, 
Mr. W. Ichise, and Mr. K. Amano for their assistance in the 
experimental works. 

1D. L. Dexter, J. Chem. Phys. 21, 836 (1953). 

2N. F. Mott and R. W. Gurney, Electronic Processes in Ionic Crystals 
(1940), p. 207. 


. H. Bube, Phys. Rev. 90, 70 (1953). 
4W. W. Piper, Phys. Rev. 92, 23 (1953). 





Crystal Growth and Coercive Forces of 
Variously Prepared Ni Powders 


WELBy G. CoURTNEY 


Chemical Construction Corporation, c/o Stamford Research Laboratories, 
American Cyanamid Company, Stamford, Connecticut 


(Received March 16, 1955) 


N increase in the coercive force H, of a crystallized material 

by growth in a magnetic field (m.f.) can most readily be 

attributed to an influence in the incorporation of new material 

into the substrate crystal lattice.! Since this deposition reaction is 

probably the most obscure of the sequence of reactions comprising 

crystal growth, any correlation between H, and growth in a m.f. 
may be useful in clarifying the incorporation process. 

Experimentally, a freshly prepared, cold, aqueous solution 
variously containing 0.05—1M NiSO,, 1-6M NH:,0.5—1M 
(NH;,)2SO., and a reducing agent, 0.05—1M NaHePO2(I) or 
100-500 psi H2pp, was sealed into a glass tube or SS bomb and 
placed in an oil bath controlled at 185-225+5°C. Ni metal powder 
formed within an hour in this temperature range. Reductions were 
performed in magnetic fields of 0-1200 oersteds using a permanent 
magnet. 

Reduction by I outside a m.f. (neglecting the earth’s field) gave 
irregular stringed agglomerates of metal particles, 1-3 microns 
wide by 10-50 microns long; while reduction in a 1200 oersted 
field gave smooth, straight, 1-3 by 50-500 micron agglomerates 
(Fig. 1). All agglomerates were chains of 1-3 micron particles 





Fic. 1. Ni powder prepared by reduction of aqueous NiSOs—NHs: 
—(NH4)2SO« solution with NaH2PO:2 in a 1200-oersted magnetic field. 
Magnification =75 X. 
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which were each composed of several primary particles. Variation 
in reagent concentrations and temperature did not noticeably 
affect agglomeration. X-ray examination of I-prepared powders 
showed no appreciable particle orientation. Products contained 
2 percent P. Reduction by Hz both in and outside a field gave 
10-50 micron irregular flocs of 1-micron primary metal particles. 

Coercive forces (in oersteds) at ambient temperature were: 
17+5 for H2-prepared powder produced in and outside a field; 
75+5 for I-prepared powder produced outside a field (see Weil 
and Marfoure?) ; and 110-+10 for I-prepared powder produced in a 
1200-oersted field, thus far below the H, of 3150 predicted for Ni 
powder with shape anisotropy.’ Any stringed agglomerates were 
previously magnetically aligned parallel to the measuring field. 
The transition in the direction of easy magnetization in Ni from 
(111) to (100) directions at about 200°C may obscure these re- 
sults, but reduction with I at 185° and 225° gave powders with 
similar H, values. 

The increase in H, when reduction with I occurred in a mf. 
indicates that the field affects crystal growth, but conclusions as 
to modification of growth rate or crystal habit were not permitted. 
The apparent lack of effect of a m.f. on H, in growth by He 
reduction compared to the marked effect in I reduction suggests 
that the deposition mechanisms in the two cases may be qualita- 
tively different. 

I-prepared powders were magnetically saturated by only a 
600-oersted field (compared to 2100 oersteds for a multidomain 
particle), but deductions based upon saturation® are probably not 
applicable to the impure powders prepared here. Experimental 
error does not warrant a conclusion about saturation for the 
H2-prepared powder. 

The marked variation in particle agglomeration in I- and H:- 
prepared powders cannot be discussed since the factors affecting 
colloid stability,® e.g., double layer repulsion potentials and 
particle concentrations, are completely unknown for these systems 
at the reaction temperatures. Accentuation of linear agglomeration 
in I-prepared powder by a mf. of only 5 oersteds suggests that 
magnetic forces directed particle agglomeration.’ Linear agglo- 
meration because of a repulsion potential minimum along a 
“biparticle” axis® seems less likely. 

The writer is pleased to acknowledge the advice and assistance 
of Dr. H. M. Hulburt, Mr. J. J. Shaw, and numerous people of the 
Stamford Research Laboratories, American Cyanamid Company. 

1A, Perrier and C. Mermod, Helv. Phys. Acta 11, 362 (1954). 

2L. Weil and S. Marfoure, J. phys. radium 8, 358 (1947). 

3 C. Kittel [Revs. Modern Phys. 21, 541 (1949) ] reviews the magnetics of 
fine particles. 

4D. Kirkham, Phys. Rev. 52, 1163 (1937). 

5 Kittel, Galt, and Campbell, Phys. Rev. 77, 725 (1950). 

6H. R. Kruyt, Colloid Science (Elsevier Publishing Company, Inc., New 
York, 1952), Vol. I 


7D. Biescher and A. Winkel, Naturwiss. 25, 420 (1937). 
8A. G. L. Rees, J. Phys. & Colloid Chem. 55, 1340 (1951). 





Calculation of Electrostatic Binding Energies 
in Systems of Isotropic Ions 


CHESTER T. O’KonsKI 
Department of Chemistry and Chemical Engineering, 
University of California, Berkeley 4, California 


(Received February 25, 1955) 


T has been shown! that ionic polarizabilities lead to substantial 
contributions to binding energies in cases where the structure 

is such that large electric fields exist at the ions. The usual com- 
putation for the electrostatic part of the binding energy involves a 
determination of the induced moments from polarizabilities and 
the computed electric fields at each ion, followed by the summa- 
tion of pair potentials between ions and induced dipoles, and the 
work of formation of the dipoles. Quadrupole and higher terms, 
which may be important in some cases, have been ignored because 
of lack of information regarding the induced multiple moments. 
For isotropic ions, the general expression to induced dipole 
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terms may be written 
Z ‘Lj eC Zie 
V.=4 2) ee v big 2! (Wir) 
ij 


,j 3 (ui Uj) pi? 
—}2 {3 ccus-ra) (users) SEO by 3 oe (1) 


where the sums for the first three terms are over all i and j except 
i=j, Ze is the charge on the ion 7, w; is the induced moment, and 
rij is the vector pointing from the ion 7 to the ion 7. The four terms 
correspond respectively to charge-charge, charge-dipole, and di- 
pole-dipole potentials, and the work of formation of the induced 
dipoles. 

For cases involving more than two ions, direct computations 
from (1) became tedious, especially because of the last two sums, 
which involve second-order terms in yu. To simplify this equation, 
we may insert a;E; for one of the y; in the last term. In vector 
notation, recalling that the field and dipole directions coincide, 
one obtains 








pi? om -E; :) =. { Zje(ui *Tij) 3 (Mi; *Tij) (uj . rij) (ui . u;) 
a er ri | re 5 ai 
2a; j Vij Vij 
(2) 
Substituting this into (1) and rearranging, we find 
Z:b; oy = 
V.= 1z wv ie —3iz , a r i) (3) 
‘ij ‘ij 
This may be written 
Ve=} 2:Ziegi, (4) 
where 
{Ze (Uys) 
oo ee) (5) 
j ‘ij vi; 


Numerical computations are simpler with Eq. (3) because the 
second sum is just one-half the second sum of (1), and there are no 
terms above first power in yu. 

It is seen that ¢; is the potential at the ion 7 produced by all the 
other ions and induced dipoles in the final configuration of the 
system. Thus, when the effects of the induced dipoles are included 
in the expression for ¢;, Eq. (4), which is rigorously correct for a 
system of nonpolarizable particles, also yields the correct result for 
isotropic polarizable particles. It is anticipated that this result is 
general, i.e., that multipolar contributions need be included only in 
gi to make binding energy computations of a higher order of accu- 
racy. This would require knowledge of multipolar polarizabilities and 
solution of the electric field problem to appropriate derivatives of 
E. Although the multipolar coefficients are not yet avaialble, it 
appears that in certain instances experimental nuclear electric 
quadripole resonance data might be useful in obtaining the 
quadrupole terms. 

1 See, e.g., M. Born and W. Heisenberg, Z. Physik 23, 388 (1924); E.S 
Rittner, J. “Chem. Phys. 19, 1030 (1951); C. J. F. Béttcher, Theory of 


oo Polarization (Elsevier Publishing Company, Inc., Amsterdam, 
952). 





Structure and Calculation of the Binding Energy 
of Gaseous Alkali Halide Dimers 


CHESTER T. O’KONSKI AND WILLIAM I. HiGucHI 


Department of Chemistry and Chemical Engineering, 
University of California, Berkeley 4, California 
(Received February 25, 1955). 


S the properties of alkali halide monomers can be explained 

on the basis of an electrostatic model,! expressions have been 
developed for a proposed dimer structure, employing the formu- 
lation of an accompanying note? for the binding energy, which 
includes all Coulombic and induced dipole interactions. Because the 
leading terms are the Coulomb interactions, it is evident that the 
energetically favored configuration of the ions will be the symmet- 
rical planar arrangement of Fig. 1. Proceeding as usual,’ the 
the electric field problem was solved for this structure. The field 
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OG: 


Fic. 1. Proposed structure for the NaCl dimer. 
Arrows are field vectors. To scale. 


equations are 


E, (1+a1/4a*) = Ze{2a/(a?+-b?)3/2—1/4a?} 

+6aba;E3/(a?+0?)5/?, (1) 
E;(1+a3/4b*) = Ze{2b/ (a?+-b*)3/2—1/46?} 

+6aba; FE; / (a?+5?)5/2, 


E, and E; are the magnitudes of the electric field intensities at the 
cation and anion, respectively, a: and a; are the corresponding 
ionic polarizabilities, 2a and 26 are the intercationic and inter- 
anionic separations, Ze is the ionic charge, and units are cgs. The 
directions of the electric field and induced dipole vectors are 
shown in Fig. 1. 
The expression for the electrostatic part of the binding energy 
is 
V.=Ze(¢1 = ¢3), 
¥1— $3>= —Ze{4/(a?+b?)*— 1/2a—1/2b} 
+{1/4a?—2a/(a?+5?)*}ar EF, 
+{1/4b?—2b/(a?+-b?)4JasE;. (2) 


As an example, numerical computations have been carried out 
for (NaCl)2. Employing the polarizability values given recently,* 
it was found that the maximum binding energy at constant inter- 
nuclear separation, r= (a?+-6?)}=2.59 A, was obtained with b/a 
=1.35+0.05 A, which corresponds to an apex angle of 105+2° 
at the sodium ion. The effects upon the angle of the London 
attractive forces,> and the short range quantum-mechanical 
repulsions,® between the anion pairs and between the cation pairs 
were found to be negligible. Therefore it was necessary to include 
only the Coulombic and induced dipole interactions in the deter- 
mination of the angle. The energy of formation of the dimer from 
the ions was calculated as a function of r. Neglecting the zero- 
point energy, estimated to be a few hundredths of an electron 
volt, the energy of formation of the dimer from ions at 0°K may be 
written 


V=V.+V-+V1, (3) 


where V, is the electrostatic binding energy, V; is the repulsion 
enregy, and Vz, is the London attractive energy. Following 
Rittner,! the repulsive potential function A exp(—r/p) was used, 
so V;=4 A exp(—r/p). The recent value,’ r,=2.3606 A, was em- 
ployed in determining A= 2530 ev, and p=0.311 A. Vz, computed 
with the new polarizability values, and the London constants 
from Rittner’s work, turned out to be very small. The minimum 
energy V=—13.12 ev, was obtained at r=2.59+0.01 A. Em- 
ploying the recent parameters.’ and Rittner’s equations, a binding 
energy of 5.63 ev was obtained for the NaCl monomer. This is 
equal to the experimental value obtained in the usual manner from 
the dissociation energy of the molecule into neutral atoms, the 
first ionization potential, and the electron affinity.* Then at 0°K 
for the reaction 
2NaCl= (NaCl)s, 


AE=—1.86 ev. 


Experimental results for the structure and binding energies 
of the dimers are not yet published, but some indications have 
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been obtained in molecular beam experiments.* Comparison of 
experiment with theory should lead to interesting conclusions 
regarding the applicability of the idealized electrostatic model in 
the induced dipole approximation. 


1E, S. Rittner, J. Chem. Phys. 19, 1030 (1951). 

2C. T. O’Konski, J. Chem. Phys. 23, 1174 (1955). 

3See e. g., C. J. F. Bétcher, Theory of Electric Polarization (Elsevier 
Publishing Company, Inc., New York, 1952). 

4 Tessman, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 
sso were estimated by the method of F. London, Z. Physik 63, 245 

6 The exponential potential was employed, with ayer given by 
M. L. Huggins and J. E. Mayer, J. Chem. Phys. 1, 643 (19 

7 Honig, Mandel, Stitch, and Townes, Phys. Rev. 96, 629° C584). 

8 A. G. Gaydon, Dissociation — (Chapman and Hall, Ltd., London, 
England, 1953), pp. 93 and 228 

®R. C. Miller, Quarterly Reports, Columbia Radiation Laboratory, 

December 31, 1952; March 31, June 30, August 31, October 30, 1953; 
January 30, April 30, July 30, 1954. 





Molecular Structure of Diborane Tetrachloride, 
B.Cl, 


Masao Atoji, WILLIAM N. LipscoMB, AND P. J. WHEATLEY* 
School of Chemistry, University of Minnesota, Minneapolis 14, Minnesota 
(Received March 23, 1955) 


N extension of Walsh’s theory! of the structure of simple 
molecules would predict a planar BeCl, molecule of Do, 
symmetry, since the molecule would utilize the same molecular 
orbitals as N2O, or the oxalate ion. On the other hand, the Raman 
and infrared spectra,? and the electron diffraction data* have been 
interpreted as favoring a molecule of Dzasymmetry. In an attempt 
to resolve this discrepancy we have completed an x-ray diffraction 
study of a single crystal of BeCl, at —165°C. 
There are four BzCl, molecules in an orthorhombic unit cell with 


a=11.900 A, 
b= 6.281 A, and 
c= 7.690 A. 


The space group is D2,!5—Pbca, which requires the molecule to 
have a center of symmetry. The atomic parameters refined by 
two-dimensional (Fo—F.) syntheses are: 


x/a y/b z/c 
Ch, 0.0900 —0.2363 0.1810 
Cle —0.1475 — 0.2268 0.0507 
B —0.014; —0.120; 0.0595 


The molecular symmetry is thus found to be D2,—mmm, within 
the experimental errors. The interatomic distances and bond angles 
are shown in Fig. 1. 

The B—Cl bond distance, 1.72 A+0.02 A, is essentially that of a 
single bond. The B—B bond distance, 1.80 A+0.04 A, considerably 
longer than the single B—B bond distance of 1.60 A,‘ is similar 
to the lengthened N—N bond in N20,.° 

This weak bond is consistent with the course of the reaction 
between BeCl, and ethylene.* Moreover, it would suggest con- 
siderable freedom of rotation of the BClz groups in the gaseous 


Fic. 1. 
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and liquid phases. Although we can only state with confidence that 
B.Cl, is planar in the solid state, we feel that a reinvestigation of 
the Raman, infrared, and elctron diffraction data, in terms of a 
planar molecule with a large degree of torsional motion, is desirable. 

We would like to thank Professor H. I. Schlesinger and Dr. G. 
Urry for providing us with the sample of B2Cl, and for advice on 
handling the substance. 

It is a pleasure to acknowledge support of this research by the 
U. S. Office of Ordnance Research. 


* On leave of abseii. > from the University of Leeds. 
1A, D. Walsh, '. Chem. Soc. 1953, 2260 (1953). 


2 Linevsky, Shull, Mann, and Wartik, J. Am. Chem. Soc. 75, 3287 (1 653). 


3K. Hedberg (unpublished data). 

4K. Hedberg, J. Am. Chem. Soc. 74, 3486 (1952). 

5 J. S. Broadisy and J. M. Robertson, Nature 164, 915 (1949). 
( sa” Kerrigan, Parsons, and Schlesinger, J. Am. Chem. Soc. 76, 5299 
1954). 





Simplified SCF Calculation for Fulvene 
HipEo Kon 


Department of Chemistry, Tohoku University, Sendai, Japan 
(Received March 18, 1955) 


MONG the recent developments in the study of MO theory, 
Pariser and Parr’s semiempirical ASMO method! is found 
useful for practical purposes. The electronic structure of fulvene is 
treated here, as in the previous papers,’ by this method in con- 
junction with Roothaan’s SCF scheme.’ The SCF MO’s obtained 
in this way may be helpful in giving some indication of availability 
of the method, because fulvene is known to have a dipole moment 
in its ground state to be compared with theoretical value. 

The calculation is made along lines similar to those of the pre- 
ceding paper, so that details are not given here, except that (1) 
the Coulomb penetration integrals (p: gq) neglected in the previous 
calculation are taken into account, numerical values of which are 
computed by the formula of Parr and Crawford,‘ (2) the 
bond length values which are obtained by Wheland and Mann‘ 
in their iterative LCAO MO method, are assumed as a reasonable 
first approximation, and (3) the configuration interaction is 
allowed for only to such an extent as in Pariser and Parr’s article, 
i.e., between the two low excited configurations. 

The calculated results for the ultraviolet spectrum and dipole 
moment (u) due to z electrons are compared in Table I with those 
of previous authors*? and with experimental results. The agree- 
ment with experimental values is satisfactory. It is to be noted 
that the correct estimation of (p:gq) is essential for obtaining the 
right order of magnitude of dipole moment and neglect of (p:qq) 
causes too small a u value. Introduction of the configuration inter- 
action reduces the calculated oscillator strength to about 3 of the 
value before the interaction, whereas the electronic encitation 
energy is not affected so much (4.0 ev before interaction). Re- 
membering that in the previous work, very close coincidence with 
observation was obtained for the excitation energies of various 
molecules without taking account of configuration interaction, the 
corresponding value, 4.0 ev, of the present calculation seems un- 
satisfactory. This is a situation in contrast also to the case of 
Pullman et al.,8 where much improvement is brought about on the 
calculated N-+V, energy of trans-butadiene by revising the 
monocentric Coulomb repulsion integral, with configuration inter- 
action being ignored. Thus it appears that attention must be paid 


TABLE I. Calculated ultraviolet spectrum and dipole moment. 











1Ai1—'B2 ev f* cgs uD Method 
Berthier 4.95 0.013 1.13 SCF 
Julg-Pullman 4.52 0.014 3.25 ASMO CI 
This paper 3.71 0.012 1.64 see 
Experimental> 3.4 0.012 22 








8 Calculated with vexp. 
b See reference 7. 
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Fic. 1. x electron distribution of fulvene. 
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in this case to what has been left out (for example, the configura- 
tion interaction in a more rigorous way), besides the mere revision 
of integral values. 

The distribution of x electrons obtained from the SCF MO is 
shown in Fig. 1, the figures in brackets being the corresponding 
values obtained by Berthier® as the result of rigorous SCF cal- 
culation. As can be seen there, these two sets agree very well with 
each other with slight difference at 1 and 2 positions. Thus it may 
be said that the present method of calculation, i.e., Pariser-Parr 
approximation plus the SCF method of Roothaan, yields fairly 
good approximate MO’s of the ground state. Further details will 
be published elsewhere. 

The writer is grateful to Professor H. Tominaga for his kind 
guidance during the course of this work. 

1P. Pariser and R. G. Parr, J. Chem. Phys. 21, 466 767 (1953). 

2J. A. Pople, Trans. Faraday Soc. 49, 1375 (1953); H. Kon, Bull. Chem. 
Soc. an 27, 566 (1954), and the succeeding to be ‘published. 

C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 

‘x é. Parr and B. L. Crawford, J. Chem. Phys. 16, 1049 (1948). 

5G. W. Wheland and D. E. Mann, J. Chem. Phys. i7, 264 (1948). 

6G. Berthier, J. chim. phys. 50, 344 (1953). 


7A. Julg and A. Pullman, J. chim. phys. 50, 460 (1953). 
8 A. Pullman (private communication). 





Nuclear Quadrupole Resonances of Sb!*! and Sb!” 
R. G. BARNES,* Physics Department, University of Delaware, 
Newark, Delaware 
AND 


P, J. Bray,t Physics Department, Rensselaer Polytechnic Institute, 
Troy, New York 


(Received April 11, 1955) 


URE quadrupole resonances of Sb!! and Sb! were first 

detected by Dehmelt and Kruger! in SbCl; at 83°K. Two 
resonances arise from the Sb'”! isotope with nuclear spin J=5/2 
and three resonances from Sb!” with /=7/2. The present letter 
reports Sb!”!.!23 resonances in antimony trioxide, triphenylstibine, 
isopropyl antimonite, and room temperature measurements in the 
trichloride. The I'?7 measurements in bismuth and antimony 
triiodide are included.? 

Measured frequencies and signal-to-noise ratios are listed in 
Table I. Table II contains, as functions of temperature, the de- 
rived constants and asymmetry parameters evaluated with the aid 
of recent theory.’ 

The asymmetry parameter at the antimony nuclei in Sb2O; is 
zero within experimental accuracy at both liquid-nitrogen and 
room temperature. This compound has a cubic low-temperature 
form below 570°C made up of Sb,O¢ molecules.*> The similar 
As.O3 crystalline solid® is cubic above —13°C and monoclinic 
below.? Both forms contain As,O¢ molecules. No discontinuity has 
been observed in frequency or appearance of the As’> quadrupole 
resonance as it is brought slowly through the reported transition 
temperature and some 40°C higher. Work at temperatures pro- 
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TABLE I. 












Frequency in 


Compound Isotope Mcps at 77°K 


S/N Frequency in 


Mcps at other temp. S/N 


















Sb20; Sb!2! 166.45 +0.04 20 165.33 +0.05 7-8 
83.21 +0.04 8 82.66 +0.03 5 
Sb! 151.89 +0.05 3-4 150.54 +0.04 3 
101.01 +0.05 5-7 100.41 +0.04 3-5 
50.511 +0.002 10-12 50.195+0.002 4 
(T =23°C) 
Sb(CsHs)s Sb!2! 156.200 +0.010 4-5 153.020+0.040 2 
152.471 +0.010 4-5 150.040 +0.045 2 
78.274 +0.010 3 76.659 +0.034 4-5 
76.912 +0.008 3” 75.550+0.038 4-5 
Sb!23 142.174+0.010 2 
138.859 +0.010 2 
94.741 +0.010 3 92.915 +0.045 2 
92.267 +0.010 3 90.950+0.050 2 
47.841 +0.018 3- 46.65 +0.06 weak 
47.545 +0.030 14 
(T =21°C) 
Sb(C3H70): Sb!?! 167.570 +0.030 7 164.730+0.050 2-3 
85.804 +0.030 4 
Sb!23 101.111 +0.035 3-4 
(T =195°K) 
SbCl; Sb!2! 114.300 +0.011% 112.490 +0.020 20 
59.709 +0.006* 58.170 +0.006 15 
Sb!28 104.460 +0.010° 102.520+0.020 2 
68.648 +0.007% 67.791+0.006 3 
39.094 +0.0044 37.410 +0.004 8 
SbI; [127 174.509» 20-40 172.920 3 
(T =147°K) 
‘172.075 13 
(T =195°K) 
Bils [127 201.380 +0.070 10-12 197.160+0.070 3-4 


111.320+0.070 3 106.805 +0.065 2 


(T =20°-22°C) 








® At 83°K; see reference 1. 
b See reference 12. 


gressively higher than room temperature is in progress on both 
compounds. 

Although the resonance frequencies of antimony trioxide and 
isopropyl antimonite are unusually similar, the existence of 
structure differences or bond strains in Sb(C3H;O); is evident from 
the large asymmetry parameter in this compound. Furthermore, 
Sb(C;H,0); hydrolyzes to Sb2O; on exposure to moisture. 

While the Bi®® resonances in bismuth tripheny] are singlets,® 
the corresponding As’ and Sb'*!.!23 resonances are doublets, in- 
dicating two crystallographically nonequivalent positions for 
antimony and arsenic atoms in the respective unit cells. At one of 
these positions in Sb(CsH;)3; the asymmetry parameter is essenti- 
ally temperature-independent, whereas at the other, ¢ is several 
times larger and noticeably temperature dependent. In the latter 
case, the value e=0.08 is comparable to the 0.09 value observed 
in the bismuth compound. 

Application of the bond switching analysis employed? for AsI; 
to the asymmetry data for Bil; yields a Bi—-I—Bi angle of 85.1° 
(at 21°C), in poor agreement with the value 90.7° calculated from 
the crystallographic data.” In the case of SbI; intensive search 
has failed to locate the high-frequency iodine line. This is partic- 
ularly surprising in view of the large signal obtained for the 
resonance reported by Schawlow.'! Only one resonance would be 
present if the asymmetry parameter at the I?’ nucleus were 
unity (the value is 0.18 in AsI; and 0.29 in Bil;). With the assump- 
tion that e=1, the bond-switching analysis leads to an So—I—Sb 
angle of 70.5°, which would seem very unlikely.®:” 

No Sb or Bi resonances have been detected so far in SbI; and 
Bil;. These compounds have the same layer structure as AsI; 
in which the As’ resonance occurs at approximately 116 Mcps.” 
However, the octahedra of iodine atoms surrounding the metal 
atoms in these compounds may be nearly perfect.’ The field 
gradient at the Sb or Bi position would vanish if the octahedron 
were exactly perfect. 

No resonances were found in several samples of Bil; provided in 
crystalline powder form by several suppliers. The listed resonances 
were observed in samples consisting of pea-sized chunks, and vanish 


















































TABLE II. ® 
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eqQ/h Mcps € a(10-4°C-) 
room 
Compourid Isotope a room T 77° T eqQ/h e« 

Sb203 Sb!2t 554.834+0.13 551.10+0.2 0.000 0.000 0.31 0.0 
Sb!%3 707.11 40.3 702.70+0.3 0.000 0.000 0.29 0.0 
Sb(CeHs)3 Sb!2i 520.84+0.12 510.37+0.25 0.026 0.026 0.93 0.0 
509.00+0.12 500.68+0.25 0.080 0.070 0.75 5.8 
Sb!23 664.18+0.40 650.73+40.45 0.018 0.022 0.93 0.0 

648.56 +0.40 0.083 

Sb(C3H70)3 Sb! 560.66+0.25 0.138 
SbCl; Sb!2! 383.69+0.17 376.98+0.19 0.189 0.165 0.82 6.0 
Sb'23 489.34+0.30 482.05+0.30 0.187 0.163 0.69 5.9 
Bils [127 682.18+0.47 665.86+0.46 0.290 0.258 1.1 $i 








* a(egQ/h) =[1/(eqQ/h) JA(eqQ/h)/AT and a(e) =[1/e]Ac/AT. 


if the chunks are ground into crystalline powder. Apparently the 
resonances are smeared out by dislocations generated in cold 
working.'*!5 The observed resonances are unusually broad, pre- 
sumably because of the same defects. Further work in annealing 
studies and growth of defect-free crystals is in progress on this 
compound. 

All resonances were detected with frequency modulated 
super-regenerative oscillators and were displayed on cathode-ray 
oscilloscopes. 


* Research supported by the Office of Ordnance Research and the 
Research Corporation. 

+ Research supported by a grant from the National Science Foundation 
and a grant-in-aid from the Rensselaer Polytechnic Institute Research 
Grants Committee. 
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Erratum: Nuclear Quadrupole Resonances of As’® 
[J. Chem. Phys. 23, 407 (1955) ] 
R. G. BARNES, Physics Department, University of Delaware, 
Newark, Delaware 
AND 
P. J. Bray, Physics Department, Rensselaer Polytechnic Institute, 
Troy, New York 
HE As in AsCl; resonance reported as 78.950+0.030 
Mcps at 77°K in the above-named paper has now been 
obtained at 147°K and 195°K. Measured values are 78.02+0.03 
and 77.171+0.015 Mcps, respectively. The temperature coefficient 
a= (1/v) (Av/AT) =1.83X10-*°C. 

The liquid nitrogen temperature measurement of the As” 
resonance in AsBr; was incorrectly reported in the above-named 
paper. Redetermination of the value yields 63.540+0.008 Mcps 
which is in agreement with other recently reported values.! The 
temperature coefficient a=1.66X10~*°C™ is very similar to that 
obtained in AsCl;. Both values differ markedly from the 0.25 
X10-*°C-! found in the layer structure compound AsI3. Crystal- 
line AsBr; is known to consist of distinct pyramidal molecules.? 

1 Kojima, Tsukada, Ogawa, Shimauchi, and Abe, J. Phys. Soc. Japan, 9, 
805 (1954). 


2N. V. Sidgwick, The Chemical Elements and Their Compounds (Oxford 
University Press, New York, 1950), Vol. 1. 


Reinterpretation of Electron Impact Experiments 
in CO, N., NO, and O, 


HoMER D. HAGSTRt™™ 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received April 11, 1955) 


ARLIER! it appeared possible to interpret all the electron 

impact data in CO, Ne, NO, and O: in terms of D(CO) =9.6 

ev, D(N2) =7.4 ev, D(NO) =5.3 ev, D(O2)=5.1 ev, and EA(O) 

=2.2 ev, and the assumption that the only possible excited state 

of O- lies very near the positive energy continuum.” Recently, 

however, several experiments indicate strongly that D(N2) =9.76 
ev, L(C)=170 kcal/mole, and thus D(CO) = 11.1 ev. 

From the first it has been possible to interpret the appearance 
potential for N* ions of zero initial energy from N2(Ao=24.3 ev) 
in terms either of D(N2) =9.76 ev or 7.38 ev.!:34 (See Table I.) But 
if we use the higher value of D(CO) and the value D(NO) =6.49 
ev required if D(N2) =9.76 ev, and continue to assume that EA (O) 
=2.2 ev, we must conclude that many large errors exist in the 
electron impact data for CO and NO.° Very recently, however, 
Branscomb and Smith,® in a convincing photodetachment experi- 
ment, have obtained a new value for EA (O) =1.45+0.15 ev. We 
investigate here to what extent this new value for EA (O) permits 
reinterpretation of electron impact data in CO, NO, and O» using 
the so-called higher values of D(CO) and D(NO). 

Using the values D(CO)=11.1 ev, D(N2)=9.76 ev, D(NO) 
=6.49 ev, and EA(O)=1.45 ev, one calculates the appearance 
potentials, Ao, for ions of zero initial energy listed in Table I. 
For CO, No, and NO the experimental Ao values listed are those 
of the author.! In general these agree well with other values.*:7)8 
For O» the data for the processes yielding O* ions are Thorburn’s,’ 
which differ considerably from the author’s earlier measurements.! 
It appears quite certain that the O* and O~ appearance potentials 
from the earlier work! are relatively correct but that an error was 
made when calibrating the absolute energy scale relative to the 
appearance of O2*. Thus if we calibrate the energy scale as Thor- 
burn did using the first appearance potential of O~ of 4.70.1 ev,” 
we obtain the values of Ao given in parentheses in Table I in 
essential agreement with Thorburn. 

In interpreting the process yielding O* ions in CO it is necessary 
to assume that the other product is the C~ ion observed by Chupka 
and Inghram® and by Lagergren," and that EA(C)=1.5 ev.’ 
Evidence to date indicates that C~ is much less abundant than 
O+ (C~ was not observed in the earlier work! although O* was of 
workable intensity), a result which needs further clarification if the 
only process starting at 23.2 ev is that yielding C-+-O*. If D(CO) 


TABLE I. Calculated and experimental dissociation limits. 











Process Calc. Ao Exp Ao Ref. 
CO(X!5*) —C @P) +07 (2P%) 9.66 9.6+0.2 (O-) Lf 
— Ct (2P%) +07 (2P%) 20.92 20.9+0.2 (C*) 1,7 
21.1+40.2 (O-) 1,7 
—C+(2P%) +O(3P) 22.37 22.8+0.2 (Ct) 1,7 
—C~ (48°) +07 (45°) 23.22 23.2+40.2 (O*) 158 
N2(X!Z9t) ~N* (3P) +N4(S°) 24.30 24.3+40.2 (N*) 1,3 
NO(X2II) -N (48°) +07 (2P°) 5.04 5.3+40.4 (O-) 1 
—N*(8P) +07 (2P) 19.68 19.9+0.2 (N*) 1 
19.8+0.2 (O-) 1 
N+P) +0(8P) 21.03 21.7+0.2 (N*) 1,8 
—N (48°) +O* (48°) 20.10 20.6+0.2 (O*) 1 
O2(X3Z_-) ~O(8P) +07 (2P°) 3.63 3.2 (O-) 9 
—O* (48°) +07 (2P°) 17.24 16.9+0.2 (O*) 9 
(17.2 40.2) (O*) 1b 
17.1+0.2 (O-) 9 
(17.0 +0.2)(O-) 1b 
—O+ (45°) +0 (3P) 18.69 18.9+0.2 (O*) 9 
(19.2 +0.2) (O*) 1b 
—O+t* (2D°) +07 (2P°) 20.57 20.5+0.2 (O*) 9 
20.2+0.2 (O-) 9 
(20.4 +0.2)(O-) 1b 








® Assuming the products are C~ and O*. 
b Corrected as indicated in the text. 
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=11.1 ev, the process yielding unexcited C+O* should first 
appear at 24.7 ev. It is possible that both processes occur but that 
the bombarding electrons have not been sufficiently homogeneous 
in energy to show the onset of the second process. 

Study of Table I indicates that the new value for EA (O) makes 
possible a satisfactory interpretation of the processes yielding O- 
from CO and NO. In all cases the O~ ion is formed in its ground 
electronic state. Also one need not assume that the dissociation 
fragments possess minimum kinetic energy greater than zero in 
these processes in O2.? However, sizable discrepancies exist between 
calculated and experimental values of Ao for the processes yielding 
a positive ion and a neutral fragment. A similarly difficult situation 
exists in the interpretation of the process yielding O+O7 in Ox. 
Here Marriott’s dissociation limit of 3.2 ev, although the highest of 
several measurements,’:!2 is much too low. 


1H. D. Hagstrum, Revs. Modern Phys. 23, 185 (1951) [CO, Nz, NO, Oo]. 

2H. S. W. Massey, Negative Ions (Cambridge University Press, New 
York, 1950), second edition; O-, p. 15, C-, p. 18, O-*, p. 20. 

3W. W. Lozier, Phys. Rev. 44, 575 (1933) ; 45, 840 (1934) [Ne]. 

4 In recent electron impact work the energies at which additional breaks 
occur above the first onset indicate that the products at the first break are 
in fact unexcited. E. M. Clarke, Can. J. Phys. 32, 764 (1954); J. F. Burns, 
(priv ate communication). 

re A. Chupka and M. G. Inghram, J. Phys. Chem. 59, 100 (1955). 
'M. Branscomb and S. J. Smith (private communication), Letter to 
be _miblished in The Physical Review. 
. W. Lozier, Phys. Rev. 46, 268 (1934) [CO, O2]. 

a E. Hanson, Phys. Rev. 51, 86 (1937) [NO]. 

9R. Thorburn, Report of Conference on Applied Mass Spectroscopy, 
Institute of Petroleum, London (1955) p. 185. 

© This potential measured by Marriott relative to O2* and reported by 
Thorburn (reference 9) is generally agreed to correspond to a minimum 
kinetic energy of the O- ions greater than zero. It thus does not locate the 
dissoci iation limit for the dissociative attachement process. 

R. Lagergren (private communication). 

12 Marriott, Thorburn, and Craggs, Proc. Phys. Soc. (London) B67, 437 

(1954). 





Temperature Dependency of the Statistical 
Segment Size of Polyethylene* 


RICHARD J. VOLUNGIST AND RICHARD S. STEIN 


Depariment of Chemistry, University of Massachusetts, 
Ambherst, Massachusetts 


(Received March 11, 1955) 


HE difference between the principal polarizabilities of the 
statistical segment of an ideal stretched cross-linked rubber 
is given by the equation!-* 


45knTA _ 
2x (n?+2)2a 


where b,, and 6, are the polarizabilities of the statistical segment 
along and perpendicular to the contour of the chain, k is Boltz- 
mann’s constant, m is the average refractive index of the polymer, 
T is the absolute temperature, A is the birefringence (the difference 
between the refractive index for light polarized along the stretching 
direction and for light polarized in a direction perpendicular to 
this), and o is the stress in dynes per cm? of actual area. (b;,;—},) 
may be obtained from a simultaneous measurement of A and o.4 

The stress-birefringence of the polyethylene chain is of interest 
as this is representative of the “backbone” of vinyl polymer chains. 
A study of this property is complicated by the polymer being 
partly crystalline at temperatures below 115°C, and by rapid 
relaxation at temperatures above this.* This relaxation may be 
prevented by cross-linking the polyethylene. 

The study reported here was conducted on a 5 mil thick film of 
DYNH polyethylene cross-linked by 15 mr of electron bombard- 
ment.{ The sample was studied in a creep type experiment at 
temperatures between 120°C and 170°C in 20 microns vacuum 
(to prevent oxidation at the higher temperatures). The length, 
width, and optical retardation of this sample were measured as a 
function of temperature during heating and cooling cycles. 
Sufficient time was allowed between readings to permit the sample 
to attain equilibrium where no further changes occurred for a 
period of several days in trial experiments at constant tempera- 
ture. The stress and birefringence were calculated from these data. 





(b),—by) = 
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There was no evidence of crystallinity above 120°C and the tem- 
perature dependency of stress was adequately described by the 
kinetic theory of elasticity® throughout the temperature range. 
The number of chains per cm’, NV,, remained essentially constant 
indicating that the material behaved as an ideal rubber. 

It was found that (6,,—b,) decreased with increasing tempera- 
ture (Fig. 1). If one assumes that (b,;,—5,) is proportional to the 
length of the statistical segment, this would mean that the segment 
became shorter as the temperature was increased. This is to be 
expected if the planar transconfiguration of the chain is most 
stable at low temperatures but rotation about C—C bonds in- 
creases and the chain coils at higher temperatures. This behavior is 
different from that of polyisobutylene, for which (6,,—,) is 
independent of temperature above —35°C.? 
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Fic. 1. The variation of (b,, —b,) with temperature for radiation cross-linked 
DYNH polyethylene in the rubbery state. 


The distance between the ends of a free chain is proportional to 
the length of the statistical segment. The variation of the distance 
between ends with temprature depends upon the size and shape 
of the potential energy barrier opposing rotation about the C—C 
bonds.’ One may choose values for the parameters Vm and x in the 
equation for the dependency of the potential on the rotation angle, 


9g, 
V (6) =4VmLx(1 —cosd) + (1—x) (1—cos3¢) ] 


in order to describe the variation of length and (b,,—b,) with 
temperature. Following Taylor® and assigning a shape factor of 
x=0.26, one can fit the data with a value of Vm=6.4+0.7 kcal 
per mole. 

This value agrees quite well with that determined by Newman? 
from measurements of the variation of the width of proton mag- 
netic resonance absorption bands with temperature for poly- 
ethylene, but is higher than the value of 4.1 kcal estimated from 
the thermodynamic data of Pitzer on low molecular weight 
n-paraffin vapors. 


* This work was supported in part by a contract with the Office of Naval 
Research. 

+ The contribution to this work by Mr. Volungis constitutes part of a 
thesis for the Degree of Master of Science at the University of Massa- 
chusetts. 

1W. Kuhn and F. Grun, Kolloid-Z. 101, 248 (1942); W. Kuhn, J. Polymer 
Sci. 1, 380 (1946). 

2L. R: G. Treloar, Trans. Faraday Soc. 43, 277, 289 (1947). 

3R.S. Stein and A. V. Tobolsky, Textile Research J. 18, 201, 302 (1948). 

4R.S. Stein and A. V. Tobolsky, J. Polymer Sci. 11, 285 (1953). 

5 Stein, Krimm, and Tobolsky, J. Polymer Sci. 14, 443 (1954). 

6 W. Kuhn, Kolloid-Z. 682 (1934). 

7 Stein, Holmes, and Tobolsky, J. Polymer Sci. 14, 443 (1954). 

{Supplied through the courtesy of the Chemical Division, General 
Electric Company, Pittsfield, Mass. 

8W. J. Taylor, J. Chem. Phys. 15, 412 (1947); 16, 257 (1948). 

®R. Newman, J. Chem. Phys. 18, 1303 (1950). 

10K. S. Pitzer, J. Chem. Phys. 8, 711 (1940); Chem. Revs. 27, 39 (1940); 
Ind, Eng. Chem. 36, 829 (1944), 
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Some Anomalies in the Data on Coexistent 
Densities in the Region of the Critical 
Temperature 


SIDNEY W. BENSON AND CHARLES S. COPELAND 


Chemistry Department, University of Southern California, 
Los Angeles 7, California. 


(Received April 14, 1955) 


LTHOUGH the critical temperature of a system seems to be 

a quite reproducible and directly observable property, the 

critical density seems somewhat elusive. The general procedure in 

use for extablishing the critical density is to make use of the law 

of rectilinear diameters, that is, to plot the sum of the measured 

coexistent densities of liquid and vapor as a function of tempera- 

ture and extrapolate, what appears to be an excellent straight line 

(in the neighborhood of the critical temperature) to the critical 

temperature and to then take the intercept as twice the critical 
density. 

In the course of some of our work on critical phenomena we 
discovered that a virial expansion of the equation of state around 
the critical point could be used to derive an equation of the form 
ov+o.—2=hkg(1—0) where dy and ¢ 7 are the reduced coexistent 
volumes of vapor and liquid respectively.! A less detailed deriva- 
tion has been shown to lead to a similar relation with ky=0.?% 
Interestingly enough, if the sums of the experimentally observed, 
specific volumes of coexistent liquid and vapor are plotted against 
temperature, the points fall on an excellent straight line for data 
within about 15-30°C of the critical temperature. In Fig. 1 are 
shown some plots of this kind for a representative selection of pure 
substances. For convenience the data are put in reduced form. 
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Fic. 1. Plot of the average of the coexistent volumes (ordinates) against 
reduced temperature (abscissa) for the substances shown in Table I 
O =SOz. A =H:2S. [1] =CeHs. @ =CO2z (Michels e¢ al). A=CsHe. X =H20. 
W=N:0. © =CO: (Cook). 
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TABLE I. Comparison of critical densities obtained by extrapolation methods. 











Density 
Volume extrapolation Ss” % difference 
Substance V.(cc/g) de’ (g/cc) de(g/cc) 100 (de —de’) /de 

SO. 1.98 0.505 0.5240 +3.8 
H2S> 2.89 0.346 0.350 +0.6 
CeHee 3.49 0.286 0.298 +4.0 
COed 2.21 0.452 0.469 +3.5 
Cs3Hee 4.37 0.228 0.233 +2.0 
N20! 2.30 0.434 0.452 +4.0 
H20¢ 3.22 0.310 0.323 +4.2 

(0.329) (+6.1)5 








a E. Cardoso and E. Sorrentino, J. chim. phys. 24, 77 (1927). 

b Reamer, Sage, and Lacey, Ind. Eng. Chem. 42, 140 (1950). 

¢ Gonowski, Arnick, and Hixson, Ind. Eng. Chem. 39, 1348 (1947). 

d Michels, Blaisse, and Michels, Proc. Roy. Soc. (London) A160, 358 
(1937) ; D. Cook, Proc. Roy. Soc. (London) A219, 245 (1952). See also Fig. 2. 

e W. E. Vaughan and N. R. Graves, Ind. Eng. Chem. 32, 1252 (1940); C. 
A. Winkler and O. Maass, Can. J. Research 9, 610 (1933). 

f D. Cook, Trans. Faraday Soc. 49, 716 (1953). These points have been 
fitted by a least squares method. 

ej. H. Keenan and F. G. Keyes, Thermodynamic Properties of Steam 
(John Wiley and Sons, Inc., New York, 1936). 

bh E. H. Riesenfeld and T. L. Chang, Z. physik Chem. B30, 61 (1935). 


Below a reduced temperature of 0.95, this sum of coexistent 
volumes begins to show deivations from the straight line relation. 

The law of rectilinear densities, which seems to be obeyed 
experimentally over a much greater range of temperatures, is of 
course inconsistent with the law of rectilinear volumes presented 
above unless the temperature coefficient kg is zero or very small, so 
that within the accuracy of the data, the two laws appear to coin- 
cide. 

A much more disturbing feature of the two laws however is that 
if the coexistent volumes are extrapolated to the critical tempera- 
ture, the reciprocal of the intercept is not the same as that obtained 
from the intercept given by the law of rectilinear densities. This 
anomaly in the data is illustrated by the recent data of Cook on 
nitrous oxide which is shown plotted in Fig. 2. The dotted lines 
indicate the behavior which would have to be followed by the 
appropriate curve if the behavior of its conjugate curve were 
correct. 

In Table I we have summarized the anomalies for the substances 
shown in Fig. 1. It can be seen that the density predicted by the 
law of rectilinear densities is about 4 percent higher for most 
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Fic. 2. Rectilinear lawa for COz. Data of D. Cook (see reference f of 
Table I). Upper line, sums of coexistent volumes (left-hand ordinates). 
Lower line, sums of coexistent densities (right-hand ordinates.) Abscissa, 
temperature in °C. Dotted lines indicate the maximum error in the linear 
extrapolations for each of the two laws. 
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substances than that given by the law of rectilinear volumes. This 
is beyond the experimental errors in the determinations. There are 
now a number of data for substances, taken within a few degrees of 
the critical. Unfortunately the known difficulties with gravita- 
tional density gradients tend to make these results unreliable 
and so we have not included points taken closer then $°C of the 
critical temperature. 

There seems to be at present no compelling arguments either 
theoretical or experimental by which to resolve this anomaly in 
favor of one or the other extrapolation methods. One is forced to 
assume that, either there is a systematic discrepancy in volume 
(or density data) which reaches the order of magnitude of 4 
percent near the critical, or that one or possibly both of these 
extrapolation methods is incorrect. Because the sums of the den- 
sities show so much smaller variations with temperature and thus 
fit a straight line over a much larger temperature range, one is 
strongly tempted to assume that it is the volume curve which will 
show deviations in the immediate vicinity of the critical. This is 
not, however, a really convincing argument. 

We should like to express our indebtedness to the Office of 
Naval Research for their support. 


1 There is something strange about the expansion since the coefficient kg 
has the opposite sign to that found experimentally or even theoretically for 
such equations as van der Waals’. 

2R. Fowler and E. A. Guggenheim, Statistical Thermodynamics (Cam- 
bridge University Press, Cambridge, England, 1949), Sec. 729. 

3L. Landau and E. Lifschitz, Statistical Physics (Oxford University 
Press, Oxford, England, 1938), Sec. 50. 





On Diffusion of Radioactive Ions in Ion 
Exchangers 
SHINTARO SUGAI AND JIRO FURUICHI 


Physics Department, Hokkaido University, Sapporo, Japan 
(Received April 11, 1955) 


T seems that for the ion exchange reaction between an ion A 
originally in the solution and an ion B in an exchange resin, 
one or more of the following processes may be rate determining, 
namely, the diffusion of ion A or B in the solution, the diffusion of 
A or B in the resin, and the exchange reaction between A and B. 
Some authors have pointed out that especially when the concen- 
tration of A ion previously in the solution is greater than a certain 
degree, the most probable mechanism is bulk diffusion of the ions 
in the resin, but in cases when that concentration is very small, 
diffusion in the surface layers of the resin may be the rate deter- 
mining factor.1~% 

In order to gain more information on the aforementioned 
circumstances, the self-diffusion of calcium ions in a cation ex- 
change resin, Dowex-50, was measured by the radioactive method 
in the present case, and E. Pitts’ theory of radioactive ion ex- 
change’ was applied to the analysis of the results. 








C(t) Courts, 
200f © Q05Meb, 100°C 
\ @ 1 Me, 202 
Oo, 
150k S 
Oo 
La 
100 i ity 
Hig tion 
© es 
, min 
O 60 120 180 240% 


Fic. 1. Exchange of Ca++ ions between Ca++ saturated Dowex-50 and 
calcium chloride aqueous solution. C(t) =radioactivity of solution and 
t=exchange time. 


LETTERS TO THE EDITOR 





fn /0°1 © 005 Mf, 10.0°C Sf $710 
2F 0 1 Mol, 202°C. 
7S 


1} P £=06 


s wr 
OF Yo wr 


te) 


oo 
ae, 3 4 5 Int 


Fic. 2. The realtion between 7 and ¢ in two cases as shown in Fig. 1. 








Recently, E. Pitts has developed the theory of radiaoctive ion 
exchange to analyze the exchange reaction of silver or halogen 
ions between silver-halide precipitates and silver or halogen 
solution as observed by A. Langer,® and pointed out a simple 
method to find the rate determining process in such cases. 

In the present study, by an experimental method similar to that 
employed by A. Langer, calcium chloride saturated Dowex-50 was 
exchanged with the aqueous calcium chloride solution containing 
Ca®. 

In Fig. 1, some examples of exchange are indicated. 


TABLE I. The values of & in various cases. 











Size of Conc. of CaCle Temp. 
resin mesh mole/lit. a k 

30 ~40 1 1.0 1.0 
30 ~40 1 20.2 1.0 
20 ~30 2 10.8 & 
20 ~30 1 9.0 1.0 
20 ~30 0.5 12.5 1.0 
40 ~50 0.05 10.0 0.6 
40 ~50 0.008 11.0 0.7 





| 





According to E. Pitts, values of Q(¢), which are shown as below, 
can be also taken as a measure of exchange: 
C(O) —C(t) 
C(O)—C(«)” 
Then the necessary condition is shown in Eq. (2), when diffusion 
in exchange resin is assumed to be the rate determining factor: 


- 2 
—— Int+InD/r (2) 


Q)= (1) 


where + is a quantity determined by comparing the experimental 
Q(t) and theoretical one and r is the radius of resin. Morever, the 
diffusion coefficient D can be also calculated by Eq. (2). 

On the other hand, if the diffusion in the surface layers is im- 
portant, Q(#) must satisfy the condition that 


In[1—Q(é) Ja—?. (3) 

Then, to check the solid diffusion condition (2), the relation 
between 7 and / obtained from the results in Fig. 1 are plotted as 
in Fig. 2. Evidently, in the case of the use of 1-mole calcium- 


TABLE II. The value of diffusion coefficient D and activation energy U 
in the cases of the use of 1-mole solution. 











Size of Temp. D 

resin mesh *C 10-§ cm?/sec kcal/mole 
30 ~40 1.0 0.84 
30 ~40 9.8 1.3 1.4 
30~40 20.2 3.7 
30 ~40 30.7 4.0 























LETTERS 


© 005Ms€, 10.0°C 
© 0008Mcl, 11.0 


° ~N 
-2 L 4 TUN 
O 30 60 GO igo 


Fic. 3. Diffusion in surface film rate determining. 








chloride solution, the value of the tangent is equal nearly to unity, 
so the main factor seems to be the bulk diffusion of calcium ion in 
the resin. However, in the case of the use of the dilute aqueous 
solution, the values of & are considerably smaller than unity. 

In Table I, the values of & obtained in various cases are summar- 
ized. Certainly, the solid diffusion condition (2) is satisfied in all 
cases of the use of a more concentrated solution than 0.5 mole. 

In Table II, the values of diffusion coefficient D in cases of the 
use of 1-mole solution and their temperature dependence are 
indicated. 

Next, checking the surface diffusion condition (3) in the cases of 
the use of the dilute solution, the relation between Q(¢) and ¢ are 
shown in Fig. 3. It is clear that in these cases surface diffusion may 
be very important. 

More detailed considerations will be published later in another 
journal. 

1 Boyd, Adamson, and Mayer, J. Am. Chem. Soc. 69, 2836 (1947); 72, 
4807 (1950). 

2 Merriam, Southworth, and Thomas, J. Chem. Phys. 20, 1842 (1952). 

3L. W. Holm, J. Chem. Phys. 22, aaa. (1954). 


4E. Pitts, J. Chem. Phys. 22, 56 (19 
5 A. Langer, J. Chem. Phys. 10, 321 (1942); 11, 11 (1943). 





Mercury Sensitized Decomposition of Ethylene 


R. J. CVETANOVIC AND A, B. CALLEAR* 
Division of Applied Chemistry, National Research Council, Ottawa, Canada 
(Received March 21, 1955) 


ERCURY sensitized decomposition of ethylene has been 

investigated by a number of workers. Bates and Taylor! 
suggested for the primary step an intramolecular decomposition 
into acetylene and hydrogen. LeRoy and Steacie? postulated 
initial formation of an excited ethylene molecule which could 
decompose or be deactivated by collisions 


C.Hy+Hg (?P1)-C2H,* +H (So), (1) 
C.H,*—-C2H2+ He, (2) 
C2Hy*+C2Hy2C2Hg. (3) 


The proposed decomposition by a molecular process has re- 
cently been questioned and an intermediate formation of free 
radicals and atoms considered more probable.’ For this reason we 
have carried out some experiments which appear to show in a 
conclusive manner that hydrogen and acetylene are formed by an 
intramolecular process. 

Mercury sensitized decomposition of mixtures of ordinary and 
deuterated ethylene was carried out at room temperature to 
conversions not exceeding 4 percent. The result of a mass spec- 
trometer analysis was: Hz 53.6 percent, D2 45.2 percent HD 1.2 
percent. The C2D,/C2H;, ratio was 1.54, the pressure 29.3 mm, the 
irradiation time 1 hour, and the amount of the three hydrogens 
produced 17.7 micromoles. In another experiment, with C.D,/ 
C2H, ratio of 1.22 at a pressure of 22 mm, 19.3 micromoles of acet- 
ylene were produced and the mass spectrometer analysis showed 39.1 
percent C2De, 59.1 percent C2H2, and 1.8 percent C2DH. Almost 
exclusive formation of Hz and Dz, as well as of CsH4y and C2Dz, 
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shows that these products are formed by an intramolecular proc- 
ess not involving intermediate formation of free radicals or atoms. 
The very small amounts of HD and C2DH formed are probably 
due to incomplete deuterization of C2D, used. The results also in- 
dicate that C.H, decomposes more readily than C2D,. Experiments 
with CoH, and C2D, used singly have confirmed the pronounced 
isotopic effect. This and some other aspects of the process are be- 
ing further investigated. 

Primary occurrence of reactions (1) and (2) requires that the 
initial rates of ethylene consumption, of hydrogen and of acetylene 
formation should be identical and that the secondary products, 
resulting from hydrogenation of ethylene, should not be formed 
initially. Figure 1, based on mercury sensitized decomposition of 
8.2 mm of ethylene in a static system, shows this to be the case. 
Some of the information in Fig. 1 overlaps and agrees well with 
the findings of LeRoy and Steacie.? 

Darwent! pointed out that the above reaction scheme did not 
entirely agree with the observed dependence of rates on pressure. 
There was indication that the deactivating reaction (3) proceeded 
by ternary rather than binary collisions, or, alternately, that the 
excited ethylene molecules decomposed on the walls of the reaction 
vessel. Since the quantum yield decreased when mercury concen- 
tration was lowered, the latter explanation was considered to be 
the correct one. Direct light absorption measurements were not 
possible and a complete light absorption was assumed. With a 
mercury arc of similar construction, however, we find that the 
decreased yields are explainable by decreased light absorption, as 
measured by a phototube. A similar effect has been observed 
with u-butane.® In view of this the postulate of a heterogeneous 
decomposition of the excited molecules appears unnecessary. 
Callear and Robb have arrived at the same conclusion on the basis 
of experiments with a water-cooled mercury arc.® 

Although reactions (1) and (2) of the foregoing mechanism seem 
to be well substantiated, there is need for a refinement of the 
deactivating reaction (3). At present, this can be done only on a 
highly speculative basis. 

The authors are grateful to Dr. L. C. Leitch for preparation of 
deuterated ethylene and to Dr. A. Tickner for mass spectrometer 
analysis. 
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